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(SI) 20

static SI [1, 2, 3, 4, 17], frequency-domain SI [5, 6, 7], time-domain SI [8, 9, 10,

1]

frequency-domain SI, time-domain SI

. Frequency-domain SI time-domain SI

( ) transformation

frequency-

domain SI . ,



time-domain SI

SI

ill-posed problem

SI

. [2,3,4,12,13,17]



SI

ST
Tikhonov
(Truncated Singular Value Decomposition Method; TSVD) ,
SI Tikhonov
, Tikhonov , TSVD
(Truncation number) . [4,17]

L>-norm

L,-Regularization Technique

Geometric Mean Scheme



(GMS) . [14] L,-Regularization

continuous . L,-

Regularization function continuous function
piecewise-continuous . L,-Regularization

function
I-norm
L,-Regularization . Li-Regularization function

piecewise-
continuous . , piecewise-

continuous function



Time Windowing Technique

time window

time window

, time-domain SI



i i , Rayleigh damping
Rayleigh damping



II. SI

Ma(t) + C(x)v(¢) + K(x)u(?) = p(¢) (2.1)
M, C, K, p,x , , , ,
a, v, u . .
2.1) ;
Min I1(x,7) = %J.”E(x, 1) —E(t)”idt subjectto r(x)<0 (2.2)
0

&)
o
—

|| . || Euclidean norm

(2.2) T



’ Xl’ Xu

(2.2)

(2.2) (2.4)

l\/gn {;Ax H, Ax-Ax'S] a)_ 1} subjectto r(x,_, +Ax) <0
T
k

~ S,
. -
., =a—-a,
S - oa,_,
k-l =
19).
. k S, A

(2.3)

(2.4)

(2.5)
(2.6)

(2.7)



. [17]

2.4)

S’SAx—S"a" =0

2.18I

ill-posed

Gauss-Newton

(2.8)



2.1.1 (Singular Value Decomposition)

S=7ZQV’ (2.9)
(2.9) mxn Z, nxn Q, nxn \%
m , n 5
77" =1,,V'V=1,,Q=diag(w,) (2.10)
o, O =0, 220, 2 20,,220,=0,, =0

& r rank

S rank

10



L -norm

deficiency

(RSV)

&, =5,8].

r m

. L_-norm

Al —maXZ\ i
1<i<m v

rank-sufficiency

rank-deficiency

left singular vector (LSV),

11

2.11)

(2.12)

, r<m rank-

right singular vector



2.1.2

rank

(singular value decomposition)

(2.13)

SI

.
_ -1 T _r
AX = E vV,o, z;a +
j=l

rank r

12

SI

rank-deficiency

. Rank

271"1

J=r+l

SVD
(2.8)
(2.13)
,a’, y,
rank



rank

7

2.1.3

SVD . Rank

AX = Vdiag(—)Z™a" =Y v ,w;'z"a’
=1

1
w,;

13

rank

(2.9)

(null space)

(2.14)



a=a’ +a° (2.15)

(2.15) (2.14)

Ax = Vdiag(i)ZT @ -a)+ Vdiag(i)zfze = Ax’ + Ax° (2.16)
a)j a)j
Ax’/
, Ax°
a‘ Z A 0 ,
AXx Ax*

14



2.2

SI

2.1(a)

. Ly,-norm

15

(2.2)

SI

(

2.1(a)).



(a)

(b)

I9)owWeIRJ WOISAS UOTJRIS[AI0Y

IdjowereJ WIISAS

A

Time
T1 T2

N([ir)l 1(x(z,),7,)

x(v)_ v _____ 1
IS . A
x(1,)
Time
T1 T2
y System parameter by SI
Actual system parameter
Time
T1 T2
2.1 (a) time-domain SI
(b)
16



T 0<t<t

1(b) T

(2.17)

dx(t)
= g
-1 % (2.17)

X

Min IT, =%j;

, X(9) 2.1(b) T

2.17)

weak constraint penalty function

17



IT, time-domain SI

(2.17)

s . p:2
condition, p=1 L-Regularization condition
2.3

Tikhonov

Singular Value Decomposition)
Regularization function Tikhonov
Regularization function TSVD

