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e Definition of Mechanics by Encyclopedia Britannica, 2004
Science concerned with the motion of bodies under the action of forces, including the
special case in which a body remains at rest.  Of first concern in the problem of motion
are the forces that bodies exert on one another. This leads to the study of such topics as
gravitation, electricity, and magnetism, according to the nature of the forces involved.
Given the forces, one can seek the manner in which bodies move under the action of

forces; this is the subject matter of mechanics proper.

e What is Classic Mechanics?
The motion of bodies follows the Newton’s laws of motion.
- The law of inertia
- The law of acceleration : F =ma

- The law of action and reaction
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e Who started?

Galilei Galileo (1564 ~ 1642)

He tried to explain motions of bodies based on observation or experimentation. His
formulation of (circular) inertia, the law of falling bodies, and parabolic trajectories
marked the beginning of a fundamental change in the study of motion. He insisted
that the rules of nature should be written in the language of mathematics, which
changed natural philosophy from a verbal, qualitative account to a mathematical one
He utilized experimentation as a recognized method for discovering the facts of
nature. Unfortunately, he did not have mathematical tools known as “calculus” that
deals with differentiation and integration, and thus he failed to describe motions of

bodies in a complete mathematical way.

Issac Newton (1642~ 1727)

He completed the mathematical formulations of the classic mechanics that Galileo
tried by the virtue of differentiation and integration, which also independently
proposed by a German mathematician Gottfried Wilhelm Leibniz (1646~1716)

almost at the same time..

Who is next?

We can name hundreds of great scientists such as

v" R. Hooke (1635~1703): Hooke’s Law

v" Jakob. Bernoulli (1655~1705): beam theory, study on catenary

v Daniel Bernoulli (1700~1782): Bernoulli’s principle for the inviscid flow
v" L. Euler (1707~1783): Euler equation, Euler buckling load...

v' T. Young (1773~1829): Young’s modulus, interference of light...

v"A. Cauchy(1789~1857): Cauchy’s strain, functions of a complex variable...

o Fluids and Solids

Difference in Material Properties

v" Fluid flows because G << E.
v" Solid does not because G ~ E .
v Inviscid fluid: G ~0
v

Viscous fluid: 0<<G << E
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Fundamental principles in the fluid and solid mechanics are identical except material
properties.

The fluid and solid mechanics can be formulated from exactly the same framework.
The textbook by Malvern (Introduction to the mechanics of a continuous media) deals

with the solid, fluid and thermo mechanics simultaneously.

e Elasticity, Plasticity and Linear Problems

Bodies with Elastic Material: Recovers the original shapes of a body when external
loads are removed.

Bodies with Plastic Material: Cannot recover the original shapes of a body when
external loads are removed. Permanent deformation remains in bodies.

Linear Problems: The principle of the superposition is valid.

A—>o, B> then A+B—>a+

The elasticity problems may be either linear or nonlinear.

e C(lassification of Engineering Problems
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1.1 Problem Definition

o Prescribed Values

- Domain V and Boundary S

- Material properties
- Boundary Conditions : u=a on S, , t=t on S, where S,US, =S and

S NS =0

e Unknowns in domain:

- Stress (o)
- Strain (g)

- Displacement (u)

e We have 15 unknowns, and thus have to derive 15 equations to solve the elasticity
problems. Since we determine the 15 unknowns in the domain from the prescribed
boundary conditions, the elasticity problems are a type of mixed boundary value
problems.

e What we have to study during this class:

- Stress (o): force per unit area developed in the body by the action of external forces

- Strain (g): Deformation of body

- Displacement (u): Changes in positions of the body caused by the motion of the body

- Relationships among the unknowns such as equilibrium, strain-displacement
relationship, strain-stress relationship
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e Equilibrium equation:
Mainly concerns the equilibrium state of a given body under the actions of external forces,

and expressed in terms of stress.

jtdszo
S

e Strain-displacement relation:
Defines deformation of a given body, and relate strain to displacement.
e=f(u)
e  Stress-strain relation:
Represent the material properties of a given body such as the Hooke’s Law.
c=g(e)
e Types of Engineering Problems
Boundary Value Problem (BVP): The unknowns are determined from the prescribed
values on the boundary of a given domain. Especially when the boundary
conditions are expressed in terms of the unknowns themselves as well as their

derivative, then the problems are referred to the mixed BVP is given as:

d2(I)(ZX)+f:0 for O<x</and ¢$(0)=0 M:O
dx o

Initial value problems (IVP): The unknowns of a given problem are determined from

initial values prescribed at a reference time, usually at =0.

d2¢2(t) —f(®) =0 for 0<¢ and ¢$(0)=0 d¢(0) _0
dt dt

Initial-boundary Value Problems: we have to utilize both the initial and boundary

values to solve a given problem.

d2) _ A0 | g0 < and 60,0 =0 O _ 0 and 0<x < Jand 6(.0) = b(2.1) = 0

dt? dx? dt
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1.2. Domain and Boundary
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1.3. Definition of Continuum

e Definition of a continuous set

A set A4 is called as a continuous set if there always exists ¢ € 4 which lies between a

and b forall a,be A4.

Example: real numbers

o Continuous distribution

A physical quantity p is said to be continuously
distributed if the following limit is uniquely defined
everywhere in the given domain V.

M

n

p(P)= Iim

n—o0,V, =0 Vn

where M, is the sum of the quantity in V,, and

V.cV ., PeV, V,=V.

n

e Continuous body or continuum in a mathematical sense

A body is called as continuum if material particles are continuously distributed in the

body or there exists the continuous density function.

e Continuous body or continuum in a real sense

Instead of V, -0 as n—>00, V, approaches a finite number ® as 7 —> . Then,

M
P)——4<e
p(P) 7

n

lim

n—o,V, >0

where ¢ is an acceptable variability. You may consider ® as the smallest volume you
can differentiate with your own naked eyes. A body is referred to as a continuum if
material particles are distributed in a continuous fashion. Therefore, conceptually, you

can pick a material particle between any two material particles in the continuous body.
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1.4. Fundamental Laws

e Newton’s Laws of Motion
- The momentum of an object (mv) is constant unless an outside force acts on the
object; this means that any object either remains at rest or continues uniform motion
in a straight line unless acted on by a force.
- The time rate of change of the momentum of an object is equal to the force acting on
the object.

- For every action (force) there is an equal and opposite reaction (force).

e The 1st law of thermodynamics : The conservation of energy

e The 2nd law of thermodynamics
Defines the direction of energy flow. That is, energy always flows from the high level to
the low level spontaneously. Work should be applied to reverse the spontaneous energy

flow.
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1.5. Axioms

1. Newton’s laws of motion and the 1 and 2™ law of thermodynamics are valid.

2. A material continuum remains a continuum under the action of force.

3. Stress and strain can be defined everywhere in the body.

4. The stress at a point is related to the strain and the rate of change of strain at the same point.

o(P) =f(e(P),&(P)) VPeV

d
For a rate-independent material, o(P)=f(e(P)) VPeV where the temporal rate :;t)
: o) 20 a0
and spatial change =—=~, ——, —.
P s ox’ v oz

e The consequence of the last axiom?
If the stress at a point were influenced by strains at the other points, the stress-strain
relation should include the spatial derivatives of the strain to represent the spatial change
of strain, which results in differential equations. Since, however the last axiom states that
the stress at a point depends only the strain at the same point, the stress at a point is
independent of the spatial derivatives of strain. The stress-strain relation representing
material properties of a given domain is expressed algebraically in the spatial domain,
and 6 equations out of 15 governing equations become algebraic equations rather than
differential equations, which make the elasticity problems much simpler. Since the rate-
dependent material indicates that the stress at a point depends on temporal rate change of
strain at the point, the stress-strain relation becomes differential equations in the time

domain.
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1.6. Tensors and Operations

Tensorial notation : A
Indicial notation : A; , Aj , Aijk , Aijki
Summation notation : the repeated subscripts or superscripts in a term denotes summation.

The repeated index is called as “dummy index”.

> AB, =AB, + A,B, +---+ A,B, = A B, = A,B,

i=1

AA =A' + A +-+ A = A

A;B, =) A,B, =A,B, + A,B, +---+ 4,B,
j=1

n n

A.B, = zzn“AfB. =Y (4,B, + A,B,, +---+ A4,B,)

i iy in""in
i=1 j=I i=1

Dot product

A dot product of any two variables represents the summation on the last index of the first
variables and the first index of the second variable.

A-B=A4B =48 +4,B,+--+A48B,

A-B=A4,B, =A4,B +4,B,+--+4,B,

B-A=BA, =BA,;+B,4,,+--+B,A4,

AT -B= A4,;B, =A4,B + A4, B, +--+4,B,

A'B:AikBkj =AilBlj +Ai2B2j +---+A4 B

in"" nj

Cross product of two vectors c=axb
C=AxB

. . . b

L L, I N -;,.\
C=|4, 4, 4, [C]|=[A]B]sin0 | \

Bl 32 B3 i a______________'_\_\

‘If—c =bxa
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e Kronecker delta

i

0 fori#j
1 fori=j

e Permutation tensor

1 for even permutation
e; =4 —1 for odd permutation

0 Any twoindices are equal

e Determinant of a matrix A

Det(A) = e,

ik

AnA_/zAk3 =¢

ik

A, A4,;45, = Det(A")

i, i, i, |i, 4, B
C=AxB=\4, 4, A|=li, 4, B)|=eyi,Ad,B, =eyA,Bi, >C =e, 4B,
Bl BZ BS i3 A3 B3
In general, Det(A)=e;, ,A4,4,4,; A4

ijk...p“7il pn

e Tensor fields

In case the coordinate rotation is defined by x’. =, x,

Scalar field (tensor field of rank 0) D 0'(x, )y, zZ)=d0(x, p,2)
Vector field (tensor field of rank 1) Do (L2 =B ,0,(x, ¥, 2)
Tensor field of rank 2 Do,y 2) =B,0,, (X, v, 2B,
Tensor ﬁeld Of ra‘nk 4 : d):/kl ('x’9 y’7 Z’) = Biijq(I)pqrs (x9 yﬂ Z)Bk}"B]S

y

a

Y N
x!
X
z z'
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e Gradient operator

13

0
= (_ v _)
axl ax2 ax3
0 0 o 8 op. o
Vo= L - (20 ) %
8x1 8x2 6x3 axl 8 2 6x3 8xi
o o0 0 o o0 0 o> & o, @ 8 8
aX1 axz ax3 axl ax2 ax3 ax] axz ax3 axl axz 6X3
Ox, Ox,
0 0 o’
V.Vb=——"=0=
¢ ox, Ox, ¢= Ox,0x,
v.c:i ":acﬁ=661j+ac2j+a($3j

e Divergence (Gauss) Theorem

F, F F F
dgivF-v.p=2 9 | O | OF,

jv-FdV=jF-ndS
vV S

IV-(gF)dV:_[Vg-FdV+IgV-FdV:IgF-ndS—>
v 4 14 S

[V -Fdv = [ gF -ndS - [Vg-Fdv
Vv S 4

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 2

Traction and Stress
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2.1. Traction and Stress

Body Force: b =[imy. = ¥
o
ody Force: AIVI;I}AV dV
AF dF
e Traction: T, = lim
A5—0 AS dS

e  Stress : x, ¥, z components of traction
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2.2. Definition of Stress

zZ, X3
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2.3. Cauchy’s Tetrahedron and Relation

B B
t! T
t3 :'-
— X ) \ ............... :
O A 0 A
C h C h
t2

e Equilibrium Condition

d’u

T'AS —t/AS, —t]AS, —t]AS, +b,AV —p e
t

LAV =0

po_ g AS L oS AS, A d’u, AV
P A T As T TAs T As TP as

AV = %hAS = %OAASI = %OBAS2 = %OCA&

AS, _ =cos(n,x,)=n A5, _ =cos(n,x,)=n as, _ =cos(n,x,)=n
AS 04 U AS 0B T AS oC B
e Cauchy’s relation
By the definition of stress ¢/ =c ; andas AV —0
T'=tn +t'n, +t'n, >T" = C,n,;
Structural Analysis Lab.
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2.4. Equilibrium Equation - Integral Approach

\\/

~

o
—
Force Equilibrium: ZE =0 fori=1,2,3
0’u, o’u

[T.dS+[bdV—[p—dV =0 or [Tds+[bav-[pSFav=0
N Vv Vv 6t S Vv Vv at
By the divergence theorem, and the Cauchy’s relationship

0G
[1ds = [o,nds =[—"dv

ox;
N N Vv J
Therefore, the force equilibrium equation becomes

0G . u. 0o u.

J.—J‘dV+J.bidV—.[pa a dV:j(—Mb,.—pa "0V =0
, OX; ’ . Ot ;o Ox; ot

Since the above equation should satisfy for all bodies under equilibrium, the integrand

should vanish everywhere in the domain.

