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2. Element-Free Galerkin

EFG

(2]

2.1
Q X u(x)
p(x)

a(x)
u'(x)= Y p, (9, () =p()" a(x)

a,(x) x
.m

(Local approximation)

2.1)



) W(X_X1)

ul(x,%) =3 p,(%)a, (%) =p (V8@

ﬂ:Zn:W(X_XI)[uz(XMX)_uI]Z

= S w(x-x,)lp’ (A -, )

1= (Pa-u)’" W(x)(Pa—u)

uT

a(x)

X

L, norm

(Domain of influence)

:{ul’uz,...,

(2.2)

(2.3)

(2.3)

(2.4)

(2.5a)



n(x) p(x) - p,(xy)

P= pl(:xz) pz(:XZ) . (2.5b)
nx,) p(x,) - p,x,)
w(x —x,) 0 0
0 w(x —X,) :
W= . : N : (2.5¢)
0 0 ow(x—x,)
a(x)
on =A(x)a(x)-B(x)u=0 (2.6)
Oa
A=P"W(x)P (2.7)
B=P"W(x) (2.8)
. a(x)
a(x) = A7 (x)B(x)u (2.9)
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2.2

EFG

function)

u' (x) = p" (DA @B = > B, (x)u,

@,(9=) p, (A (IBX),,

A

wx-x,)=w,(d)

(2.10)

(2.11)

(Weight

(2.12)



Cd=lx-x|
w,(d) =

C

,1<a<?2

Y X,

-, (d)

Exponential
-(dle)’ ~(dpy 1 ¢)?
e —-e
_ 2 ' d[ S dm[
(1-e (d, 1) )
O ! d[ > dm[
4 dm[
A Singular
c=ac,
(1].
¢ = max||XJ _X1||
Jas,
X[
c[

(2.13)

(2.14)

(2.15)



. Exponential




2.3 Lagrange Multiplier

EFG Kronecker delta condition(®, (x,) Z9J,,)
0 . EFG
Gauss
[6].
[6].
Penalty ,
FEM [1,3,8] Lagrange
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multiplier
[1.3]

(Positive-definite)

r Q
OB+b=0 in Q (2.16)
om=ton T, (2.173)
u=u on [, (2.17b)

ja(stT) :0dQ —javT bdQ - javT {dr
Q Q r,

(2.18)
- jcw [Qu -u)dl - javT [Adl =0
ru ru
(2.18)
Lagrange multiplier . Lagrange
multiplier A
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Mx) =N, (s)A, xUr (2.199)

u

OMX) =N, (s)or, x0T, (2.19b)

N,(s) Lagrange interpolant S

(2.18), (2.19)

& a -

K, = '[BlTDBJdQ (2.219)
Q
Gy = I¢1der (2.21b)
rll
f, = J’ @, tdl + J’ @, bdQ (2.210)
r Q
q; = =[N udr (2.21d)
rll
. 0
B,= 0 9o, (2.229)
Ql,y Ql,x
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(2.22b)

u(x,)

a

b

£ 1 v 0
1-v? vl 1(—)v for plane stress
00
2
1 a O
_EA=Y) 190 |
@+v)1-2v) for plane strain
00 b
(1 ¢ a 0 0 O]
a 1l a 00O
E(l-v) |a a 1 0 0 O
(L+v)A-2v)|0 0 O » 0 O for3D
0O 0OO0OO0OObH O
\ 0000 0 b
a=—" b= 1-2v
1-v 2(1-v)
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2.4

. EFG

(@)

b)

(

Gauss

b4

(element)

(b)

(backgraound Shell)

(@)

2.EFG
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Gauss

Jacobian
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(2.20) ncel
ngp Xngp Gauss

.3 ngp Xngp X ngp Gauss

ncel

jBTDB dQ=> jBTDB dQ°
=

ncel 11

=2 I Ik(f I (&, m)dé dn for2D (2.24a)