18

L,-Regularization

TSVD (Truncated

L,-



2.3.1 Tikhonov

Tikhonov
(2.2) positive definite
. 1 f~ _ .
Min TI(x,1) = EJ'”a(x, t)— a(t)”zdt + I1, subjectto r(x)<0 (2.18)
0
H R

19



LCM (L-Curve Method) [13], GCV (Generalized Cross Validation) [15]

SI GMS (Geometric Mean Scheme) [4], VRFS (Variable

Regularization Factor Scheme) [2,3]

2.3.2 TSVD (Truncated Singular Value Decomposition)

Rank

. Rank

20



TSVD truncation number . [17]

Truncation number

truncation

number
. [19] truncation number
discrepancy principle [20], bilinear fitting method
24
L-Regularization function  L;-Regularization
function

2.4.1 L,-Regularization function

L,-Regularization function

21



Min I1, =

2-norm

x(?)

X continuous

L,-Regularization function

Min T1(x(c),7) = % g [a(x(0),0)-a ()| de + % |

subject to r(x)<0

231

A2 Ellax()

2
dt 2.19
5 (2.19)

2

0

. L,-Regularization function

dx(t) . . .
———  piecewise-continuous
dt
continuous
( 2.2).
SI Tikhonov regularization

T 2

dax(t)

, (2.20)

0

22



Piecewise-continuous function

A l
2 ===
2 =< Continuous function
- -~
~
3 -
s RS
=} [~
a ~
o S
0 L~
N
N
~
Time
2.2 Continuous piecewise-continuous
GMS (Geometric Mean Scheme) . [4, 17] GMS
0
7\' = a)max ’ a)min (221)

(2.20)

23



2
Lol
dt|,

(x(1), ) = % j [a(x(x), 1) -2 ()| dt +7‘7 j

135, _ y Nt ||X —X_||2
= E;”ak (x,)-a,[;Ar +7;% (2.22)
—linﬁ (x,)—a ||2At+£§ |Xk _Xk—lnz +& X~ X |z
= > - ke \ Xt kllp 7 & At B Ar
, nt T= nt x At
3, (x,,) = A(x(1),kAr), 3, =a(kAY), X, = X(KA?) (2.23)
(2.22) Xo . SI 0<t<Tt,,
Tmax SI
(2.22)
Min (8, 0= 55, (x,) [ B e
"»vlrn e 25 A C) =3l 2 At (2.24)

subject to r(x,,)<0

24



(2.24) T
(Recursive Quadratic Problem)

. Line search .RQP

. 1 nt o — _
Mln{E AXZfHAXHt + AxntTZ(ank(xnt))T '(ak (Xnt) - ak)At

Axnl k:1

A1 _ (2.25)
+ E(E AXZ;I ’ Axnz - AXZL‘ ’ (Xnt - Xnt—l) j}
subject to r(X,, +Ax,,)<0
, H V. Gauss-Newton
gradient operator . , X, nt
. Gauss-
Newton
nt T
H=>(V,3,(,)) V.,5,&,)A (2.26)

k=1

AX line search

nt

25



Miniﬁmize”ﬁk (x"'+BAx,, ) -2, Hi (2.27)

, B step length . (2.27) B i

X, =X +B™Ax,, (2.28)

nt

B (2.28)

2.4.2 L-Regularization function

L;-Regularization function

. rllax(z
Min 11, :j O 4 (2.29)
* oll dr |
L,-Regularization function 1-norm
. Lo L-
dx(t
);( ) dirac-delta function
t

x(f)  piecewise-continuous function

26



X piecewise-continuous (

2.2). X

L-Regularization function SI

Tikhonov , TSVD (Truncated Singular Value

Decomposition)

. rlldx(?) . . 1~ R
Min ||——= dt subject to Min I1(x(7),7)=—||a(x(1),?)—a(?)|| dt
i j‘ ” ‘ j in T1(x(c), 7) 2{”(()) ol 230
and r(x)<0
(2.30)

1 & —_n»