00 .. ou. ou 0’u
—L+b - t=0—>o, +b - L=0—>V-o+b-p—=0
o P i TP e

J

Moment Equilibrium: ZM ;=0 fori=1,2,3

82
Ixx TdS + Ixx bdV +Ide —J-pxxa—tl;dV =0 or the indicial form becomes
Vv 14 14

N

2
Oty gy =0
ot

imn
V

JeimnmedS + J.e. x,b.dV + ImidV - Ipeimnxm
S vV vV

Structural Analysis Lab.
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'[e x,T,dS = _[e x, 0 ,n,dS = deV:Ieimn(axmc. +x, aazjn)dV:

imn”¥m imn"Ym>~ jn'"j Jjn
5 s y o Ox, v x, j

[ @0+ 50 SNV = [ (0 + 5, YV
O X, = G, X,
lm”l ax lmn ax

mj = jn
v J v J

2

0
Ielmn(c +Xx, )dV+J'elmn X, dV+deV Jpem m—”;deo
v X ; Ot
0o, 62
j (€5, + )V + Jemmxm (b, +—L—p==1)dV =0
ox ;
J‘(elmncmn +m)dV =0—e,,c, +m=0
In case there is no body moment, e,,,c,, =0
€Oy =0 —> 03 =0y
etmn mn O - e2mn mn O - 613 - 631
e3mn mn 0 - 612 - 021
2.5. Conservation and Potential Problems
\'%

/'/\

e Conservation in General

Only the vector component normal to the surface (or boundary) flows into or out the
volume. The tangential component just flows along the boundary without any effect on
the vector field in the volume. Therefore, the conservation of the vector field is

expressed as:

—[v-nds + [ fdv =0
S 14

Structural Analysis Lab.
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The minus sign implies that in-flow direction is taken as the positive direction. As the
outward normal vector always points outside of the volume, the inflow direction should
be opposite to the outward normal vector of the surface.

— By divergence theorem,

—j ndS_—jv vdV where V = ( 9 ) 22 9

6y Ox, Ox, Ox,

~[vendS+ [ fav ==[V-vdv +[ fav =[(=V-v+ f)av =0

— Since the integral equation should hold for all systems,
-V.v+ =0
e Potential Problems
— In a potential problem, the vector field of a system is defined by a gradient of a scalar
function referred to as a potential function

v=-k-VO

v

— The famous Laplace equation for a conservative system.

Vvt f=V-(k-VD)+ f=0

— the system properties are homogeneous and isotropic, v = —kV®
~V v+ [ =V-(kVD)+ f=kV’D+ £ =0 or
o’d  9’D 52q> o’D

+ k
ox’ 8y2 ) /= Ox,0x,

+£=0

k(
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2.6. Equilibrium and Potential Problems

e Equilibrium

— Force Equilibrium: ZFx:ZFy:ZFZzo or ZF:O

[TdS+[bdV =0 or [TdS+[bdV =0 fori=123
N 14 N 4

— Suppose T=c-n or Ti=20..n.=c.-n

/A i
J=1

Gy Op Op G, n
G=|0y Oy Oy |=|0,(, D=1,
G3; O3 Oy O, sy

— Divergence Theorem

[1ds+[bav = (o, -ndS+[bdV =[V-c.dV+[bdV
§ 4 § d g 4 fori=1,2,3

=[(V-0,+b)dV =0
Vv
— The integral equation should hold for all systems in equilibrium.
V.o,+b =0 fori=1,2,3
— Moment Equilibrium: ZM,- =0 fori=1,2,3or ZM =0
Ixx TdS+J.x><de +J.de =0 or 0,;=03, , G3=0; , G}, =0y,
N 4 Vv

e Potential Problems

— In case elasticity problems are potential problems

, . Ou,
c,=C"-Vu, or 0, =C) —
ox,

where repeated index i does not indicate the summation. However, in general,

G, = C;k T,: #0, = C;, % because u; and u; are independent potential functions.
Therefore, to maintain symmetry condition of stress, each stress component should
be a function of the gradients of all components of the potential functions, and
furthermore the material properties should be defined as a fourth order tensor rather
than a second order tensor:

ou,

6=C:Vu or 0, =Cy,—
ox,

and Ci/‘kl = Cjikl
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— Incase Cy, =Cy,
ou 1 ou ou ou ou
Gy :Clj'kla_xkzg(cijkla_xk—i_ ijlk ox, — == (Cijkla_xk ijkl ox, )
1 7 1
1 Ou, ou
= ijklE(a £ 6x1) Cijklskl

— Equilibum equation in terms of the potential functions:V-(C:Vu)+b =0

2.7. Rotation of Axis and Stress

e Suppose a new primed coordinate system is defined, and we want to expresss each

component of a vector in the primed coordinate system.

e Rotation of Axis
1./ N r !
X =Xx€, +X,e, + X;e; = xe, + X,e, + X;€;
xe =x.e, —>e -ex; =e -ex —>0,x, =e’ -ex —>x,=¢€ -ex

=B,x, where B, =¢',-e, =cos(x’, x,) or in tensor form x' = fx

xe =x, —>e -ex =e ex, —>d.x =e -ex —>x =e ex =px >x=p'x

e Orthogonality
X, = Bk/‘xl'c = Bijkixi - (8;7 _Bk/Bki)xi =0—> Bijki =3

Bkinj :6,‘]‘ _)I3TB:I_)[371 :BT

ij

e Diffential Operator

00 _ 00 9% _ 00 OBy, 90 5 20

o ox ax, ox ax Py om =Py

1
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X2 ,
A xj
BB »
T T
1
T
0 A !

T"

X3

e Tractions in the directions of the primed (new) axes in the original CS.
- Stress in each coordinate system by the deficition: o, =7, o, =T
J k J
- Cauchy’s relation: 7" =T."n" + T,°n) +T°ny > T, =c,.n, =68,

. xXp oy X x; x'; X Xp g _ ' _
- Normal vector: n” =e’, =n’e +n’e, +n'e;=n'e, > n’ =€, -e, =cos(x,,x)=Pp;

The above tractions are given in the original CS, and thus each traction vector should be

transformed to represent the stress in the primed CS.

e Stress in the primed coordinate system

G’mk:Tm_ka _kacqumq qu qpl:.;kp%cy _BGB

c = BTG’B —0; = Bkis;dBi/

e Equilibrium Equation in primed coordinate system

- Stress: o, =B,0,B,,Body force: b, =p,b/, Diplacement: u, =f,u

BB , 0 B, 65 ,
Tﬁmj +Blibl = 8tl l i Bk/Bth/ +Blzb Bll a 2
acs,d , 6(5 b ul
Bz m Bib:Bi Bz( id l)_O
1i9% 1191 I AP X o
00 1/ _ ‘u)
T

- The equilibrium equation is independent of a selection of coordinate system.
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Cllapter 3

DisPIaCement and Strain
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3.0. Kinematic Description

e Kinematics?
A subdivision of classical mechanics concerned with the geometrically possible motion
of a body or system of bodies without consideration of the forces involved (i.e., causes
and effects of the motions).

e Kinematic Description
Description of the spatial position of bodies or systems of material particles, the rate at
which the particles are moving (velocity), and the rate at which their velocity is changing

(acceleration)

At

Do the wind velocity and the velocity of a car have the same physical meaning?

e How to describe the traffic condition of Olympic Highway?

- Method I: Drive your own car on Olympic highway, and measure the velocity of your
car with time. If you differentiate the measured velocity with respect to time, the

acceleration of your car can be obtained.

Structural Analysis Lab.
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OV (car,t)

. V+A)-V(@)
Py =lim =a

car fixed Ar—0 At

If the velocity of every car on the highway is measured and reported to you for all
time, then you have a complete description of the traffic condition of the Olympic
highway. No difficulty is encountered in formulating problems with this kinematic
description (solid mechanics).

e Method II: Sit down at any location of your choice near the highway and observe and
record the velocities of cars passing in front of you. If the measurement is taken
place at every location on the highway, then you also have a complete description of
the traffic condition of the Olympic highway. If you differentiate the recorded
velocity at a location, the true acceleration defined by Sir Isaac Newton cannot be
obtained. This is because you just calculated change of velocities of two cars

passing though you at a specification location at two different time.

OV (x,1) . V(@E+A)-V()
— 1 =lim #a
ot x fixed At—0 At
Notice that V(t+At) and V(¢) are velocoities of two different cars measured at

different times at the same spatial location. The true acceleration becomes (out of

scope of this class)

V(D)
ot

+VV.V
x fixed
This method is very convenient way to TBS, but results in a very, very, very (...)
complicate situation in solving physical problems with this kinematic description
(fluid mechanics).

Total change in the velocity of a fixed material particle

AV()C, t) Material fixed - % Al + w V(x’ t)At
x fixed x
o = 1im AV 50 _en) Dy
Ar—=0 At Material fixed ot x fixed Ox
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A
V(t+A 1)
VAt
1463
<
o
5}
Q.
<
oV(x,t) At
at x fixed
oV (x,t+ At) VAf
a’x x fixed

Observation Point

e Referential (Lagrangian) Description: Method I
Independent variables are the position x of the material particle in an arbitrarily chosen
reference configuration, and the time z. In elasticity, the reference configuration is
usually chosen to be the natural or unstrained position (known). When the reference
configuration is chosen to be the actual initial configuration at =0, the referential
description is called the Lagrangian description. The reference position x is used for a
label (or name) for the material particle occupying the position x in the reference
configuration. All variables are considered as functions of x. Notice that x denotes the
material particle occupying the position x in the reference configuration, not just a spatial

point.

Reference configuration

X = X(x,1)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU

28

Spatial (Eulerian) Description: Method 11

The independent variables are the spatial position vectors x. The spatial description
fixes attention on a given region of space (control volume) instead of on a given body of
matter. The material particles occupying a fixed position change for different time. It is
the description most used in fluid mechanics, often called the Eulerian description, which
gives us “Navier-Stokes equation”, the most notorious partial differential equation in the

engineering field.

Control Volume: analysis domain

Structural Analysis Lab.
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3.1. Displacement and Strain

e Displacement is defined as the change of the spatial position of a fixed material particle.

e Displacement

X2 ll(X)

X1

X3

u(x)=a(x)—x or u(a)=a-x(a)
e Strain

X2

2 2 2
ds} = dx} +dx2 +dx? = dx,dx, , ds’ =da} +da; +da; =da,da,

da, :%dxk , dx, :%dak
ox, oa,
Oox, Ox . Ox. Ox,
dsg = dx,dx, =8 dx,dx, =3, idak —*da, =3, i—jdakdal
a, oa, Oa, Oa,
5 oa. 8aj oa. aaj
ds” =da,da; =8,da,da; =8, —dx, —dx, =5, ——=dx,dx,
ox, ox, X, OX,
2 2 oa, aa]. Oa aaﬁ
ds” —ds, =0, ———dx,dx, =, dx,dx; =90, —*—dx,dx; - ,dx,dx,
X, OX, ox, Ox,
aaa aaﬁ
= (8, o _8xj =8, )dx,dx, =2 dx,dx,

Ej is called as Green’s strain.

Structural Analysis Lab.
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ox 8
ds* —ds? = 8,da,da, -5, 20 71 da da, = 6, da,da, — 5,y 2 PP dada
ak a, da,; oa,
ox
~5, -5, e
(0 =0 da. Oa

J

eij is called as Almansi strain.

e (Green’s Strain in terms of displacement

1 da, Oag 8xm+uoL O(xy +ug)
E, =1, -5, =2 (5, D) B T
2 Oox; 6 Ox; 6xj
1 u auﬁ 1
=—93 .8  +—2)8, +—)——9,
2 u[}( o axi )( Bj aXA ) 2 i
1 Ouy ou,, Ou,, Ouy
=§(5as5a15ﬁ/ +8,50, — 8xj +8,40p — ox +8, —- ox 6x -3;)
1 (8u auj ou, Gua)
2 Ox; 8xl. 6x Ox;
ou 1 ou, ou, ou ou ou
E = 1 U, — 1 2+ 2 2+ 32
oy, 2 2 ox, 8x1 )= ox, 2[(6 ) (axl ) (8x1 )]
ou 1 ou, Ou, ou, au ou ou
Ep=—2+—( “) = [( l) +(—)+ ()]
Ox, 2 Ox, Ox, ze ox, ox,
ou 1 Ou_ ou ou ﬁu ou ou
Ey=—"+—- ()= —[( 1) +(—2) +(=2)°]
Ox; 2 Ox; Ox; Oxy 0ox,4 0ox,4

=

_ 1 0u, N ou, N ou, ou, . 1 8u2 N Ou,. 1 0Ou, ou, N ou, Ou, N Ou, Ou,

)+ (

12 =

2 0Ox, Ox, O 8x2 2 0x, Ox, 2 Ox,0x, Ox Ox, Ox, Ox,
E, _ 1 Ou, N 6u1 ou, a) 1 8u3 N 6u1)+l(8u1 ou, N Ou, Ou, N Ou, au3)

2 0ox, 8x3 ox, Ox, 2 ox, Ox; 2 Ox, Ox; Ox, Ox; Ox; Ox,
E, _ 1 ou, N Ou, N ou, Ou, _ 1 ou, N Ou, _I_l(aul ou, N Ou, Ou, N Ou, Ou,

2 ox; Ox, Ox, Ox, 2 Ox; Ox, 2 Oxy0x, Ox; Ox, Ox; Ox,

e Cauchy’s infinitesimal strain tensor — Small deformation

e, =L@ D) o small displ t gradient| 2
=+ — or Sma 1Splacement gradien
o 270x; Oy P 8 8x.

J
In this case, E,=e;=¢;

<< 1

e All kinds of strain are symmetric.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Rigid body motion : ds = ds,

ds® —dsy = 2Edx,dx, = 2e,da,da; fordx and da.«<> E, = e, = 0 for whole domain.