=22 2 K& n) T (&)W,

ncel

jBTDB dQ=> jBTDB dQ°
=

ncel 1 11 _

= [[[&& 1.0 n,x)dé dn dx for 3D (2.245)
e -1-1-1
ncel ngp ngp ngp

=200 2 K&, XD T, 0) W,

jok

CJELn) T X w
.2 ()
k($.n7,) 3 (i, /,k)
k(S0 17,0 X4)
k({,,n,)=ByDB, for2D  (2.258)
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k(£.n;.X:) =BoDB,, for 3D
B, 2 (4, /) 3
(i,j.k)
@, 0 @, O @. O
B,=10 g, 0 @, 0 @, for 2D
a, B G, &, By Do
. 0 O @. 0 0
0 @, 0 @, 0
0 O 0 O
B, = @ b for 3D
4, 4. O @, o. O
4. 0 @, 0. 0 g,
10 a. 4, O @. @,
, N
(2.24) i,j i.],
Gauss
2 Wm+2)x(m+2), 3
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(2.26a)

(2.26D)



(Wm +2)x(m +2)x (m +2) Gauss

2.5

EFG

EFG

[7,10]
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EFG

Visibility criterion[3,5]
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J
o
crack
4, Visibility criterion
Domain of Influence
for node |
crack
5. Diffraction method
A, B
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Diffraction method [3,5]

EFG . 5

. Diffraction method

Sampling point
d
d, +d,(x)Y
d, :(1—2xj d, (%) 2.27)
dy(x)
, dl=||x,—xc , dz()c)=||x—xC , do(x)=||x—xl|| X, , X
Sampling point, X, (Crack tip)
EFG 4 5
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(LEFM)

(Stress

intensity factor) [11]

(Virtual crack extension method)[17,19], Jintegral[12-14], Crack Opening

Displacement(COD)[20,21]
Jintegral
Jintegral
3.1 J-integral
2 3 J
integral , 2 Jintegral
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3.1.1 2

integral )

Jintegral

Cauchy

_on
31

Jintegral

Gal =-on

=fora, -1, 24 dr =7 =,
r 0x,

23

(T, T o )

ol

(3.1)

G

Jintegral(&-

(3.2)

[11].

Jintegral



M=l +0y +I +T, +I]

(@ (b)
6. Fintegral

Ou.
J,=vWa, —o.a.—)dlr
1 i( 1 gty ax )

1

= J'(Wal -0,q,; %)dr
ro L P axl

= J'(Wal -0,0, %)dr
rl L - axl
6 (b) r
(To . To)
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/]
Fo+Mg+rg 1
u (3.4
= J'(Wal -o,a,—)dr
3  0x,
EFG
(ro.r
( r]_) . L]
(Refined mesh)
Ji-integral
(Energy release rate) . J-
integral[14]
J-integral 6 @
(Mo, M5y, T) J-integral
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J,=o(Wa,-o,a,—L)dr
2 ff 2 /R axz

Ou,
= § (VVQ'2 —0'!/0'_/ gz)dr (3.5)

To+Tg +Tg +T7 +1

J' Wa,-o,0, %)dr

rl+r1++r1_ gy axz
(3.5 J-integral
EFG
N
312 3
3
C Point-
wise G(s)[17,18] . s C
31 3
j G(s)dl(s)ds = =3 (36)
C
, Ol(s) s
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7.3 C ol

Point-wise G(s) Point-wise J-integral
[17,18], J(s) s

(s) s C

_ T B Ou,
G(s) = J(s) = lim (j Orain, = g,a, 5 ) (3.7)
. T Lo T(s)
I (s) n
s C . (36) @7 Jintegral
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[J(5)31(s)ds = -om (3.8)

3.2 Domain Integral Method

EFG

Jintegral Equivalent domain integra method
[13,17,18,22] 2 , 3 J
integral
3.2.1 2
Eshelby  Energy momentum tensor[23] (3.2

Ou,
J=[we, -0, 5 )adr = [B,a,dr (3.9
r 1 r
8 r, r
r, r*, r-
Q W(=r,+r"-r+r-)
B T B=-a I,

