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ABSTRACT
It is well known that a numerically stable and physically meaningful solution of an inverse
problem can be obtained by specifying a proper solution space, which is defined by the norm
of the system parameter. The a priori information, which includes the smoothness and an
initial estimate of a solution, is used to define the regularization function. The initial estimate
of a solution is hereafter referred to as a baseline solution.
A material property of a continuous structure may vary in piecewise-continuous fashion,
and thus has to be square integrable in the structural domain. The regularization function has
been commonly used in a 2-norm based regularization scheme for the identification of
piecewise continuous system parameters [1]. The Tikhonov regularization technique and the
conventional truncated singular value decomposition are typical 2-norm based regularization
schemes. Although the 2-norm based regularization schemes effectively stabilize illposedness of an inverse problem such as system identification, they often produce blurry
solutions [2], in which information on the system parameter of a group is smeared into that of
other groups. Therefore, the regularization schemes based on the 2-norm of the system
parameter vector are not suitable for reconstructing the discontinuous distribution of system
parameters accurately.
The solution space for a square integrable system parameter around the baseline solution
is alternatively defined by the L1-norm of the gradient of the system parameter as follows:
Ψ ( D ) = ∇ ( D − D0 )

L1 (V )

= ∫ ∇( D − D0 ) 1 dV ≤ a < ∞

(1)

V

where Ψ, D, D0, ∇, ⋅

L1 (V )

and ⋅

1

denote the regularization function, a material property,

and the baseline solution for the material property in a structural domain V, the gradient
operator, the L1–norm of a function defined in a structural domain V and the 1-norm of a
vector, respectively.
To integrate the L1-norm of the gradient of the material property in a domain discretized
by sub-domains, consider a domain with two sub-domains as shown in Figure 1. It is
assumed that the material property is constant in each sub-domain. The two sub-domains and

their interface boundary are denoted as V1 , V2 and S, respectively, in Figure 2. A narrow
transition region of width 2ε along boundary S is considered to integrate (1). The material
property in the transition region is assumed to vary linearly in the normal direction of S, and
to be constant in the tangential direction of S, which leads to the following expression:
D(n, s ) =

D II − D I
D II + D I
n+
2ε
2

(2)

where DI and DII represent the discretized material property of sub-domain I and II,
respectively. For simplicity of presentation, D0 is omitted during the discretization procedure.
The L1-norm given in (1) is discretized as follows.

∫ ∇D

V

1

dV = ∫ (
V

∂D ∂D
∂D ∂D
+
)dV = lim ∫ (
+
)dV = D II − D I (l x + l y )
0
ε
→
∂x
∂y
∂x
∂y
V T +V T
I

(3)

II

where lx and ly denote the projected length of the interface boundary onto x- and y-axis,
respectively, while VIT and VIIT are the transition region in sub-domain I and II, respectively.
In case the domain of the body is discretized into several sub-domains as shown in Figure
1, the regularization function in (1) is discretized by using (3) as follows.

∫ ∇( D − D )
0

nB

1

dV ≈ ∑ ( DkI − ( DkI ) 0 ) − ( DkII − ( DkII ) 0 ) ((l k ) x + (l k ) y )

V

(4)

k =1

where nB and lk denote the number of inter-group boundaries and the length of the k-th intergroup boundary, respectively, while (lk)x and (lk)y represent the projected lengths of the k-th
inter-group boundary onto x-axis and y-axis, respectively. DkI , DkII , ( DkI ) 0 and ( DkII ) 0
represent the material properties to be identified and the associated baseline solutions of two
groups sharing the k-th inter-group boundary S k as shown in Figure 1.
The validity of the proposed 1-norm regularization function (4) will be demonstrated
through an identification problem of an inclusion in a plate under a plane stress condition.
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Figure 1. Discretization of a
domain with predefined
groups and inter-group
boundaries
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Figure 2. Transition region along the interface boundary
between two sub-domains
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