For small strain, g; =0.

e Engineering strain: y, =2g, for i#j

e Strain Component in primed coordinate system

— Diplacement Do, =B
— Strain
o= l(ﬁﬁkzullc + aBk]u/; + 8Bk(xullc aBlmul’)
T2 ox, ox, ox,  0Ox;
1 aBkiul,c 8Bkiul!c aBkaul’c aBlaul
=—(—2LB +— +
2( ax:n Bm/ ax;n Bmz ax:n Bmz Bn/)
=—(—=B3 + +0, —PB . A
2( a ' Bm] ax; Bkz kl a 1] Bmz 8 ' an)
1 u' 6u ou,
2(Bkl ] ij ij a , Bkl Bml a ! a ,ZB )
1 6u au 8u
2(Bkl ,kBm ij 6 ’ Bkz Bkl l a ,l ij)
1 8u 8u 6u ou,
_Bkl ( £ ! I)ij_Bkt kmij

2o T ax T oxl or

E=B'EB, E=BEB’

Structural Analysis Lab.
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3.2. Physical Meanings

e Normal Strain

For x direction, (dx,,0,0)

A

ds® —dsy =2E,dx,dx, = 2E, dx,dx, = 2E, ds;, —> ds =1+ 2E, ds,

_ ds® —ds; _ ds—ds, ds+ds,
1 =

2ds: ds,  2ds,

Since ds = ds, for small strain, then E = ds —ds, dx = (dx,,0,0)

1 =¢€n

ds,

o Shear Strain

dx = (0,dx,,0)

da-da = dsds cos 0 = da,da, = 2% dx % g
ox,, ox,
_ 0w, 0y e gy 2 0% O g e R v,
ox,, Ox, ox, Ox,
o8 = 2E,,dx,dx,
dsds
ds = \J1+2E, ds, =1+ 2E, dx,, ds =,/1+2E,,ds, =+1+2E,dx,

2F,

cosO =sin(a,) =
(o) JI+2E, 1+ 2E,,

E,= %sin(alz)\/l +2E, |1+ 2E,,

I . 1
In case E, , E), << 1, Elz ZESIH(OLQ) zEOle

Structural Analysis Lab.
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3.3. Compatibility in 2-D Problems

e In case the strain field is given, does the unique displacement field possibly exist ?

_om 0wy O
11 ox, > @22 ox, > ©33 ox,
_Louy owy Lo Owy 1O O

G2 = 2 0Ox, Ox, b3 = 2 0Ox, Ox, = 2 Ox; Ox,

- In case that displacement components are given, six independent strain components
can be defined without any ambiguity.

- What if six independent strain components are given to define displacement of a body?
Can we always calculate three independent displacement components uniquely?

- There are six strain components, but only three displacement components exist.

- We have to determine three unknowns using six equations, which generally 1s

impossible to solve. Therefore, all the strain components are not independent.

- Three additional relationships between strain components should be defined.

- We refer to the above conditions as the compatibility condition!

e  What conditions is required to do so ?

e Two dimensional Case :

ou ou 1 Ou, Ou
€3=63=6,=0, g =—L g =—2 g =—(—L+—2
33613 =83 "o o2 T 2 =5 %, éxl)
U = _‘-Slldxl +g(x,) , u,= J.Szzdxz + f(x)
1 Ou, Ou 1, 0 Og(x 0 of (x
€, =—(—+—2)=—( J.sndxl +M+—.[822dx2 FACH) 1))
2 ox, Ox 2 ox, ox, Oox, ox,

d%e;, 1 0%, s 62822) ’ 0%y, _ d%e,, .\ 0%,

oxox, 2 o’ ' avox, o’ o

1

e The strain field can not be defined independently !!!

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr




34

Dept. of Civil and Environmental Eng., SNU
3.4. General Case

e Path Independent condition for displacement

- The displacement field should be single-valued functions, which are independent of

path.
- This condition is related to the second axiom and the finiteness of strain energy.

A up
L
x?,
0
X
u®
=u, +Idu =u, +J.—dxk au" ﬁuk
Oxk X

=u, +.[8jkdxk +J‘ijdxk
C C

[0 = [, ~xt)= 1 =)0 =[x ~x0) i,
¢ c

m

oQ, o 1 0u, ou, 10w, 10u,
J— +_ —_—

ox ox,, 2 Ox, Ox, 20x;0x, 20x;0x,

m J

0 l(auj+8um) o 1 auk+8um)_58mj_8akm
ox, 2 ox, Ox; Ox 2 ox, Ox, Ox,  Ox,

J

p_,,0
uj =u; +I8jkdxk +ijkdxk
C C

J

; Ot
=)+ (L =)+ [ (e = -G L

) ) 040
=u, +(x] —xk)ij +I17jmdxm
C

Structural Analysis Lab.
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e For the path independent condition

aF‘jl’l — aF‘V]Wl
ox,  Ox,

0 j 08, 0 _ gy,
—e. —-X = € —-X A
axm [ Jjn ( k )( axj )] axn [ jm ( k )( axj )]

O¢ . og, 0Ot . Og,, o, Ok,

’ _Skm( - — k)_ ’ +8kn( - — k )_
ox,, ox,  Ox, ox, ox;,  Ox,
(x —.Xfp)[ 828nj _ 828kn _ 828”@ a 8km ]_

k k

Ox,0x, 0x,0x, 0Ox,0x, 6x Ox;

’g,. 2 o’e,,
(e Lo O Fu | Oy
ox,0x, 0x,0x, 0Ox,0x; 8x ox;

%, O, d%,, 0%,
. — n — + m
ox,0x, 0Ox,0x, Ox,0x, Ox,0x,

=0 (byE. Cesaro)

e St.-Venant’s Compatibility Equations

_ 0%y 62833_2 Oy _,
Do ox; Ox, Ox,
_ 0%y 0%, , 0%, o
P o] o3 Ox, Ox,
o’e,, 0ty 0%,
3 2 -

U = - 0%, G (_6823 L %8 +8812):0
ox,0x, Ox, Ox, 0Ox, Ox,

U - 0’e,, L0 Oey Oy 6812) 0
oy oy, ox, ox, Ox, ox,

U - 0’es, L0 Oey 6813_8812) 0
3

ox,0x, Ox; Ox; 0Ox, Ox,

We need only three equations, but six equations are resulted in. What happens?

Structural Analysis Lab.
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e Bianchi formulas

0

OoR, oU, 0U, oU, OR, 0U, oU, 0U, OR,
+ + =0, + + =0, + + =

ox, Ox, Ox, Ox, Ox, Ox, Oox, Ox, Ox,
The Bianchi formulas show that the St. Veanat’s equations are not independent, but three
compatibility equations out of six are dependent. Unfortunately, we still have one more

issue on the selection of three independent relationships out of six!

e Dependence of Compatibility (K. Washizu, 1957)

Suppose one set of the compatibility equations are satisfied in the domain, while the other
set are satisfied on the boundary. Then, the compatibility equations specified on the
boundary are automatically satisfied in the domain. Therefore, only one set of the

compatibility equations is required to be satisfied either in the domain or on the boundary.

- Casel
U =U,=U,;=0 inVand R =R,=R,;=0 onS. By Bianchi condition

8R1:8R2:8R3:O mV—=>R=R,=R,=0 inV
ox Oy Oz
- Case?2

R =R, =R =0 mVand U =U, =U_=0 onS. By Bianchi condition

ou, +8U2 —o, ouU, _’_GU1 _0, ou, +6U1 _o0 V.
Ox,  Ox Ox,  Ox, ox, Ox,

For arbitrary F(x,y,z), G(x,y,z) and H(x,y,z)

]:J.[F(aU3 +8U2)+G(8U3 +6U1)+H(8U2 +8U1)dV
) Ox, ox, Ox o o

Oox, s X, X,

= j[(nG +mH)U, + (nF +IH)U, +(IG + mF)U,1dS

6£+6_G)+U2(8_H+6_F)+U3(6_G+6_F)dl/
ox, Ox, Ox, Ox, X, Ox,

_J[Ul(
=0

Since F(x,y,z), G(x,y,z) and H(x,y,z) are arbitrary, U, =U, 6 =U, =0
V.

Structural Analysis Lab.
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C}lapter 4

Constitutive Relations

Structural Analysis Lab.
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4.1. Constitutive Law

Generalized Hooke’s Law

o, =CuEy =Cuey

e Governing Equations in solid mechanics

. ou,
— Equilibrium : 0,,+tb=p aﬁl
o . 1 0u, Ou;
— Strain-displacement relation D = ()
S 2 0x; ox
— Constitutive law t o, =CyEy =Chygy
e Equilibrium Equations in terms of displacement
o’u, o’u,
Cijkl =P
Ox ,0x; ot
e Boundary conditions
— Displacement BC cu,=u, on I
— Traction BC T, =T on T,
e Traction BC in terms of displacement
ou, =
T, =0,n; =Cy a_xl”j =T

4.2. Isotropic Material
® Isotropy ?
“Iso” means identical or same, and “tropy” means “tendency to change in response to a
stimulus”. “Isotropy” stands for identical tendency to change in response to a stimulus.
Therefore, “an isotropic material” indicates a material exhibiting identical properties
when measured along axes in all directions. In other words, the material properties are

independent of the selection of axes.

e  Characteristics of Elasticity Tensor C,,

— Total number of coefficient: 81 (=3x3x3x3)

Structural Analysis Lab.
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— Symmetryoncande: Cy,, =C,,, Cy, =C, (36)

— Symmetry w.rtijand kl: C,, =C,, (21 =(36-6)/2+6)

e Independent Relations

Rel. Coefficient # of Coeft. # of Ind. Rel.
N-N G =Cpy = Cigyg 3 1
N-O.N. C1122 = C2233 = C1133 3 1
S-S C1212 = C2323 = C1313 3 1
S-0.S C1213 = C2312 = C1323 3 1
NS C1112 = C1113 = C1123 =
(S-N) C2212 = C2213 = C2223 = 9 1
C3312 = C3313 = C3323
Total 21 5

e Normal-Shear Relation =0

I €

Case 1 Case 11

_ _ _ _ _ I _

— Casel( &, #20,¢y=¢€3=¢,=¢3=6;,=0)—> 0,=C¢,
_ _ _ _ _ 1 _

— Casell( e, #0,8,=¢;=¢,=¢;=¢,,=0) >0, =C,&y,

. . .. I /i
By isotropic condition, ©), =—0,,, for g =¢,,.

(C1211 + C1222)811 =0— 2C1211811 =0— C1211 =0

Structural Analysis Lab.
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o Shear-Other Shear Relation

Case 1 Case 11

— — —_ — —_ I
— Casel( &;#0,¢,=¢,=86;,=¢,=¢;=0)—> o], =2C,,&,,
_ _ _ _ _ i _
— Casell( g,#0,¢,=¢y=¢;;=¢;=¢,,=0)—> Oy =2C53,8),
By isotropic condition, o}, =—c%,, for €, =¢€,;.

2(C11223 + C2312 )812 =0 4C1223812 =0 C1223 =0

90° Rotation

N-O.N (42) N-S (S-N)
(ST { Cin €
Gy €2
O3 _ €33
SI73 €n S-0.8
Gy3 €53
Gy €3

Structural Analysis Lab.
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® O expressions

Rel. Coefficient o relation Value
N-N Cii=Cyp = C3333 Szpsf‘pskpslp A
anz = C2233 = C1133
N-O.N. 8,8, —98,8,,0,,9, A
(C2211 :C3322 = 3311) ’ v
C1212 = C2323 = C1313
(Cor = Cy = Curp)
S-S 2112 3223 3113 Siksjl + 6i16jk _ 281p8]p8kp81p A3

(Cpy = Cypn = 1331)
(C2121 = C3232 = 3131)

The expressions in parentheses represent dependent relations.

e Superposition

Cjy = 49,8,8,,6, +4,(5,6, —9,8,0,98,)+ 45,6, +98,5, —25,8,06,95,)

ip= jp ip= jp

Cju = 4,06,0,, + 4;(8,6, + 6,0 ;) + (4, — 4, —24,)5,,8 6

ip~ jp kp61p

o Rotation of Stress and Strain

G:J = BimcmnBjn 4 8/{/ = BPkSIPqul

i = Bin ConnitB juB i€ paB gt = BinB 1 ConniaB i B 1€ g
= BB BB 1uB i Bi€ g + AsBinB iy (8,8, + 8,8, 0B By +
(A =4, =24)B,,B,,8,,0,,0,8,B By
= BB B B € g + AsLBin B B+ BinfB juB B JE g +
(4= A, =245)B,B,B,,B,.€,
= 4,8,8, €, + A[8,5, +58,8, 1), + (4 — 4, —24)B,B,B,.B,¢,

= Azszjsklg;d + A}[Silsjl +8,0, ey, + (4 — A4, —24, )BiijkapBlpS;d

J'

= Azsijsklg;d + A}[Silsjl + 8[18/‘1{ ley + (4 —4,-24, )Sip8jp8kpslp8;d
= Ci'jklggcl

For isotropy, C,,, =C,
(A] - Az - 2A3)BiijkapB[p = (Al - Az - 2A3 )61}78]}78/(1)61]7
A=Ay —24,=0—> A = A, + 24,
e Final Relation: two independent coefficient

Cijkl = A28ij8kl + 4, (Sik6jl + 8i16jk) = 7\-8,-,-8/{1 + M(8ik6ﬂ + 6i18jk)

Structural Analysis Lab.
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e Lame Elastic Constant, A and p