B=a . Jintegral

(3.9)
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X2

X1
8.2 Jintegral
J:—jaqu/)’jdr = .[Pqul,[z’jdr

r M+l =r+r-

:,[ B,q,8,dr
U]

v q T 1, I, 0 Q
Jintegral q,
[22]. (3.10)
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Q 9P, /dx, =0[23

dq
J=||wé, -0, } L dA

3.2.2 3
3.7) (38 3
[17,18]
-Jn = j {nm j Pna, dr}é_l(s)ds
r(s)
= lim [ Py, 0l1(s)ds
N
» So ° @ [o(s)
., (b) S*, 87, S, S,
Sy, S, ST, 87, S, S,
W(==S,+8,-S"+5 +5,+5,)
B .S, B=-a S, B=a
ST p=m, p=-m

30

. (@

(@

(3.12)

(3.13)



2 (3.13) s- st

0 _ S, S, Olnp)=0
(3.13)
-on :—J.ijnkﬁjé_l(s)dS: J.Pk]nkﬁjal(s)ds
;5 S+ 8,45, 455" S (3.14)
= Iplanﬁjdl(s)dS
W
q

Ol(s)n(s) onthecrack front
_ |0 onsS;
10 ons, 05,
qm=0 onsS'0OS”

(3.15)

9.3 Q
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(qB=0) (314 (3.15)

~oN = [ P,q,B,dS
\7]

(3.16)
-on =] {Wé'k/ -0, %}%dV
0 kO
3 2
Point-wise J-integral
[17,18] 10
M M -1
Point-wise Jintegral
(3.8) (3.17)
Ol(s)
Point-wise Jintegral M M
ol(s) (3.8) (3.17) M
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(3.16)

(3.17)



10. ol(s)

Point-wise J
integral Jintegral
K (3.8) (3.17)
-on¥ = j J(5)01% (s)ds (3.18)
C
—on* =[|ws o 2|y (3.19)
! ki ij axk axj ’

(3.18)
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-onk = j J(s)01% (s)ds

, N
L
P =12
w
33
integral  [14],
[12,24]

C

J

M-1

J

S

-1

~

(3.19)

No

i

(3.20)

> (o >f{ [N DN, (n)f(n)dn}<Jp>_,

34

= le{ JNOLE) N )T, T () dﬂ}

(3.20)

(1) SANT @O, )T ),

P Jintegral, L =1,2,

. J(n) Jacobian

J-

Interaction energy integral method



3.3.1 2
EFG EFG

Interaction energy

integral method

Equivalent Domain Integral[13,17,18,22]

Jintegral J
J=a(K*+K,?) (3.21)
1
Z for planestress
q= 1o (3.22)
for planestrain
E y v
1 2
J
JO = O 4 j@ 4 pra2) (3.23)
(2) @
2 :.[ wedgy—| 7@ Ou, +7? Ou, ds (3.24)
4 Ox Ox
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(3.21)

JO =a(k,® +k,?1 +[K,” +K,?1) (3.29)

JO = jo 4 5@ +20'(K|(DK|(2) +K”(1)K”(2)) (3.26)

(323) (3.26)

M&? = 20'(K|(1)K|(2) + Ku(l)Ku(Z)) (3.27)
(329) (327 o
(3.27) K|(2) :lKu(Z) =0 K|(2) :O,KH(Z) =1
1 2
(3.24) 3.2

Equivalent domain integral method

(2) (€N}
@2 :I ( a Ou, e Ou,

i i )= 9y %dA (3.28)
5 X, Ox,; Ox,

J
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332 3

[24]

3
.3 1,2
KIII
2(1-v?) 2(1+v)
M(l,2) e - (K (l)K (2) +K”(1)K”(2)) +2=-" Y K|||(1)K|||(2)
M2 = [ 25, - oBu? - @y s;] 9 qy
./
(2) _ (2 _ (2 _
(3.29) (3.30) K" =1,K,”=0K,” =0
k?=0k,2=1k,?=0 , K?=0k,2=0k,?=1
2, 3
3.4