Min (x,, —x, [ dt subject to Min II(x,,,7)==) [a,(x,,)—a,| At

(@) nt nt—l”l J X, ( nt ) 2;” k( ) k||2 (231)
and r(x)<0
(2.31) TSVD

27



(2.31)

nt

. li-t : . |2

l\A/hn X +AX, —X, L subject to I\A/hnz SAx,, —a; ,
X (2.32)

and r(x' +Ax)<0
r r — ~ —i-1
a a, =a,—a,(X, -0
t n 5
_ A T r _ TSVD
Axm_ZVja)j z;a + Z;/jvj—Axm +z (2.33)
Jj=1 Jj=t+1
, t  truncation number Ax, z

SI
rank

truncation number

(2.33) rank 7,

(2.32) Li-

28



. i 1 .
Min ‘z -+ (x;t1 + AP —x ]‘ subjectto V,/z=0

and R(z+X' +Ax""")<0

th

(2.34) Viz=0 2z V,
(VisVy sV, (Vs Vs V,)
(2.34) z
algorithm Z°Pt 18] 2

opt
Ax,;
t
opt _ 1. T _r opt __ TSVD opt
Ax) =D v,0) 'z + 2™ = Ax, + 2
j=1

AX

nt

29

(2.34)

(2.35)

simplex

(2.30)

(2.36)

line search



Miniﬁmizeuﬁk (X +BAXT) -7, Hj (2.37)

nt

, B step length . (237 B i

X, =X, +p™ A (2.38)

nt

B (2.38)

2.5
Newmark -method . [14]
Ma, +C v, +K u, =p, (2.39(a))
Ma,, +C, v, +K,u,, =p., (2.39(b))
, k .n 3 Time Windowing
n nt Time Windowing
n time window nc .n

30



(2.39)

MAa,  +C Av, +K Au, = Ap,

Av, =(At)a, +(yAt)Aa,

2
Au, = (A1), +%ak + B(At)’ Aa,

(2.41)

(2.42)

1 1
vV, +—a,

Aa, = > Au, —
B(At) PAt 2B

Av, :LAuk —lvk A 1--L a,
Bt B 2p

(2.42) (2.40)

K Au, = Ap,
K =K +-~ !

; .+ C, + > M
PAt L(A?)
Ap, =Ap, +av, +6ak

31

(2.40)

(2.41(a))

(2.41(b))

(2.42(a))

(2.42(b))

(2.43(a))
(2.43(b))

(2.43(c))



AL m+Lc,  h=—men] L —i]c,
A 2p 2p
(2.43) Au, (2.42)
Aa, , ,
k+1 : :
U =uctAu, v, =V HAY, a,, =a +Aa,
2.6 (Sensitivity Matrix)
2.6.1

Ma, +C v, +K u, =p,

(2.45)

ai+ oC, v, +Cn8V—"+ K, u, +Knau—"
ox, 0Ox ox, OXx ox

n n n n n

=0

32

(2.43(d))

Av, ,

(2.44)

(2.45)

(2.46)



oa, _ . dC, +8Kn u
ox, ox, | ox,
K,u, =p,
(2.48)
K, ou, + K, u,=0
ox, Ox

33

(2.47)

(2.48)

(2.49(a))

(2.49(b))



2.6.2

(2.44)

ou,,, Ou, +8Auk OV, OV, N OAv, Oa,, Oa
5) ¢ 5) 4 ox,  0Ox ox ox, = ox ox

(2.42) X,

dha, 1  JOAu, 1 Ov, +L8ak
ox, B(At)’ Ox, pAtox, 2B 0x,

OAv, _ y OAu, y ov, +At[1— 14 J@ak

ox, P Ox, Box, 28)ox,

(2.43) X, (2.52) (2.51)

(2.50)

OAu, k- oAp, K, Au,
ox ox, Ox

n n

34

A
Ly aaxa" (2.50)
(2.51(a))
2.51(b))
(5.7)
(2.52(a))



OAp, _ 04 b ak+ﬁavk 5 2
ox, O0x, 0xX, ox ox
Aa _rC, b _ t(L— ]OC,,
ox, pox, = 0x, 28 ) ox,
K, 0K, , v ocC,
ox, O0x, pAtox,

2.7

Rayleigh

35

(2.52(b))

(2.52(c))

(2.52(d))

SI



C= M(% 2¢,0,0,9; ]M

, $y o, b, modal damping ratio,
normalize & . Ny
Rayleigh
C=aM+aK
, Ay, a, Rayleigh . Rayleigh
(2.53) (2.54)

damping ratio

¢y = Ld’i (a,M +a K)o,
20

k

Rayleigh

36

(2.53)

(2.54)

modal

(2.55)



. SI

SI

37

Rayleigh



III. Time Windowing Technique

Time Windowing Technique

t+d,,

M(gl [1(x(¢),?) :% j a(t)[a(x(r),) —a(t)||jdt subject to r(x(¢)) <0 3.1)

o)
|

. oa

38



Euclidean norm

window

3.1(a)).