3= vE _E
T aeni-2) P2y

e Detailed Expressions
c,; =(A3,0, + (0,5, +06,0,))E,

=gy 0, +ue; +ue, =Ae,d, + 2ue,

o, =(A+2n)g,, +Ae,, + Aes,
Gy =Ag, + (A +2n)g,, +Aes,
Gy, = Ag|, + A&y, + (A +2)g,,
G, =0, =2Ug, = WY,
O3 = O3 = 21E; = Y5
Gy = Oy = 2HEy; = UYpy

e Equilibrium equation in terms of Lame constant

o’u,

Gz’/,./+bi =p o
~ Ou, u.
ox, ox, " Ox; Ox; Ox ot

. ou, 2
p 0 ou  0aw 00w, Fu

ox, ox, ox,ox, loxox, ' o
0 Ou o’u, o,
M) ——F+p—=>—+b = :
O o e TP
) 0*u
A+p)V(V-u)+puv u+b=p¥
or
Ot )i %+8u2+6u3)+ (62ui+62ui+82ui)+b_p
H ox, Ox, Ox, Ox, H ox;  ox; ox; i

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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4.3. Physical Meanings of Material Properties

e Young’s Modulus, Poisson’s Ratio & Lame Constant

:‘L (1+en)L :I
Oy Gy , O3
g, = —v(—2 4+ 3
=g ( i E)

(& (&} G
= M)

o (¢} (&)
€y = = V(—-+—2F)

E E E
5, = WEl—zv)(“ V)6 + V(e + 1)
o = m((l V) + V(e + )
6, = Wﬁ_zy)(a V) V(e +20))
1:% ’Az:x:#)f—zv) ’A3:”:A1;A2:2<1]iv>:

Structural Analysis Lab.
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e Physical Derivation of Shear Modulus

T

—_—
T T h
VA [
—
K T T
€ = —+tV—=—(1+v
max E ( )

h@ha+smgf:h2+w-ah%mqg+y)

(I1+e,_ ) =1+sin(y) >1+2¢__~1+sin(y)~1+y
Yy T
max A 2w Gy
G= £
2(1+v)

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 5

Plane Problems in

Cartesian Coordinate System

Structural Analysis Lab.
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5.1. Plane Stress

e

z
e  Assumption

— The thickness of the plate is small compared to the other
dimensions of the plate.

— No z- directional traction is applied on the surface.

— The variation of stress through the thickness is neglected.

e Traction boundary condition

— On f£x-—y plane: n=(0,0,£1)
- T.=%6,.,=0, T'=46,=0, T.=%c_=0

— By the third assumption

e Equilibrium Equation

8011+8012+89{:+b120 66—""Jrac"y+bx=0
ox,  Ox, X, Ox Oy

0 0
662‘+6622+66 +b,=0 —> O  Pow 1 p g
ox, ox, g, ox oy 7

86,{' 60[ 603/+b 0 0=0
AR R

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.



Dept. of Civil and Environmental Eng., SNU

47

e Strain-Displacement relations

u,=u/(x,y), u,=u,(x,y) , u,:no effect on solution

1% 15;
_ Ou, _ Ou, =l(8ux _I_i)
ox

g, =—%, e, =—2, g,
T ox oy Y2 0y

e Constitutive law

xx % -V ny

£ E G, = L(s +ve )

Sy _,Ou AR T »

=—=-vV
w E E E
30y = 7 (e, +1e,)
(Gxx+6yy) % c. +e.) I-v )
8ZZ =_V T~ )= SJC)C 8 p—
E E 1—v 4 c, =2Ge,
c
g =—
Y2G
e Displacement method
— Stress in terms of displacement
0
o 1l-vt o ox oy
E Ou, Ou
Ow T ( oy ’ 8x)
0
G, = G(%.._i)
oy Ox

— Equilibrium equation in terms of displacement

2 2 a
2(6 uzx +a uzx)—(1+v)ﬁ(aux —&)+2(1—v2)b7x:0
Ox 0y oy oy Ox E

0* 0? P b
e e LS D Y
ox Oy Oox Ox oy E

— Compatibility equations are automatically satisfied.

e Force method

— Body Force: Potential Field

— Airy’s Stress function

_ 0’9 o’ o —— oK)
Y Oxoy

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Equilibrium Equation: satisfied identically

0.0, 0 P oy )
w5 G w000
00, 2%,

(

e =¥ _050-0
o ady aya UV oy

— Strains in terms of stress function

1 5¢ oK)
——(—=+
o T o G Y
1 8(1) ¢
gyy E a 2 )_E(a 2 \V)
_&__2(1+V) 5(1)
To =G E  oxoy

— Compatibility equation

" _ 0%, n 0’
Ox,0x, ﬁxf ox’

2<1+/§ A ECAC I 2 S I S WA - R,

Xy oyt o’ ay/ax az oxt  ox a)/az 62
4 4 2
4 0 T o
ox ox*oy’ oyt 8y

Vig=—(1-v)V'y

Structural Analysis Lab.
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5.2. Plane Strain

Y
A x

e Assumption
— Infinite Structure in z-direction with an identical section.

— Identical traction in x, y-direction

— No z- directional traction is applied on the surface.

e Strain-Displacement Relation
u =u(x,y), u,=u(x,y) , u =0

Ou ou, 1 ou, Ou,

€, =—"", €, = , €, == +
T ox oy Y 2(6y ax)
0
£ _ou, -0, gxz=l(6”x +%):0, 6, :l(ﬂJr%):O
Ox 2 0z Ox 2 0z Oy

o Constitutive law

(e}
€. = (Z,z _V(%x‘i‘?yy) =0 > o.=v(o,+0,)

o (e
e, =(1-V)=2—(v+v)—2
o= ( )E ( )E

9 (o)
=(1-V)Z _(v+v)—=
SW( V)E ( )E

2(1+v)
ny = E ny

Structural Analysis Lab.
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Dept. of Civil and Environmental Eng., SNU >

5.3 Polynomial Stress Functions

e Compatability Condition w/o body forces

o0 o o*
Vi = T+2 2¢2 + T:O
ox ox oy” Oy

e Stress Components

0’9 2’ _ %
ox?

6. =—r ,0C, = , G, =—
¥ Ox0y

Do we have any robust strategy to solve the compatibility equation? Unfortunately, the
answer is “No”! The basic strategy to find the solutions of the C.E. is the trial and error
method.

e Trial and Error Solution Procedures

Predefine several Airy’s stress functions satisfying the compatibility equation.

Combine the predefined functions to satisfy given traction boundary conditions.

1

2

3. Calculate strain and displacement.

4. Check the displacement boundary conditions.
5

If the DBCs are satisfied, you have the solution. If not, try another combination!

e Second order

a c
o, :?zxz +b2xy+?2y2

0* 0* 0?
— Constant stress status
_,‘22 -bj} C‘?

B O U R 5.3 e O O L

N -
- i

Ssuuciuial Analysis Lab.
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e Third Order

a, 5 by , ¢ o, dy 3
=2 x4+ 2 x4+ Syt +———
\ 3.2 2 VYTV TR

2
Gxxz%:c3x+d3y
82(|)
ny:§:a3x+b3y
82(1)
c._=- =-bx-c
Xy axay 3 3y

— Linear varying stress status in x-y direction

— d3#0 oraz=0: purebending cases

- V4 »
] ] b
) & -
A
— ] .
—] ¢ -
Y

— b3 0: constant normal stress and linearly varying shear stress

.
o
e

1 T""T T"—T T"'——" L.b'f'bgcz
r..--b
1_');; 3

-d-—--u-—-o-r

! 1_1_"1?‘"5’:"6:"

Structural Analysis Lab.
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e Fourth order

a44b43 Cy 2.2 d43e44
O, =——X"+——Xy+—x Yy +——xy +——y

437 3.2 2 3.2 4.3
e, =—(2¢,+a,)
2
GM=§:c4xz+d4xy—(204+a4)y2
62
o, =£ =a,x’ +bxy+c,y’
_62(1) b

c, = =—2x"-2c,xy——2y°
Y oxoy 2 ST
— daz0:

c,=dxy,o,=0, ny:—d—y

~
S}

Wy WFAIE o P

ffis. . i e el e sl

2 2
Moment by S. stress = dicly, L1die 2d4c3l
2 3 2 3
2
Moment by N. stress = dic l§2c = %d .l

Structural Analysis Lab.
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e Fifth order
fs s

a; s by Cs 3 2 s 2.3, € 4
= S+ xSyt e Syt Syt
b= g TR Y Y ey

1
es =—(2¢5 +3as) , f :—E(b5 +2dy)

2 3
xx :%: C53x +d5x2y—(205 +3a5)xy2 _é(bs "'2615))"3
¢ d
= ™ :a5x3 +b5x2y+csxy2 Jr?Sy3
0? b 1
o, = _axgjz = —?5x3 —c,x’y—dixy? +§(205 +3a5)y’
- ds#0:
2 d
Gxx :ds(xzy _§y3) H ny :?Sy?’ > ny :_d5xy2
o,.=-id, e’
A 2
2 7 1 .-t xe
1 r 1*? T T T T /x"aj:='d5aﬂ'jf) - -t-* -— -ni'ry-ﬂ—:
¢ - ¢ :
t A ¥ X
¢ [, < I
VLU dstte-2e%) R
7 Y
14 '—! g, :%"6{5‘: ¥y fxy=+d}xcz

Structural Analysis Lab.
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e Final Solution

¢=z¢i

— Coefficient of each polynomial should be selected so that the traction boundary
conditions are satisifed.

T, =oyn,
— The tractions on the surface where displacement is specified are determined once the

S.F. is obtained.

— The displacement field is obtained by integrating the strain field.

e Saint-Venant’s Principle

In the elsatostatics, if the boundary tractions (T) on a part S1 of the boundary S are

replaced by a statically equilvalent traction distribution (T'), the effects on the stress
distribution in the body are negligible at points whose distance from S1 is large compared

to the maximum distance between points of Si.

[Tds = [Tds, [T'xrdS=[Txrds

Sy S Sy Sy

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.4. Cantilever Beam

“— — «—

y

e Traction Boundary Conditions

— on y=tc

I.=o,m=tc,=0 , T, =o,n =10, =0,

— on x=0
I=o,n=-06,=0, T =c,n=-—0c

e Assumption

— Stress distributions can be determined by the beam theory.

d 2
c,=dxy , 6,=0,0,=-b-— 42y
e Boundary condition on y =*c
d,c’ b,
(04)yse ==by — 42 =0—>d, = —20—2

e Statical equivalence

( _ 0 b, , _ 3P
_fc(Y})x_otdy = —_fccrxytdy = j (b, — = Ytdy =P — b, = P
o Stress
o, = —Eix = —ﬁ = _M
w =T 1 77
c. =0

P 2 2
G, =——("—
w 2]( o)

Structural Analysis Lab.
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e Displacement

— Strain
xx_@ux_cxx &:—ixy
ox E E EI
_ou, S, Sy _VP Xy
Gy E E EI
_aux %_ny__i(z_ 2)
W= T T 6 26 Y
— Integration

P vP
u,=———xy+ , U, =——xy" + f(x
T4 S, u, R4 fi(x)

— By shear strain

—(———x"y+ +—(—x + fi(x)) =———(c" —
ay( S S Y NG+ M) = - =)
P o, df vP dfl P 2 2
—— X+ )+ (—y + =) =———(c" -
o ) T ) T e Y
2
(_ix2+%)+(£y2+i_iy2)=_f)c
2EI dx~ 2EI dy 2IG 21G
Pc’
F(Xx)+F (y)=-
)+ E) =0
— Fyand F), should be constant.
x:_ix2+%: , :£y2+ﬂ_iy2:e
2EI dx Y 2EI dy 2IG
— Integration of Fx and F)
P vP o P
=——x +dx+h, f=———y +——y +ey+
U T="6m” Teig? T8
— Displacement components
R S T L PV U S N
e TeEr” Teig? TS
u _ v xy2+—P X’ +dx+h

" 2EI 6E1

Structural Analysis Lab.
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e Displacement Boundary Conditions
— on x=/
u, = 0, u,= 0
vP

u =y Pt PE oyp P
2E © 6EI°  6IG s gm0t VP
2EI6EI  6IG

P vP P
=(——I+e)y+(-———+—)y +g=0
o T terg”Y T8

— however, the third condition is impossible.
P P E
M L L E=vGoE=—"

= —>v=-2
6El 061G 2(1+v)

— y-Displacement on x =/

u =L L iain=0 o Xicomd L rrdisn=0
" T2ELT T 6EI 2EI 6EI

v=0or P=0
e We end up wirh a useless solution and the displacement BC cannot be satisfied !!!
Why ?2?