[15,16,21].
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cr

v? =v”(n,b,t) =(

1 tand

’ cr ’0)
\/1+ tan’ @, \/1+ tan’ @, (33D

(Maximum principal stress criterion) [15]

11.3

38



K @+sin? 9+ &, Csng-2tan )
O-VI” 2 2 2
Op | = ! cosZx choszg—§K”sin6?
o N 21T 2 2 2
0 lKlsin6’+£K|,(3cosé?—1)
L 2 2 ]
0
K,sné, +K,(3cosd, -1)=0
1 ecr
| Il
121
K, =K, +B|K||||
, B
&

cr

39

(3.32)

(3.33)

(3.34)



(3.35) K,
K, )
3.5
[16].
ﬁ = C(AK)"
dN
a , N
m 2
1 e
AK  =—cos—<
a2 2

40

. Paris

, AK (K,

Yan [25]

[ﬂAKI (I+cosd,.)-3AK, sin «9}

-K

(3.35)

(+)

(3.36)

min)

(3.37)



3 Gerstle[21]

K = (KI +B|K||||)2 +2K||2

eq

AK (3.36)

(AK;L)m + (AKIZ/—)m
2

Aa, =C( ijN

3.6

. Portda [20]

Mogilevskaya [26]

41

(3.38)

(3.39)



12.

Nav

i+1

42

12



1)

2)

1)

(3.39)

3) b

(©

) = (tan(ﬁ)j
20a,

Pi+l(x]_1y1)

43

(A, )

(B)

(8)

(3.40)



4)

5)

6)

Da, = f\/1+ 4b*x*dx [ f(1+ 2b*x
0 0

Y= bxlz
P; Pi
(6.41)
(@i41) (3.39)
P
b= (tan(am)
2x;
P;
(6.1)
(6.1)
(Ag,)

44

Vdx = x, + %bzxf (3.419)
(3.41b)
(6.1)
Pin
(La,)
(011) b
(3.42)
Pia(xy,¥;) (3.41)
Pin
(6)
(Aa;)



7)

0.4 =0,

6)

4), )

45

Aa, = Aa,

(P

)

1), 2), 3), 4, 5),



3.6

4.1

integral

1.0 kN/cm?

210x10? kN/cm?

EFG

J-integral

3.5cm

0.3

46

13

Jintegral

Jintegral

. 7cmxlecm



1.0 kN/cm?

>>> >
A
8 cm
3.5 cm
4—P
A 4
4 |l
X
8 cm
v
i
’4— 7cm
13. ( 1)

14.

47



14

14
1
15%33
908 , 784
Gauss
13 15
x Jintegral

Jintegral

domain integral method

15

Jintegral

Interaction energy integral method
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Jintegral

4x4

Equivalent



1.0 kN/cm?

-------------

-------------
.............
.............
-------------

-------------

............. e se e
8 cm o soses o
............. sese
lo . ..u..
lllllllllllll . .
............. e e e e e

........... ?
.

..........

---------

--------

-------------

-------------

-------------

-------------

-------------

-------------

.............
8cm ... i

.............
.............
.............
.............
.............

-------------

15. 1 Jrintegral
. Wilson 1969 Boundary collocation
method[12] K,=34.00 KN/cm**, K, =4.55 KN/cm*?
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Stress Intensity Factor K (kN/cm3’2)

Stress Intensity Factor K (kN/cm3’2)

35.0

33.54

33.0

—&— K_|(EFGM)
----- K_I (Boundary collocation method)

4.7

3.5

4.6+

—8—K_[I(EFGM)

i [ K_11 (Boundary collocation method)
43 T T I I
0 0.5 1 15 2 2.5 3 3.5
x (cm)
16. Fintegral
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16

42 3

¢t =10cm

17

1 t=1cm

Jintegral

Jintegral

17

0.5%

t=1cm

20kN/cn?