3.1)

, time window

, weighting factor

time window

39

time window

time



CY

(b)

©

UOT)RIS[AI0Y

Iojouieled WIISAS

IojouwieIe WoISAS

v

Actual system parameter

tp : Damage occurs

Time

Time windows

A

_(5 >_<> .......................

Xn \*> ------ KesssmssmpEmEEmEn o
Xn+1

—5 5
tn tn+1 Tlme

3.1 Time window

40



( 3.1(b)).

transient

time window

¢ G3.1)

Time window time window

41



( 3.1(c)). (

(3.2))

3.1

time window

Ma(t) + C(x)v(¢) + K(x)u(?) = p(¢) (3.2)

42



, Newmark-f§ method

Newton-Raphson

1) (3.2)
time window u,, v,
2) 1 (3.2)
a, . 1,2
3) 2 (3.2)
a,
1
4) ,

43



3.2 Time Windowing

Time Windowing

L,-Regularization function

t
Min
x(1) 0

and r(x(¢))<0

dx(t)

Li-Regularization function

242

t+d,,

i subjectto MinIl =% [a@lax®.0-a@), di
1 t

time window

44

TSVD

(3.3)



— X, |, subject to l\ihn 1= %nﬁja(/{)nﬁk (x,.)—1, ||z At G4

nc

Min ||x
x”l

and r(x, )<0

, ne, ntw time window

3.3 Time Windowing
Time Windowing
Time-domain SI
Time Windowing time

window  transient

window size, sampling rate, truncation number, measurement error,

weighting factor . 7

45



IV.

Time-domain SI L-
Regularization L,-Regularization Time Windowing Technique
4.1
— Time Windowing Technique
L,-Regularization function L,-Regularization function

simulation study

46



4.1 2

. Young's modulus = 210 GPa, Specific mass = 7850Kg/m’

250cm?, 300cm?, 200cm?, 220cm’ . natural frequency  6.6Hz
114.7Hz . Damage stiffness 7, 16, 31
40%, 50%, 55 % simulation
4.1 50KN
free vibration . truss
12 node 0 1.0 ,

. Samping rate  1/200 sec

modal damping generate 8%  random

Rayleigh damping

damping ratio 4.6 . Rayleigh
damping ratio  a,=2.32, a,=1 .05%107 . Rayleigh damping ratio
modal damping ratio 4.6

47



4.1.1 L,-Regularization

time-domain SI

4.2

43

4.2

normalize

, 3 10%

Ly-Regularization function

4.3

SI

49 +10%

4.3).

48

1=1.0 sec

52



4.4

Rayleigh damping

Damping
Frobenius norm 324
4.6
(2.55) modal damping ratio
Rayleigh damping modal damping ratio
) modal damping ratio

modal damping ratio

49

4.5

60Hz (22



30

iteration

50

SI

SI

60Hz

Rayleigh damping

damping



Normalized Axial Stiffness

Normalized axial rigidity

1.2

1.0 o

0.8

0.6

0.4

0.2

0.0

Member 7
= = Member 16
--------- Member 31

Exact axial rigidity of member 16 Exact axial rigidity of member 31

\ \ \ \
0.2 0.4 0.6 0.8

Time (sec)

4.2

—— 8% Noise

""""" No noise

43

10 20 30 40 50
Member

t=1.0 sec

51




10.0

20 i ® (alculated acceleration
’ Measured acceleration
6.0
£ 404
g °
S
s
8 2.0
o
51
<
0.0
-2.0
_40 - I I I I
0.0 0.2 0.4 0.6 0.8 1.0
Time (sec)
44
2.6 4.2
- 4.0
- 3.8
Q
72,0 =
- 3.6
- 3.4
a
0
""""" a
1
1.3 ‘ ‘ ‘ ‘ 32
0.0 0.2 04 0.6 0.8 1.0
Time (Sec)
4.5 Rayleigh damping