® Question on DBC
Since we have 4 integration constants and only one condition ( ) for them, three condi-
tions at some points (not on a surface) are required to determine the integration constant.
Bounda-ry conditions specified on a surface can be enforced exactly with a function on
the surface, rather than with just a few constants. Generally, the integration constants
for a partial differential equa-tion with boundary conditions defined on a surface should
be a function defined on the surface. Therefore, it is impossible to enforce boundary
conditions defined on a surface with a few constants. The assumptions on the stress
field for this problem based on the beam solution cannot satisfy the fixed end condition
on the whole right boundary, and thus in principle we have to guess another stress field,
which is very difficult. Anyway, let’s try to determine the integration constant with

three displacement boundary conditions given at the center of the fixed end.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e DBC on the neutral axis at the support.
— at x=/ and y=0 u,=u,=0
ux (130) = g = O

u (Z,O)zif+dl+h=0—>h=—il3—dl
Y 6E1 6

6u
— at x=7 and y=0 —=0
ox
d
Yo P pigcosa--Lp - Lp
ox  2EI 2EI 3E]
P, P
2EI  2GI
P VP P . PI*  Pc’
u, = Xy-———y'+ +(

= e Y T err? e T 2Er 2061”

vP , P , PI* PP
u, = Xy~ + X - X+
Y 2EI 6EI 2EI  3EI

Verification of solution

3
ilc /Pl :gc_v 0.45% for ——01 and v=0.3
2F] 3EI 2 ]? /

g B, VP s P o (Plz_Pcz
= w7 T em? Yo tGE a6r”

P vP
NSO Sy VA Ot ST SV e
A e o0

B lution € Px P (—x*+1%)
cam Ssolution e =———_\-
S R 2EI 4
P ‘c 4
e _ S )(%)2 ~1.7%

3C]’;I 2i§2 for €-0.1 and v=0.3
C / :—V(E)Zzo.l%
6E[ 2E1 3 1
— at x=/ and y=0 6ux:0
oy
2 2 :
aux:_Pl +e:0_>e:Pl _)d:_iZZ_PC
oy 2EI 2EI 2EI 2GI
2
P pre :
3E] 2G1
— P 3
"= 2EI( D em” VY ei6?
P , PP Pl3 vP
u, = ¥ X+ (Z X)
6E1 2FE1 3EI 2EI

Structural Analysis Lab.
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5.5. Simple Beam

A

21 g

e Traction boundary conditions

. ony=-

ii. ony=c

. onx=-/

I=on,=-06,=0, I,=c,n,=-0, =0
iv. onx=/
lecxjnj_cxxzo > T2:Gyjnj:ny=0

e Symmetry conditions

1. o,, should not vary along x on constant y.
ii. o,, should be anti-symmetry with respect to x — should be odd function wrt x.

o Selection of functions
. n=2
G,=¢,, Cyp=a,, G,=-b,

From the SM condition ii, b, =0
n.n=3
O, =cx+dyy, Oyp=ax+by, o,=-bx—cy

From the SM condition i, a; =0

From the SM condition ii, ¢; =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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iiin=4
o, =c,x" +d,xy—(2¢c, +a,)y’
G, =ax +bxy+c,y’

2
G, =— b42x —2¢xy — d4y2

From the SM condition I, a,=0 , b,=0
From the SM condition 2, d, =0

v.n=>5

3

Oy = S oy = (e 3as)” - (b, + 2y

d 3
G, =ax’ +bx’y +cxy’ + STy

3
byx

Gy =~ —CsXy _dsxy2 +%(2CS +3a5)y3

From the SM condition 1,a,=0 , b;=0 , ¢ =0
e Final Expressions of Stress components

2
G,=6 ‘l'd3y+c4(x2 _2y2)+d5(x2y_§y3)

d 3
G, =0, +b3y+c4y2 +5Ty

G, = —b,x —2c,xy — dsxy’

e  Apply the given boundary conditions

— The boundary condition 1
—bx+2c,cx—dxc® =0 —> b, —2c,c+dic” =0

3
dic

a,—bc+c,c’ - =
— The boundary condition 2

—bx—2c,cx—dxc® =0—>b, +2c,c+dc’ =0

d 3

a, +bc+c,c’ + 530 =0

— Solve the simultaneous equations
3 ? 3
4 oy 249 g4 -_29__4

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Apply the static equilibrium conditions

— The static equilibrium condition 1: I onl,_, =0

—C

I(C2 +d y——(l2 §y3))dy =2cc,=0—>¢, =0

— The static equilibrium condition 2: J. G“ _,ydy=0

-C

2d.c® g, I’c 2

j(d3y @y y))dy= T g)=0
2_%2
==

e The final expression for stress

Ly Ly -Zey)

21 '3 5
3
q o2 y
G,, = + o
2 21(3 cy 3)
Gy, :__(c yz)x

21

e The static equilibrium conditions:

Jcl2|x=¢1dy=$ql + J‘%(cz —yz)ldy=¢ql

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.6. Series Solution
4 4 4
vig= s 00 0%
ox ox“oy” Oy

¢m:(X1sin@+X2cos@)f(y) 0=,

m=0

e In case either sine function or cosine function is used,

b, =sin ™ () =sinef 0) . §= 39,

e Compatibility equation for one sine function.
o' f(») =20 f"(¥)+ f""(») =0

e  General solution
f(»)=C, coshay+C,sinhoy + C,ycoshay + C,ysinh oy
e  Stress components
o, =sinax{a’C, coshay +a’C, sinh oy + 0.C, (2sinh oy + oy cosh o)
+aC,(2coshoy + aysinh ay)]

c, = —a” sin ax[C, cosh ay + C, sinh oy + C, y cosh ay + C, y sinh o]

o, =—acosax[aC sinhay +aC, coshay + C;(a cosh y + ay sinh ay)
+ C,(sinhay + aycosh ay)]

e Traction Boundary conditions

— on y=c

c,=0 , o,=-B, sinox
— on y=-c

,=0 , o,=—4,sinox

e Integration constants

A, + B, sinhac + accoshac

Cl - 2 ;

(o} sinh2a.c + 2ac
Co—— A, — B, coshac+ acsinhoc

? o sinh 2a.c¢ — 2ac
Am - Bm aCOSh oc
C, = - :
o sinh 2o.c — 20

A +B asinh ac

C,=——"-"

o sinh 2a.¢ + 2a.¢

Structural Analysis Lab.
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o Fourier coefficients

I ]
A = J'qu(x)sin@dx , B, = J.qb(x)singdx
—I —l

Refer to pp. 53-63 of Theory of Elasticity by Timoshenko.

Structural Analysis Lab.
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Chapter 6

Plane Problems in

Polar Coordinate System

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.1. Polar Coordinate system

) 4
A o
N L
<@ <
N <@
- N\
Q7Y O
y 7,
+
8
u
Y Ur
Uy
r
g
—p= X
0]
e Basics
x=rcos® , O=tan'
X z=z
y=rsin® , r=x"+)’
ox r o r
oy _ sinb ’ 00 x _cosb
ox ot oy r r
90 _90ar 0000 _ 90 _sin®3dQ
ox Or ox 00 ox or r 09
00 _000r 000 _ . 490  cos®d0)
oy Or dy 00 oy or r 00

e Transformation matrix
cos®O sin® O

B=|-sinB cos® O
0 0 1

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e  Stress
cos@ -sin® Of|oc, o4 o.| cosO sinb 0

o’ =B'c”’B=|sin® cos® 0o, o, O, |—sin® cos® 0
0 0 l|lo, o, © 0 0 1
G, =6, 008 0+0G,,sin’0—c,,sin20
G, =0,8in° 040y, cos’ 0+ ,,5in20
0.=0,
6,, =(0, —Og,)sin0cos0 + G 4 (cos’ O —sin’ O)
G, =6,c080—-0_4sin0O

G, =0,sin0+0c_cos0

e Equilibrium Equation

oo, 0(c, cos’B+0y,sin®6—o, sin26)

Oox ox
=77

do,, _0((o,, —Ggy)sinBcosO+5,, (cos® 0 —sin” 0))

oy oy
=99

0o oo,

XX

ox oy

e Physical Derivation of the Equilibrium Equation.

ZF =(c, + a” dr)(r+dr)dd—oc,rd0— (o4, + 86966 d6+099)drsin?+

(G, + ager@ de—c,e)drcos?w,rdrde =0

zFe =((og +

ré

82’9 dr)(r + dr)d6 - o, ,rd0 +
v

(.0 +2%2 40 + & ydrsin @0 + b, rdrd0 = 0
00 2

By neglecting higher order terms,

oo, 1do,

— T+ +b =0

or r 00 r( %) +h,
%, +l—6669 +2G—’9+be =0

or r 00 r

Structural Analysis Lab.
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o’ o’ o’

c,.~Y=—,0, ~WY=—r ,0, =-—
XX W 2 » l// Xy axay

o Second Derivatives

9002400 sinba0

(co )

Ox Ox Ox or r 00
=77

2003 120, c0s0 00,

oy oy 0Oy or r 00
=77

200 2 (41020, €030 20,

Ox oy Ox or r 00
=77

e Laplace Operator

00, 8°0 _2°0 100 12°0
ox* oyt or' ror r oo’

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Stress Function
6, =0,c0s’0+0c, sin’0+0, sin20

2 2 2
=a—?cos29+a—?sin26— 0°¢ sin 20
oy ox Ox0y
=77

_ .2 2 .
Gy =0, 8in"0+c, cos”"O—oc,  sin26

2 2 2
:%sin26+a—?cosze+ 0’ sin 20
oy ox Ox0y
=77

G,=(c, —csm)sinecosGJrcsxy(cos2 0—sin’ 0)

2 2 2
:(a—?—a—?)sinecosﬁ—ﬂ(coszG—Sinz6)
ox® oy OxQy
=77
100 1 0%
=4 —
T ror oo
o
Ggo = o2
1op 190° 0,10
co=m -2 282 (1%,

P20 roréd  or r oo

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Displacement
u, =u,cosO+u sinb

Uy =—u,sin®+u, cosd

e Strain
cosO —sin@ O|eg, €, ¢ cos@ sin@® O

rz
T : .
e =P e’P=|sin® cos® Ol e, &, €. |—sin® cosd 0
0 0 lie, €4 €. 0 0 1
. 2 ) .
€,.=¢,C08 0+¢gysin"O0—¢,sin20
_ .2 2 .
€,, =€, 81N 0+ gy cos” 0 + ¢ 4020
€, =¢,

: 2 c 2
€, = (g, —€)sin0cosO+¢(cos” 0 —sin” 0)
€, =€,€0s0—¢_,sinO
€., =¢,8in0+¢ cosb

- By chain rule

€, = %L:‘ = (cosG%— s1n9%)(ur cos 0 —u, sin 0)
= cos’ 6%+sin2 6(ﬂ+l% —lsin29(%+l%—u—9)
or r r oo 2 or r o9 r
ou, u, 10u, 1 Ou, 10u, u,
€, =—— ,€p=(-F+—"7), g =—(—F+—"F"F-——
" or % (r r 00 ’ 2(8r r 00 r)

e Geometric derivation of strain components

u=u,, v=1u,

_AB'-4AB _A'H-A4B
" 4B AB «+3u gg
a0

€

AB =dr

Ou, dr—(r+u)=dr+ Ou, dr
r or

AH=r+dr+u, +

. dr+(Ou, /Or)dr —dr _ Ou,
" dr or

Structural Analysis Lab.
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uy =0, u, #0 (Red line)

DE—-AC (r+u,)do—-rd0 u,
€oo = = =—

AC rd0O r

uy #0 , u, =0(Green line)

u+du 49
ou 20
i _A,,F,,_AC_(rd9+u9+a—eed9—ue)—rd9
% AC rdo
_ 1 Gue a
T 00 rd9+ue+a—gd6

ug 20, u, #0

r

_ (r+u,)do+ (Ouy / 90)d0 —rdod _”_r+l%
rd0 r r 00

00

r+ur+%d6
ug =0, u, #0 0

_FC" _(r+u,+0u,/06d0)—(r+u,) 10u,
A'F rd0 r 00

ug#0, u, =0

”

2

U, +ou./ordr—u, Ou u
0,=6,+0, = 0 rdr e:ar’, 63:76

ug#0, u, #0

10u. ou, u
Yr6292+91:(92+e4_e3):;6_er+6_:_76
1 1 10u. oOu, u
e.=—(0,+0,-0)=—(—L+—2_"¢
o 2(2 2~ 93) Z(V » o r)

Structural Analysis Lab.
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6.2. Governing Equation and Boundary Conditions
e Equilibrium
oc, loc, 1
P ¥ A T 4 - A T, — b — 0
a}" » ae + ” (Grr GGB) + r

05,9 +l%+26—’9+b9 =0
or r 00 r

o Stress Function

2
, _L0g, 10
r or r2 06*
0°¢
Ton = or?
_10p 109 1 0¢

70T 50 7 oro0 _E(r Y,

e Compatibility
2 2 2 2
0,80 _2°0_ 180, 180
8x2 o> or’ ror r 692

o> o0 0 52 1o 1 0’ Lo
V4 = + -
¢ (8x2 8y2)(8 : 8y )¢ ( r 8r r’ 892)( r 6r
e Strain Components
_ o, _tp Mo L 10 Ouy uy

g , €y = , €
" or W 00 TN ar r

o Constitutive Law

p _ p
G, = Cijklgkl

e Displacement Boundary Conditions

c _ —c P _ c __ P37
u; =u > uf =P, u; —Byuj =u’—>u’=u’

e Cauchy’s Relation

TC _Gy Jj _)TP _B TC szijnli :Bycjnﬁmkﬁmnnz :Bijcj‘ananknk

T? = ”n”

e Traction Boundary Condition

TC=T° >T7 =B,T  =B,T* =T" — T’ =T"

1 1 1

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.3. Solutions in the Polar Coordinate System
Compatibility Equation
e Compatibility Equation

0’ 15 1 ¢ 1a 1 &
- 0
or? r@r r? 892)( r@r 2862)¢
e Incase ¢ isa function of 7 only
o> 10.08*> 190 d'¢ 2d°% 1d°¢ 1d
St ——)<I>=0 ? L = (21) —3—¢:0
or* ror or* ror dr rdr’ r’dr ro dr
e Solution of the Compatibility Equation
r=e' >0->dr=édt
do_dodr _1dp
dr dtdr rdt
dd) d(ldd))dt (dd) dd))
a’r2 dt r dt dr dt
d(l) d d’o d(I) 1 &’ d° dd
—(—-— =—(——-3—F+2—F
dr’ ( (dt )) r3(dt3 dt’ dt
d*¢ 1d¢ dd) d’¢ _d
—_— = -6 +11 -6—+
art ot dr’ dt’ dt* dt)
dd) 2d¢ 1d2¢+L@_
dr4 rdr’ r*dr* P dr
2 2
TGO 2L L 18
rt o dt dr’ dt dt dr’ dt dt” r-r° dt dt” r’rdt
1 d4¢ d3¢ (I)
— -4 0
r4(dt4 dt3 dz)

0= At + Bte* + Ce® + D = Alnr+ Br*Inr+Cr* + D

e Stress Components

. _Ldy_ A+B(1+2lnr)+2C
Crdr
2
Goo :d j):—iz+B(3+21nr)+2C
dr
e B
or r 09

- If no hole exists at the origin of coordinates, A=B=0

- The term associated with B is not a single-valued function.