210x10° kN/cnv?

462

0.0, 0.3

51

200

0.3



O =20kN/cm?

4:*4 YW
|
|
|

L =20cm

L Lt

17. 3 ( 2
1 r=1cm
: KN/em®?
2 3
vy=0.0 184.70 184.70
vy=03 187.43 191.72
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0.0

0.3

0.3

-=--=-Plane strain

——3D

220
210+
200
190+
180
170
160
150

( Eo\zv_v_ M l010e4 A1sUBIU| SSeNIS

10

x (cm)

=10cm

18. ¢

53



18 t=10cm

4.3

1410

y=2cm, 8cm

7%

10%

54

1000

19

9%

210x10% kN/cm?



kN/cm?

AN =50000

O = 20 kN/cm?

A
L=20cm
C4.2)
v -
A 0(0,0)
L=20cm
A 4
<« b=20cm —p
19. ( 3
m 0.32186x10° , 2.25 [11]. Onn=0
o =5 kN/cm?

AN =5000 AN =50000
AN =5000

N =500000
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Paris (3.36)

(3.39) AN
0.1% :
0.00175 rad ( K, /K, 0.1%)
Na —Na,
e e 1P T (4.13)
Aa,
8., -6.,|<175x107° (4.1b)
1)
1372 1160

20 )
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2.01

— EFGM (AN=5000, parabolic)
==== EFGM (AN=50000,parabolic)

-=0--EFGM (AN=5000, no iteration)
_— --0=- EFGM (AN=50000,n0 iteration)

2.00+

ﬁ
y (cm)

1.994

198 I I I I I
4.0 42 4.4 4.6 4.8 5.0
x (cm)
20. 3
. AN
AN
. AN =50000
AN =5000
21
. AN=50000
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7
— EFGM (AN=5000,parabolic) [
= 6+ "=~ EFGM(AN=50000,parabolic) J
=) ==8=- EFGM (AN=5000,no0 iteration) Y4
2— 5 ==0==EFGM (AN=50000,n0 iteration) .
= [/
m L)
c
T 41
c
B
§ 3
&
X -
§ 2
(@)
1 -
O N 1 I I I
0.0 1.0 2.0 3.0 40 5.0
Number of loading cycle,N(x10°)
21. 3
2 N =450,000
.cm
AN =5000 AN =50000
Noitr. Para. Noitr. Para.
4.20 4.20 4.30 341
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2 N =450,000

. AN =50000

AN =5000 2%

19% . AN
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EFG
Jintegral ,
EFG
Diffraction
method ,
2 3 Jintegral
2 Jintegral
. Fintegral 2
3
Paris Equation
2
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, EFG

BEM DBEM

EFG

EFG
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ABSTRACT

This paper presents an iterative modeling scheme of mixed-mode fatigue crack growth
using Element-Free Galerkin (EFG) methods. In EFG methods, a crack is modeled by
piecewise continuous lines expressing discontinuities, and double nodes are placed on both
sides of the crack surface. The domain of influence near the crack tip is determined by the
diffraction method. An accurate solution of the crack growth can be easily obtained by
mesh refinement near the crack tip since it is possible to arrange the nodes arbitrarily.

The increment and the direction of the fatigue crack growth are calculated based on
stress intensity factors, which are estimated from the J-integral. The 2-dimensional and the
3-dimensional J-integral are studied considering the decrease in total potential energy for a
virtual crack extension. In 2-dimension the path independency of Jintegral in the curved
or kinked crack isinvestigated.

The path of fatigue crack growth as well as initial geometry of kinked or curved crack is
discretized using straight lines. The calculated crack increment and direction may be
deviated from those of the actual crack if the crack is assumed to grow to the initial
increment and direction. In the proposed modeling scheme, the path of the fatigue crack
growth is supposed to be a parabola and the increment and direction of that are updated
iteratively. Through numerical examples, Jintegral is calculated exactly and the fatigue

crack growth is simulated more accurately.
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