52



0.5

0.4

o
w
|

Modal damping ratio
=)
o
l

0.1

""""" Exact modal damping
— — Initial Rayleigh damping

— Estimated Rayleigh damping

4.6

I I I
40.0 60.0 80.0

Natural frequency (Hz)
t=1.0sec

53

I
100.0 120.0

modal damping ratio



4.1.2 L{-Regularization

time-domain SI

Truncation number 30

4.7

Regularization function

4.8

L,-Regularization function

. Ly-Regularization function

1=1.0 sec

54



4.7 4.8 normalize

SI
52
47 +10% , 5 10%
4.9
4.10 Rayleigh damping
.a, a, a,
a,
a,
4.11 (2.55) modal damping ratio
Rayleigh damping modal damping
ratio 60Hz (22 ) modal damping ratio

55



Normalized Axial Stiffness

o
)

0.6

<
~

e
)

L,-Regularization function

7 Member 7

: = — Member 16
e Member 31

i Exact axial rigidity of member 7

’[‘ M\
1&..~—=---— _—_-_______________---T
| Exact axial rigidity of member 16 Exact axial rigidity of member 31
\ \ \ \
0.0 0.2 0.4 0.6 0.8 1.0
Time (sec)
4.7

56




Normalized axial rigidity

Acceleration (m/sec 2)

1.2

AW | P
N VVVW\'M\j

0.8

0.6

0.4

0.2

0.0 : ‘

10

4.8

10.0

20 30 40 50
Member

t=1.0sec

oo
S
|

SN
<)
|

b
<
|

N
=
|

o
o
|

-2.0

* Calculated acceleration

Measured acceleration

0.0 0.2

4.9

0.4 0.6 0.8 1.0
Time (sec)

57



2.6
234, \—
s72.0
. S "~
1.6
a
0
""""" a
1
13 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Time (Sec)
4.10 Rayleigh damping
0.5
--------- Exact modal damping
= = Initial Rayleigh damping
0.4 — Estimated Rayleigh damping P
7 <
2 Phd
< 7
= 0.3
2 -7
a, 7 .
g ad 2
el 4 '."
,§ 0.2 _ - -
= -’
0.1
0.0 T T T T T
0 20 40 60 80 100 120

Natural frequency (Hz)

4.11 7=1.0sec

58

42

4.0

3.8

3.6

3.4

32

(or)w

modal damping ratio



4.2

— Time Windowing Technique

Ly-Regularization function

L;-

. Time Windowing Technique

( 3.1(b)).

L,-Regularization function

59



4.12 2

. Young's modulus = 210

GPa, Specific mass = 7850Kg/m’ . , ,

, 250cm?, 300cm?, 200cm’, 220cm’

natural frequency  6.6Hz 114.7Hz . Damage
stiffness 7, 16, 31 40%, 50%, 33 % simulation
0.5 , 0.5
4.12
1KN free vibration
truss 12 node 0 2.0

, . modal damping

generate . Rayleigh damping
damping ratio 4.17
Rayleigh damping ratio  a,=2.32, q, =1.05x10" . Rayleigh damping

60



ratio modal damping ratio 4.17

time-domain SI 2

L,-Regularization function

3%, truncation number 12, sampling rate 0.01 . Time window

0.2 . 4.13

0.5

0.5

31 . , time

window transient

truncation number

31

truncation number

31

61



. Ly-Regularization function

(¢ =2.0sec)
4.14
SI 7 , 16
31
52
+10%
4.16

a, a,

a,

62

normalize

10%

4.15

Rayleigh damping

4.14

4.13

48



a,

damping
0.5 damping
damping
damping
4.17 (2.55)
modal damping ratio . Rayleigh damping
modal damping ratio 60Hz (22 ) modal
damping ratio . modal

damping ratio

time window

63



Normalized Axial Stiffness

Normalized axial rigidity

1.2
1.0 prirpmmil g el it AL A0
0.3+ Exact axial rigidity of member 7

1 ————
0.6 S — S S— —

- T
0.4+ T
Exact axial rigidity of member 16 Member 7 (damaged)
0.2 — — Member 16 (damaged)
--------- Member 31 (damaged)
A Member 1 (undamaged)
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4.16 Rayleigh damping
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3 Time Windowing Technique

window size, sampling rate,

truncation number, measurement error, weighting factor
window size window

. Window

rank
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transient

window

I, = (4.1)