Structural Analysis Lab.
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e Displacement (plane stress)

r

ou, 1 (A+v)4
2

g = %(GW Vo) = +2(1=v)Blnr+(1-3v)B+2(1-v)C]

" or E
, =%[—w+2(l—v)3r Inr = (1+v)Br +2(1-v)Cr]+ £(0)
€ao =%(Gee—voﬂ)=7’ ‘j;‘g —E[ VA - v)BInr+(G-v)B+2(1-v)C]
ou, 4Br 4Br6
= SO uy == == [ 1(O)d0+ £,(7)
_1ou, ouy _uyy o 10(®) () 1
€0 = 2(r e or r )=0- r 00 or If(@)d@ fl(r) 0

8](;(99)+J‘f(e)d9:pﬁ%+f(e):o_>f(e):Hsin6+Kcos9

ARG
or

- f()=-p—> fi(r)=Fr-p

Substitution of the above solutions into the original Eq., p = 0.

=—[— 1+ v)4 +2(1-v)Brinr—(1+v)Br+2(1-v)Cr]+ Hsin0 + K cos9
Uy = 41:9 + HcosO—Ksinb+ Fr
— Rigid body translation
A 17)’
Z’Tx

n

u, =u,cosO+u, sinb, uy=—u sin@+u,cos0>K=u, H=u

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Rigid body rotation

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.4. Thick Pipe Problem

e Traction BC

- On r=a: T,=0n, >0, =-p,

1

- On r=b: T,=0c,n, >0, =-p,

212 _
A: b (po pz)

A
Grr(a):?-l-zC:_pi b2_a2

%
A ) 2 _ 2
0,(B)=1:+2C=-p, 20=PLZPE _i’;b

e  Stress components

b’ (p,—p) | pa —pb

" ¥ -a* i b -a*
__ab(p,-p) 1  pa-ph’
66 b2 — 42 2 b2 — g2

e Displacement

1, a 2b2(po p)(1+V) L P —p,, (d-v)] .

u, =0
" E b? - r b* - 0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e End Conditions

— Plane strain
e =0

piaz B p0b2
2

G, =V(0, +Cy) =2V .

— Plane stress (open end)

c_ =0

V(csrr +099) v piaz _pab2
g, =—— =2
E E b -a

— Closed End with a Rigid End Plate
F; = Tc(b2 - az)Gzz = TC(bz - az)(Egzz + V(Grr + 096))

2 2
= (b - e+ 2vELZIE) —n(ap, - bp,)

b2 —
. - (1-2v)a’p, —(1-2v)b’p,
= Eb* —a*)
_a’p-b’p,
(O _W
e p,=0
a’p, b’ a’p, b’
—  Stress . 0,= JERp: (l_r_z) > Ogo :m(l‘l'?)
pi(b2 +a2)
(oo == 77~ > P
_pb a’

— Displacement: u

b r
=2 1) 2+ (-9 7]

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.5. Special Cases

e Thin pipe with an internal pressure: b—a=1¢<<b

t t
a=1ry,——, b=r,+—
2

2

a’p,
G, =— "t 1—— 0
e mm Ui o

a’p, b2 hoD;
Gee_b (1 _)—0

pb _d ro_ bl
1+v)2+(1-v)—] =L
U =T 2[( V) (1-v) ] 7

e Infinite Region pipe with an internal pressure: 5 — o

a’p. b’ a’p. I 1
= L (1l-—)=—————(—
S S B TS AT

2 2
a’p, b a’p, I 1
Gy = S(l+—5)=—-—"=5 —
®op - 7 )= 1-(a/b)* b* r2>
pb a’ D; a’ 1 r
U, =— I+v)—+(1-v)=]="L————[A+V)—+(1-V)—
TR o [( ) ( )] El_(a /b)z[( )r ( )bz]
as b— o,
2
c5rr:_a§7[
2r , u,:(1+v)aﬂ—
G _ap
60 I"z
e Infinite Region pipe with a Lining
— Region 1
azbz(po _pi)i_i_ piaz _pob2
T b —g? 2 b -4t
_ @b (p,—p) 1 pa-ph
00 b2—a2 7"2 b2_a2

2b2 1 b2
1 L_a (po p)(+v) pa (1—V1)I’],ue=0

" E, b* — r b* -
— Region 2
b’p,
T 2
L u =y p 2
_b'p, 2

Oop =2

r

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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[

— Compatibility
u; (b)=u,(b)

(1+V2)b&=L[ 2b2(pa pz) (1+V ) pz p§b2 (l—Vl)b]

E, E b* - b b* -

p, 1 a'bp p,b’ 1 a’bp, p.a’h
1+v,)b—=+— —(14+v)+—=2 I1-v)]=— l+v,)+ I-v
( 2) E2 El[bz_az( 1) bz_az( 1)] El [b2—a2( 1) bz_az( 1)]

P abp pb 1 2a°bp,
1+v,)b==2 —(1+v + 2 l-v)]=— .
( VZ) E2 b2 ( 1) az( 1)] E,1 b2_

b =E 2a°p,
o 2

E(1+v,) (b’ —a*)+E,(a’ +b* +v,(a’ —b*))

— A thin lining
(I’O—t)pi zro_tp
E(+v)t+E,(r,—vit) ry+t '

po =E2

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.6. Curved Beam

W i

e Boundary Condition

— On r=ag andb : T,=o,n,=0—->0,=0,=

- On 6=0 : I.=0,n,=0 and 7_ﬂe:c"eenezcee

e Applied Moment

b b b b
M = jferdr = —Iseerdr , Ifgdr = jceedr =0

a

e Stress Component

. :l@:é+3(l+2lnr)+2c
rdr r

d’ A
Goo :dTg): —r—2+B(3+2lnr)+2C

e Application BCon r=a andb

iz+B(1+21na)+2C:O
a

iz+B(l+21nb)+2C=O
b

e Moment Condition

b +j-@dr

° dr

b b 42
M = —J.Geerdr = —J.d—(l)rdr = —@r

Y dr dar

a
b

do

=——Ttpr
dr

"4l =0b) — 0(a)

b 2
+ ¢|a = _r GVI"

a

O=Alnr+Br’lnr+Cr* +D

M = Alné+B(b2 Inb—a’Ina)+C(bH* —a*)
a

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Solution

—4—MaZb2 lné
a

A=
oM,
B=—"2(-a
N( )

C =%(b2 —d* +2(b°Inb - a’ Ina))

where N=(b"—-a’)’ - 4a2b2(lné)2,
a

e  Stress
21,2
o, =M a ’j n2 bl +a’ )
N r a b r
272
. L N M S L N S,
N r a b r
e Displacement
1. (1+v)4 .
u, =E[——Jr2(1—v)Brlnr—(1+v)Br+2(1—v)Cr]+Hs1n9+Kcos9
u6:4Br9+Hcose—Ksin6+Fr

e Displacement B.C.

0
ur:uezﬁzo at 6=0 and r=(a+b)/2 > F=H=0

e A ring with cut out.

— Cut out angle : o
— Compatibility condition

_of

B
uy(2m) = 81 =qr — B=
E &n

— Moment required to close the ring

B= _2&(52 —a’) = ok
N 8n
____ QaEN
16m(b*> —a’)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.7. Rotating Disk
e Centrifugal force : b, = pw’r
e Equilibrium Equation
66” lac_re_i_l( rr_666)+br :0
or r 00 oro,, _ 2.2
0o 1 0o c or ~ O = PO
D042 4ph =0
or r 09 r
e Stress and strain
ou, u, lou, u,
" » B =T =—
or r raoe r
E E ou _u
G, = 1—V2 (grr +V899) = m( or +V7)
E ou, u,
oo = g7 (VEr TEw) = T 7 (v 0)
e Equilibrium Equation in terms of displacement
d’u du 1-v?
2 2.3 .
r—rL+r—L—u =-— o7’ (Euler-Cauchy Equation
2 T z P ( y Eq )
e General Solution
1-v?

po’r’]

u, = l[(1 -v)Cr —(1+v)C, 1
E r

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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G, = E (au’+vu’)
" 1—V2 or r
—y? 2
= L0V )C =35 per (= V)C = (1 V)C, =+ por)]
2
= 12[(1_V2)C+(1_V2)C1%_(34“/)1 M pcozrz]
1-v 7 8
I QG+v
:C+Clr_2_( )pmzrz
I (1+3v)
Gee:C_Clr_z_ pw2r2

e Solid disk

C,=0,(,) ,=C- (3;” P =0 - C:@pm%z
G = B+v) p0 (b2 = 1Y) , Gy = B+v) pw’b? — (1+3v) oo
8 8 8
(Grr)max = (GGG)maX - (3 ; V) p(Dsz atr=0

e Disk with a circular hole at the center

G.)_ =C+Q—%pm2a2 -0| |c= po’(a® +b%)

2
a

(B+v)
8

(c,).., :C+Q—Mpa)2b2 =0 C, :—%pmzazb2

b’ 8
212
G, =3+Tvpc02(a2 +b° — arl; -r?)
34v .., ., ab* 1+3v ,
Ggo=—pO (@ +b"+——— r
® 8 po( r 3+v )

(6, ) = P00 =) at r =ab
3+v  , ., 1-v ,

c = o (b”+ a’)atr=a

( Ge)max 4 p ( 3+V )

e 7200 rpm 3.5 inch (8.9 cm) hard disk

33
(Gee )max =

227850 % 120%(4.5% + 1203
4 3+0.3

=189342.0kg / msec® =189342.0N /m* ~1.9kg(f)/cm®

0.5%)x10™*

e Solution by force method and Disk with two different material (homework)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.8. Plate with Circular hole

IR RRRENEENNY

I O

e Stress on remote field
6,=8, o,=0, o,=0 (Cartesian)

G, =0, cos’0+0, sin’O+0, sin29=§(1+c0329)
.2 2 . S
Gy =0, 8in"0+c, cos"0-c, s1n26=5(1—c0326)
. ) . ) S .
G, =(c, —0,)sinbcosO+c  (cos” 6—sin 6)=—Esm29

e Solution for the uniform stress (Thick pipe problem)

s S b? »r at s S(1 a’
m T A \72 2 72 2 2 A T T
2 b 2a b 2a rz b>>a 2 2

S b b° a S a
Gee—E bz—a2+b2—a2r_2) Gee—z(l"'r_z)

G, =0

o Solution for non-uniform stress field

— BConr=b: o, = %cosZG , g = —%sinze
— Stress Function : ¢ = f(r)cos20

166 1 6% 8%
=——+——’ = —
T or T oet ) C% T g2

1op 1 62(1) oo 100
Iy LI CLLy
r- 00 r ordd or r oo

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Compatibility Equation
d? 1d 1 d? df 1df 4

v — —————1)cos20=0
6= (dr dr r do? rd r? f)
F=d f l%_ 4
dr? rdr r?
d’F ld—F—iF)cos% 0
ar* rdr r?
&F ld_F_izpzo
dr rdr r
2
F=B'r2+D'i2—>d {+li—izf=3'r2+1)'i2
r dr rdr r r

f, =Kr'+ H —12Kr* + 4Kr* —%(Kr“ +H)=B'r’ +D’ri2

PO
12 4
f=dr s 2 +ci2—2= Ar® + Br? +ci2+D
12 r 4 r
— Stress component
2
7’ 7'

ror r*oo’

oK)
Cgp = e (2A+12Br +—)c0526
8(1) 1 ob 6C 2D

G, = ) (24+6Br 2————)1 20
or ro r
— Applying BCs
2A+6§+£ 5
b 2
2A+$+4—?—0
a a
24+ 6Bb2—£—2? )
b 2
2A+6Ba 2_g_2_12)=0
a
- As b—> o
S CZ4 2
A=-— , B=0 ,C=——8 , D=—3S§
4 4

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Final Solution
S a’ S 3a 4a
c. =——01-—)+—010+ c0s20
rr 2 ( ]/'2) 2 ( )
S a. S 3a*
=—(1+—)——= 1+— cos20
W= 1+~
4 2
G =—§(1—3i4+2iz)sin29
2 r r
e Stress concentrationon r=a
G,=0,=0