Y

4.2.1 Truncation number

Truncation number

truncation number

truncation number
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4.18

. Sampling rate

4.19

3 truncation number

0.01

0%

4.18

16 4.19
(£=2.0sec) . Truncation number 8
7, 16 15
truncation number 30
truncation number 12
truncation number 12 4.1
I,
4.1 Truncation number 1.
Truncation#8 Truncation#12 Truncation#30
Undamaged Damaged Undamaged Damaged Undamaged Damaged
0.0461 0.6930 0.0310 0.2600 0.0770 0.2690
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Normalized Axial Stiffness

Normalized axial rigidity
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4.2.2

4.20 4.21 3%
. Sampling rate  0.01 truncation number 12
4.20 7 4.21
(=2.0sec)
4.2 I
4.2 I
Measurement Error (0%) Measurement Error (3%)
Undamaged Damaged Undamaged Damaged
0.0107 0.2598 0.0327 0.2560
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Normalized Axial Stiffness

Normalized axial rigidity
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4.2.3 Sampling rate

Sampling rate

sampling
rate . sampling rate
time window
4.22 423 3 sampling rate
. Truncation number 12 0% . 4.22
16 4.23 (=2.0sec)

. Sampling rate  0.01

sampling rate  0.01

43 A
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Normalized Axial Stiffness

Normalized axial rigidity
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4.3 Sampling rate I
Sampling Rate (0.005sec) Sampling Rate (0.01sec) Sampling Rate (0.02sec)
Undamaged Damaged Undamaged Damaged Undamaged Damaged
0.0379 0.3623 0.0310 0.2599 0.0689 0.5052
4.2.4 Weighting factor
TimeWindowing time window  transient region

time window

. Time window
time window
4.24

425 3 sampling rate

. Truncation number 12 sampling rate  0.01
4.24 16
(=2.0sec)
Weighting factor  5,4,3,2,1
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weighting factor

7.4 A
4.4 Weighting factor 1
No weighting factor Weighting factor(5,4,...,1) | Weighting factor(10,9,...,1)
Undamaged Damaged Undamaged Damaged Undamaged Damaged
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Normalized axial rigidity
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""""" No weighting factor
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. Rayleigh damping
2-norm
Regularization
Regularization

L,-Regularization

Decomposition)

. SI

Time-domain SI

L,-

1-norm

L-Regularization . L,-
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GMS

TSVD (Truncated Singular Value



Time

Technique

L,-Regularization

Regularization function

, Li-Regulaization function

. Time Windowing
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ABSTRACT

This paper presents a system identification scheme in time domain to estimate stiffness and

damping parameters of a structure using measured acceleration. An error function is

defined as the time integral of the least-squared error between measured accel erations and

calculated accelerations by a numerical model of a structure. Damping parameters as

well as stiffness properties of a structure are considered as system parameters. To dleviate

the ill-posedness of Sl problems two regularization techniques are employed. L,-

Regularization function defined by the L,-norm of the first derivative of system parameters

with respect to time and L;-Regularization function defined by the L;-norm of the first

derivative of system parameters with respect to time are proposed to alleviate the ill-posed

characteristics of inverse problems and to accommodate discontinuities of system

parametersin time. In L,-Regularization scheme, the regularization factor is determined

by the geometric mean scheme. In L;-Regularization scheme, regularization effect is

determined by a truncation number of TSVD(Truncated Singular Vaue Decomposition).



The time window concept is proposed to trace variation of system parametersintime. To

represent discontinuity of system parameters in time, L;-Regularization scheme is

employed in time windowing technique. The validity of the proposed method is

demonstrated by a numerical simulation study on a two-span truss bridge.

Key Word

Time-domain system identification, Regularization, Time Windowing Technique, Rayleigh

damping
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