Gy =35 —25c0s20
1 3
— at 9:571,575 : Cgy =35

— at 0=0, 7 : o4 =-S5 (Compression)
1a° 4

1
— at 0=—7 04 =S(1+-—+ 3—) (rapidly decaying)
2 27 2r

e Tensile traction in both x- and y- direction

S a. S 3a"  4a*
=—(1-=)+=-(1+—- c0s20 +
Grr 2( rz) 2( l"4 2 )

S a’ S 3a4 4a’

)cos(26 + 1)

Gre :O

e Opposite tractions (pure shear case)

4
=§(1+“—)——(1+3—)cosze—
}"

SaS34

5(1"‘7‘—2) =445

max

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.9. Flamant solution (2-D Boussinesq Solution)

y
r
0
e Boundary condition
Gy =0,,=0 on 0=+"
2
e Equilibrium condition
n/2 9
J.G cosOrdd=—-P forallr.—> o, f( )
r
-n/2
100 1 0% f(8) o)
rr=__+_2_2=—9 99=_2:0
ror r- o0 r or

RN AE JRL N NN B
ror r*oo° r@r r? 00° ¥ or 2692

f(O©)+ f"(0)=0— f(0)=AcosO+ Bsinb
By symmetry of stress, B =0

/2 n/2
jAcos 0d0 = — j(A(1+cosze)de “Tg=-p
-n/2 2—7:/2 2

e Stress components (Polar)

2P cosO
O, =="——, 0pp=0,=0
T or
e Stress components (Cartesian)
2P 2P
G,.=06,c080=—"—cos’@=—"—cos"0
nr na

. 2 2P 2 . 2
6.=0_sin"0=———cos Osin" 0O
»y L Ta

. 2P .
6, =0, sinfcos®=——"—sinOcos’ O
Yy rr Tca

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Convolution Integral (Influence line)

—

e fl-E)

g(x)

dR = [(x=&1)g(&)de > R=[ [ (x—& »)g(&)de

—  Moment Case

R=im(Pf (x.7) ~ Pf (x—&,) = lim(pg LD =200,

€
VIR (LI
£—0 IS X

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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C}lapter 1

Uniform Torsion
(St. Venant Torsion)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.1. Basics

e Displacement
u_=r(cos(o+@)—cos@)=r(cosccosp—sinosing—cosy)

~—rsinosing ~ —ro L = —oy

r

. . . . . . X
u, =r(sin(o+ @) —sin @) = r(sino.cos P+ cos 0SNG —sin @) ~ 7 sin 0L COS P ~ roc; = o

a = 0z, 0 : rotation angle per unit length

e Warping function

u, = 0y(x, )
e Strain components
0
Sxx:%:—ae_zyzo 'nyzaux+ uyz_aezy+aezx=0
ox Ox oy Ox oy Ox
ou
8yy:_y:(%)zx:o YXzzauX+6uz:_892y+69\|1:6(6_\41_y)
oy oy oz Ox oz ox ox
0
e - Ou, __00y(x,y) _ 0 .- u, N Ou, _ 00zx N By _ 9(@+x)
Oz Oz 0z 0Oy 0z oy oy

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Stress components

6,.,=0,=0_=0

XX yy zz

o =Gco¥ _ )
ox

G, = oY 4 x)
oy

e Equilibrium equation (z-direction only)

a 2
0c G, N 0o, _ Ge(a \L] N
ox oy oz ox

e Traction free BC on the longitudinal surface
T,=c,n,=0 foralli, n=(n,n0)

I.=o.n +o,n =0
I,=oc,n +o,n,=0

I =o,n +o,n,=0

The first two BCs are automatically satisfied, and

dy

6. N, +6,n,=6,——0C

zX dS

0 dy 0O dx
GE-nSE - t=0
oy ds

ox ds
e Stress function
GXZ
oy

. ox

o :—@z Ge(a—w+x)
y

by eliminating ,

2 2
99,0 _ 160

ox* oy’

The traction BC becomes

Shdy  obdx _db

90

oy
ayZ

2oL -y
X

2 2
oy 8\|/=O

+

ay2

— =0 — ¢ is constant on the boundary.

dyds oxds ds

Structural Analysis Lab.
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e BCs at the end of the bar
[o.da= j@dA = [¢n,ds =0
N

y 4 O
_[9 gy _
gczydA_ {adi_ !quds_o

M, =[c xdd[o_ ydd= —j%di —jg—i’ydA
A A A

A

=~ V- XdA = ~[$X - ndS +2[ pd4 = 2[ ¢4

e Summary

2 2
— Governing equation : % +6—(1) =-2G0O
ox~ Oy
¢=0

— Boundary condition
— Twisting moment M, = 2.[ ddA
A

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.2. Torsion in an Elliptic Section

e Elliptic section

2 2
X

) 2
a

+2 —1=0

S~

e Stress function
2

2
X
o=m( 5 +25-1)
a b

) ARV
—+—=2G0 > m(—+—)(—+—=-1)=-2GO
o o "oty gt D
2 2 aZbZ
I’I’l(?‘Fb—z) =-2G0->m= —mGe
a2b2 x2 y2
= (= +=-1)GO
d) a2 +b2 (a2 b2 )
e Twisting angle
a2b2 x2 y2
Mt = —2Gejm(?+?—l)dA
A
a’b®> a’bn  ab’n a+b> M
=-2GO + —abn) > 0=—-——=L
az+bz(4a2 4p° abm) ab'n G
a’b’n
=G0———
a’ +b?
M, 2 yz
=— —+-1
¢ abn(a2 b? )
e Stress
8 2M, __Op_2M,

Xz

oy abn’ 7T e abn
e Warping function

2M 0 2M
— 2y =GO - ) >~ xy = GOy — ) + ()
ab’m ox ab’m
—25% X = Ge(a—w +x) > 25‘4’ xy =GOy +xy) + g(x)
a’bn oy a’bn
2M, 2M,
e xy(b® +a’) = e (b +a’)xy+g(x)— f(»)
gx)=f(y)=c

Structural Analysis Lab.
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e
b’ —a’ c ab’n
b’ +a’ xy_ﬁ[bz +a’
v(0,00=0—>¢=0
b*—a’

b*+a*

(b* +a’)y +2c

\l]:

Xy

For a circular section, the warping does not occur

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.3. Rectangular Section (Series Solution)

e— 2a —»

2b

v

e Governing equation
2 2

ox® oy’
e BCs: ¢=0 on x=%ta and y=1b
e Series expansion
- cos—-Y (BCson x=z=a are satisfied.
¢ Z 2a " ( :

= 4 nmx
-2GO0=- 2GO—(=1)" V2 cos—=
z B nn( ) 2a

e ODE in y-direction

S cos™™ (—(MTRY, 4 Y7+ GO (1)) =0
n=1,3,5,... 2a 2a nm
n T 8 n—
Y- ()Y, =-GO—(-1)"""*  for n=135...
2a nm
o Y nmy 324’ (n-1)/2
Y = Asinh——+ Bcosh + GO T (=1)
2a 2a (nm)
e Application BCson y==b
2
(¥,),_., = +Asinh ™ 1 Beosh ™2 + Go 3291y 12 =
= 2a 2a (nm)
2
A=0, B=-GO 32a 1 (=12

(nm)’ cosh(nmb/2a)

3247 e
Y =G6—3(—1)( D2

- cosh(nmy/2a)
’ (nm)

cosh(nmb/2a)

Structural Analysis Lab.
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e Final Solution

2 0
o= 32G0Oa Z L(_l)("*l)” cos ™ _ cosh(nmy/2a)

L I 2a cosh(nnb/2a)
e Stress
G, = _@ - 16(;29" i %(_l)mm/z i mtx( 3 cosh(nmy/2a)
ox T iss. N 2a cosh(nmb/2a)

- - op  16G0a Z Lz(—l)("‘”/z cos T sinh(nmy /2a)
oy T iz N 2a cosh(nnb/2a)

e Maximum Stress

16GOa & 1 nmn 1
c_=(o = —(=D""r¢in—( -
mox = (O3 ey n’ n_mz,‘g,__.nz( ) 2( cosh(mtb/Za))
:16G29a Z Lz(l— 1
T iss. cosh(nmb/2a)
0 2
=2G9a—166;ea > L; ’(1+i2+i2+i2+...=”_)
n° 5% n’ cosh(nnb/2a) 3 5 7 8

e Twisting angle

M, =2[¢d4
A
64GOa® & 1 cosh(nmy/2a)
= (=) D2 [ s T d d
’ 1325 .n3( ) I jb( cosh(mcb/2a)) 4
64G0a> & 1 _2a 2a sinh(nnb/2a
R s
T i35, N AT nm cosh(nnb/2a)

3
32GO(2a)’2h & 1 64GO(2a)* & tanh(nmb/2a)
200D 5 L 5.

5 5

s n=1,3,5,... 1 n n=1,3,5,... n
GO(2a)’2b 192 a << tanh(nmb/2a) 1 1 1 nt
1- - —) , (+—=4+—=+—+
3 g 132; n’ ) Iryrrstart =g
e Narrow section —=3
a
tanh(nb/ 2a) = 3178200090 ) 9998 ~
111.3178+0.0090
3 3
M, :W(l 0.6274 2 (1+L L.,....))zw(l_oﬁzmﬁ)
3 243 3125 3 b

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Square section

4.8105-0.2079

tanh(n/2) = =0.9171
4.8105+0.2079
4
M, =M(l—o.6274(o.9171+L+L+
3 243 3125
_GO2a)"

(1-0.6274x0.9171)

=0.1415G0(2a)*

e Open section with constant thickness

96
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C}lapter 3

Beam Approximation
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8.1. Equilibrium Equation

X3

X2 n’ =(1,0,0)

X2

e Force Resultant

0, =[T/dd=[o,ndA = [o,d4
A A A

aQi_ 6011' _ aGﬁ 6621' 8631
a—_j—dA_j( kI )dA

x, % Ox, 5 Ox,  0Ox,
0
— J'(ach 631 )dA
u O Y X
= o [CRUS MRV
a s
4 J 4 S 4 J

j( +b)dA 0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Moment Resultant

M. = JxxT’dA J- e, X TidA = J €3 X O, dA = j e;X,0,,d4  where X=(0,x,,Xx,)

= J.a X. ao-km dA — jeijk?cj(%'F aGk3 )dA
A

X, . X, Oox;
oo, - 86%)70“ 0, X 5,5
=le. +b)dA—|e,x.bdA— ulle dA +
:[ ijk j( axm ) :[ ik j%k :[( axz ax3 )

j(eiszkZ +€,3,03)dA
y

86 - -
I e;X; ( —km 4+ b,)dA - I e X ;b,dA— J.ey.kxjcsmnfndS + J.(enkcsk2 +e,,0,,)dA
A m A S A
- .[ €y, ( -+ b, )dA - I € X b, dA - qukxjﬂtds - eijknj'Qk
A m S

M, , [T pdA+ [, T dS + e n'Q, =0
ox, Y s

e Sign Convention for Moment

Fori=l1
x3 M1 = J‘eljkijZdA = _[(6123772731 + e, %05 )dA = J.(szsl ~x,1)dA =M,
A A A
T3
Tzw o
Fori=2
X1
T,
X3 M, =[e,, ¥ T/dA= e, % TdA = [ x,T}d4 =M,
A A A
Fori=3
( "
T
X2 M, = [e,% T dA = [ e, %, T dA = [ x,T!d4 = M,
A A A
Structural Analysis Lab.
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e Component Form

100

9 g =0 ¢, = [bdA+ [T dS

ox, 4 s

D 44, =0 ¢, = [b,da+[T}dS

ox, 4 s

%4—% =0gq,= Ib3dA+jT3,tdS

ox, 4 s

oM, +m =0 m, = I(x2b3 —x;b,)dA + '[ (X, T} —x,T,)dS
x, Y/ s
M, +m, -0, =0 m,= jx3b1dA+jx37]tdS
Ox, v %

M, _ m,—0,=0 m,= IxzbldA + jxﬂ}’dS
ox, v %

® Planar Beam b =b,=7 =7, =0

00, oM, 0°M,
+q,=0 -0,=0 > —2=-
ox, q ’ ox, 0, axlz q,
oM, +m, =0 m; = —.[ x;b,dA — .[x3thdS

o, 4 s

What condition(s) should be satisfied in order that the vertical loads do not cause torsion

of beam ??

Structural Analysis Lab.
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8.2. Bernoulli Beams

e Assumption on displacement field

, SNU

101

— A plane section remains plane after deformation.

— Normal remains normal.

— The vertical displacement is constant through the depth of a beam.

ACTUAL

NEUTRAL AXIS

fa) THIN BEAM THEORY

ASSUMED DEFORMATION-._

NORMAL TO MIDSURFACE .
AFTER DEFORMATION I

DEFORMATION

NEUTRAL AXIS

(b) THICK BEAM THEORY

e Displacement Components by assumption

auy
we== Iy =) w =7
e Strain-displacement relation
ou, Ou
aux ﬁzuy YXy = 8_ a; =0
=T T e g
ou. Ou, ou
e = 0 ’Y = z Y = = ‘7()
> Y0y 0z oy
822_58”2 =77 _Ou,  Ou, _Ou, o
‘ Vi 0z Ox Ox
o Strain-Stress relation
Oy Gy , O3
g, =—L —y(—2 4+ 3
11 E ( E E )
Oy Gy, O3
g, =—2 i § IR §
22 E ( E E )
O33 0, ,  Op
€, =—2 —y(2L 4 22
33 E ( E E )

Structural Analysis Lab.
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e Assumption on stress

— BytractionBC, 6_.=0 , c,=0 (??)

Since, however, g, =0 by the strain-displacement relation, the Poisson ratio should be

zero, which is equivalent to neglecting the Poisson effect.

azuy
Ou =k ox? Y
o%u 0%u o%u
M =|o _ydd=—|E—2y*dA=—-E—2|y*dA=—-E]—=
e Equilibrium Equation
0
acxx+ ny _,’_bx :0 anx_i_aG)‘y :O
ox oy IR ox oy
0 0
DOn ,Pnip g Py g
ox oy 7 ox 7

o o o
J.(acxx + ny)ydA=0—)I(%+&)ydA:O—)QJ‘GMydA+ ny
ox oy G Ox ooy Ox Y

b oM
W, dz—gcwdA =0>—"-¥ =0

ox <, Oy

o 0 ov
Y +b)YdA=0—>—|oc dA+|bdA=0—->—+qg=0
J.( Ox 2 8xJ; i -[y Ox i

oM
+q=0
Ox? 9
o’M * M
=—q—>—FEI , O =
PRE G v Y
0o aMy xy X VQ
Rt SR IA=0—>—|ydA+ | —ZLbdy=0—> hy) =
= j(axl Pl jy jyy 0, (1)=0,(h) =~

y

e Simply supported beam with a uniformly distributed load

6 ql°
(Gxx)max zgqh_z > (ny)max ~

(ny)max 8 h2
(Gxx)max 6 12

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.3. Timoshenko Beams

e Assumption on displacement field

— A plane section remains plane after deformation.

8
bx
Z ;

ACTUAL DEFORMATION

NEUTRAL AXIS ASSUMED DEFORMATION-._ NEUTRAL AXIS

NORMAL TO MIDSURFACE .
AFTER DEFORMATION I

fa) THIN BEAM THEORY (b) THICK BEAM THEORY

e Displacement Components by assumption

u =-0(x)y , u,=u,(x) , u,=7?

e Strain Components

ou, Ou, ou
e S W]

L= ou, __0 y To oy Ox ox

Ox ox ou. ou, ou. "

8yy = sz = + = =7/

oy 0z Oy
Zz_aauz 7? _auuauz _ Ou, _ o9
z T T
e Equilibrium equation
ox ox

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr




104

Dept. of Civil and Environmental Eng., SNU
e By energy consideration
_rL_r
G, Y, d4= o, dA=y V =|oc, —-dA
J. nyxy ’nyj YXy J- xy G GIZ '[b (y) GA GAO

which yield V' =G4,y,,

M=o, yd :—IE%ysz _ g%l
y " Ox ox
V =GA,
2 au 2
aﬂ:V%-EI%:GAO z a?+GAO 3
ox ox X ox X 06
5 —)E]g:q

oV
—4+g=0>G4,(—X-—-—")=—-
ox 1 ol ox? 8x) 1

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr




105

Dept. of Civil and Environmental Eng., SNU

C}lapter 0
Energ’y MetllO(lS
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9.1. Problem Definition

Stl l I/T:T

V.E,v

Su

u=u=0

e Governing Equations and Boundary Conditions

Equilibrium Equation :V-a+b=0 inV
Constitutive Law :o=D:¢g inV
R . . 1 N
Strain-Displacement Relationship  : €= E(Vu +(Vu)') iV
Displacement Boundary condition : u—u=0 on S,
Traction Boundary Condition - T-T=0 on S,
Cauchy’s Relation on the Boundary : T=0c-n on S

e Energy Conservation

= %!uiTidS + %JV.uibidV

1 1, OJoy
zgluiTid > Ju ajj v

v J

:ljuiﬂdS+lj%ai.dV—lIuiai.n.dS
2S 2Vaxj iy 2S goJ
ou,
=lJ.u[TideLlJ‘iaidV—lJ.uiZ}dS
2% 2y0x; " 29

Ou,
L[ ay =L [ey0,av =11,
25 0x, 25

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e For physical interpretation of the strain energy, please refer to pp. 244 - 246 of Theory of
Elasticity by Timoshenko

e Total Potential Energy

I =1J.8ij61jdV—J.uibidV— [u, Tar
2V 14

L

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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9.2. Principle of Minimum Potential Energy
u' =u, —u’

_;jgya,’;dr/j bav - [u!T,ds

Sf

1 ¢0(u, —u;) o(u, —uy) _
=— : —D. AV —|\(u, —u)bdV — | (u, —u)T.dS
2IJ/- axj ijkl axl J.( i z) i J:( i 1) i
ou, 0 out o d ou out _ ou
=%jaiDi,k,ﬂdV—ljiDyk, ad. dV——j Dy dV+lILDWﬂdV
y OX; Ox, X Ox, X 0ox, 25 0x; Ox,
— [, —ub,dV [ (u; —u)T,dS
v s,
:lI%Dijk,%dV—juibidV—jui Tds+L ja“ D, % ay
250x;, 7 Ox v 5, 25 0x; ox,
- (jaiDijk, %dV—Jufb,.dV ~ [uT,as)
v Ox, ox, v s,
:lj‘gijaijdV—J‘uibidV—jui Tds +lj%Dw i gy —
2 5, 25 0x; 0ox,
ebidV ~ [u;T.ds)
S
E 1 aui aulf e e e e
—T1 +_Ia_DW6_dV—(-juiay.,_,dmju,aijnde—juib[dV—juiTidS)
2V X X v K 4 S,

—11¢ +%IZCL;DW %dV —(—}[ufaij,jdV + qufidS —J.”fbidV— I”ff’ds}

Vv J S, 4 S,
e L[ %p %dV+(J.ufai. AV + [ub,dv)
2y 0x, " o, A )
1 ¢0u;/ ou;
=M*+—|—-D,, —*dV +|ul(c, , +b)dV
2 0x, " ox, j (05, +bd
=11% +l %Dijkl%dV
25 0x; ox,
ou;? 0 ou’
Since Dju is positive definite, LDUH U >0 for all ) . Therefore,
ox; X, Ox;
ou; ou, ou; Ou; Ou; ou;
[S5D,, ZEdv >0 forall = 20 Land [S-D,, ~dV =0 iff ~-=0 |
) OX ox, 8xj  OX ox, Ox;

I1" >T1* ( The equality sign holds only for u) =u, +??.)

Structural Analysis Lab.
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9.3. Principle of Virtual Work

e If the following inequality is valid for all real numbera., the principle of virtual work

holds.

M, +ow,) > T1* (u,) Vv, ev

g(a) =" (u; +av,;)

=l o, +avi)D,. o, +avi)dV— (u, +av, )b.dV — | (u, +ov,)T.dl
ijkl ax i i i i i i
I v T,

25 ox;
L2 S gy o[ Dep,, Mgy Lo [Dip, gy
25 0x; Ox, 7 OX, Ox, 2 yox; 70O
— [, +av, )b,V [ (u, +ov,)T,dr
v T,
ov, 0 _ ov, v,
g'(@)=[S0Dy, Seav ~ [v bV - [v,Tdr + o[ 0Dy S av
) Ox Oox, % r yOx, 7 Ox,
ov, 0 _
g'(0)=[ 5D, “av ~ [v,baV - [v,Tdr =0 Vv, ev(foralladmissiblev, )
ax ijkl ax i i i i
v Y / 4 T,

J%GijdV _.[vi bdV — .[Vi Tdr =0 for all admissible v,
4 axj 4 L

t

If the principle of virtual work holds, then the principle of minimum potential energy holds
because the term in the parenthesis in the boxed equation of the principle of minimum
potential energy vanishes identically. The approximate version of the principle of virtual
work is

ov!

[ ohav ~ [vibdv - [vITdr =0 for all admissible v/
4 T

y Ox; )

Structural Analysis Lab.
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9.4. Rayleigh-Ritz Type Discretization

e Approximation

n
ho_ _
u, =¢;8, +c,g, ++c¢,8, _Zcipgp
p=1

e Principle of Minimum Potential Energy

—‘Z _. %,
ox, oo “ir 6 “ir Ox
h 1 8g og _
MinIT .[ C; ox, —Dyycy, o —Ldv - j lpgpbidV—IcipgpﬂdF
v T,

orn”
or =0 forallm,r

oc

mr

ijkl kq ijkl ™~ mk
o ox; Oox, ;" ox, 0ox,

oc

aHh:—j %ep e By, ;J' % p s e qy —[5,,8,b.dV - 5,8, T
vV

N

:_Iag’D B gy s lj %y p 2 dv [ g,b,dV [ gT,dr
4 L,

mjkl kq a 2 lp ax ijml ax
Vv J i

J

_Iagrijkl kp?3 dv - J.grbde Igz

1

mjkl
J ox i v ’

_(Eep,, Braye, ~[gbav - [ g T,dr
ox T,

=K —f., =0 forallrandm

rmkp ckp

e Principle of Virtual Work

v =8u] =8c,g, +8¢,g, +++8¢,g, = Zacipgp =0c,8,

p=l

og og _
= j 5, ngijk,ckq — V- [¢,2,b,dV - [8c,g,Tdr
j l vV

I

og og _
=dc ip (I . D’Jkl a_quckq _IgpbidV_ J.ng;'dF)
] v

l—‘I

g og —
=3¢, ([ a—”DW a—quckq ~[g,bdV - [g,T,d") =0 foralldc,
y OX; X 4 I,

81" =K ,.c,,—f, =0 forall pandi

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Matrix Form — Virtual Work Expression

[dejoydv - [u!b,dv — [ su Tdr =0
V 4 T

jssgcng -
V

t

111

bk b _h ho_h h_h h_h b _h h_h h_h ho_h _
_[(6811011 +8¢,,0,, + 063,03 +08€),0), +08,,0,, +0€50; + 085,03, + 08,05, + 085,073, )dV =

Vv

h _h h h h __h h _h h _h h _h _
[ Bel\o), +8e1,0%, + Belol, +28e],01, + 286 )01, + 288%,0% )dV =

14

14

js.sh -cth:jsu" b dV+j5uh .Tdl
1% 14 L

Displacement
h
u,

uh = u;’ =
h
U

Virtual Strain

e,
Sl
el
SYflz
6%3
6%3

(3e") =

8

4
0 g O

odu
ox,
odul
ox,
odu;
Ox,4
odu
+—
ox,
odu;
+—
ox,
odu!
+—
Ox,

odu
ox,
odu
OxX,4
0
O0du,
O,

0 O

0 g,

0 0 g, 0 -

g, 0
0 g,
0
9%
O,
%
X,
9%
a 3
oo,
+802ii
ox,
+9c;, %
X
+—803,ééii
Oox

&n |

T
o ho o ho_h W _h o Wl
_[(6811011 +0€,0, + 083,053 +08Y1,07;, +0Y1307; +0Y30,)dV = _[88 c'dV
v

=Nc¢

Structural Analysis Lab.
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ox,

(c") =

%

0

%,

0

%8,

Ox,

E(1-v)

T+ w(1-2v)

=De" = DBc¢

Final System Equation

4

14

rt

H”:ljs"-cth—
2V

—

:%CTKc—cT-fb—cT-f,

t

[ulbav = [u"'bav =’
Vv

qufdl" = IuhTTdF =c’
T

Vv

rt

0

%,

ox,

[N"bav =¢’ -,
[N"Tar =¢" -1,

juh~de—ju”-Tdr

%,

Ox,

j gloldv = j e .o"dV =¢" j B'DBdVc = ¢'Ke
V V

:lcTKc—cT -f
2

Principle of Minimun Potential Energy

vIT”

ot
oc

112

=Ke-f=0—>Kcec=f

dc,,
0 dcy,

%, | O

Ox, d¢c,,

0 dcs,

6cln

dc,,

dc;,,

=Bdc

B
Vi3

Structural Analysis Lab.
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9.5 Example

By the elementary beam solution, the displacement field of the structure is assumed as
2

u:a(x?—lx)y
x X’
v=b(—-—I
(6 5 )
x2
(—-)y 0 (x-Dy 0 sty o
N=| 2 o o[> B=| 0 0 |, D= v 1 0
0 X _x x’ ; x’ ; 1-v 0 0 L7V
6 2 7_’6 X >
i 2
g Lei(x=0y 0 X pftvo0 =Dy 0
K=1 2-[.” 22 v 1 0 20 20 dzdydx
-V =~ X 1—
0-h0 O O 7—lx O 0 2V x?_lx x?_lx
_ ) )
E I hi (x l)2y2+1 V(x_—l)2 1 V(x__l)Z
- 2_[_” 2 2 2 22 dzdydx
viosal Y e VS gy
L 2 2 2 2
Phr o 1-v2 l-v 2
2ot P2 (2R
_E |2yttt O et en
1-v* I-v 2 I-v 2
——0(2h ——0’(2h
2 15 (2h) 2 15 (2h)
lZ
hl | ——Y 0 0 300
3177 El-5 ()
-h0 0 _- 2h 3\P

Structural Analysis Lab.
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114

Ph 1-v2 -v2,
P Sl LYY Z1502h
E2 3372 15 W s P( )(J:_E(OJ
1—v 1—v 2 1—v 2 3l p
Sl £YC} ——l h
215 (2h) 5 (2h)
_ 2 _ 2
:gl v P:l v p
2 EW EI
51 , 1=v?
b=-(1+-= —
( 31, ()) Z
1-v: _ x?
u= P——lx
I ( )y
3
V=
31—y
_P(x-I) M
« = YT
M
GW:VTy
5 h
==2(7)’ (- —xD)P

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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