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Chapter 1

Fundamentals in Elasticity

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU

1.0 Introduction

e Classification of Classic Mechanics

= M g =

(Granular Mechanics)

e Continuum Mechanics 1|
=2 /| T

— (Thermo Mechanics)
of &

(Mechanics)

72 34
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e Definition of Mechanics by Encyclopedia Britannica, 2004
Science concerned with the motion of bodies under the action of forces, including the
special case in which a body remains at rest.  Of first concern in the problem of motion
are the forces that bodies exert on one another. This leads to the study of such topics as
gravitation, electricity, and magnetism, according to the nature of the forces involved.
Given the forces, one can seek the manner in which bodies move under the action of

forces; this is the subject matter of mechanics proper.

e What is Classic Mechanics?
The motion of bodies follows the Newton’s laws of motion.
The law of inertia
The law of acceleration: F =ma
The law of action and reaction
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e \Who started?

Galilei Galileo (1564 ~ 1642)

He tried to explain motions of bodies based on observation or experimentation. His
formulation of (circular) inertia, the law of falling bodies, and parabolic trajectories
marked the beginning of a fundamental change in the study of motion. He insisted
that the rules of nature should be written in the language of mathematics, which
changed natural philosophy from a verbal, qualitative account to a mathematical one
He utilized experimentation as a recognized method for discovering the facts of
nature. Unfortunately, he did not have mathematical tools known as “calculus” that
deals with differentiation and integration, and thus he failed to describe motions of

bodies in a complete mathematical way.

Issac Newton (1642~ 1727)

He completed the mathematical formulations of the classic mechanics that Galileo
tried by the virtue of differentiation and integration, which also independently
proposed by a German mathematician Gottfried Wilhelm Leibniz (1646~1716)

almost at the same time..

Who is next?

We can name hundreds of great scientists such as

v" R. Hooke (1635~1703): Hooke’s Law

v Jakob. Bernoulli (1655~1705): beam theory, study on catenary

v Daniel Bernoulli (1700~1782): Bernoulli’s principle for the inviscid flow
v L. Euler (1707~1783): Euler equation, Euler buckling load...

v' T.Young (1773~1829): Young’s modulus, interference of light...

v"A. Cauchy(1789~1857): Cauchy’s strain, functions of a complex variable...

e Fluids and Solids

Difference in Material Properties

v" Fluid flows because G << E.
v Solid does not because G ~E.
v Inviscid fluid: G=0
v

Viscous fluid: 0<<G << E
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Fundamental principles in the fluid and solid mechanics are identical except material
properties.

The fluid and solid mechanics can be formulated from exactly the same framework.
The textbook by Malvern (Introduction to the mechanics of a continuous media) deals

with the solid, fluid and thermo mechanics simultaneously.

e Elasticity, Plasticity and Linear Problems

Bodies with Elastic Material: Recovers the original shapes of a body when external

loads are removed.
Bodies with Plastic Material: Cannot recover the original shapes of a body when
external loads are removed. Permanent deformation remains in bodies.

Linear Problems: The principle of the superposition is valid.

A—>oa, B> then A+B—a+f

The elasticity problems may be either linear or nonlinear.

e Classification of Engineering Problems

= Direct Problems : V-(kV-u) =f (Analysis)
{

——p|  System . >
Input Response

® |nverse Problems : Reconstruction

rror
m t I
.
S .
> System >
Input Measured Response

= Inverse Problems : System Identification

Error

h

TError

> System >
Input Measured Response
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1.1 Problem Definition

e Prescribed Values

- Domain V and Boundary S

- Material properties
- Boundary Conditions : u=u on S, , t=t on S, where S,uUS, =S and

S, NS, =@

e Unknowns in domain:

- Stress (o)
- Strain (g)
- Displacement (u)

e We have 15 unknowns, and thus have to derive 15 equations to solve the elasticity
problems. Since we determine the 15 unknowns in the domain from the prescribed
boundary conditions, the elasticity problems are a type of mixed boundary value
problems.

e \What we have to study during this class:

- Stress (o): force per unit area developed in the body by the action of external forces

- Strain (g): Deformation of body

- Displacement (u): Changes in positions of the body caused by the motion of the body

- Relationships among the unknowns such as equilibrium, strain-displacement
relationship, strain-stress relationship
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Equilibrium equation:
Mainly concerns the equilibrium state of a given body under the actions of external forces,

and expressed in terms of stress.
[tds=0
S

Strain-displacement relation:
Defines deformation of a given body, and relate strain to displacement.

e=f(u)

Stress-strain relation:

Represent the material properties of a given body such as the Hooke’s Law.

c=9(e)

Types of Engineering Problems
Boundary Value Problem (BVP): The unknowns are determined from the prescribed
values on the boundary of a given domain. Especially when the boundary
conditions are expressed in terms of the unknowns themselves as well as their

derivative, then the problems are referred to the mixed BVP is given as:

d¢9) 0 for 0<x<land ¢@0)=0 20 _g
dx dx

Initial value problems (I\VVP): The unknowns of a given problem are determined from

initial values prescribed at a reference time, usually at t=0

A0 ¢y _ _o 0O) _
e f(t)=0for O<t and ¢(0)=0 m =0

Initial-boundary Value Problems: we have to utilize both the initial and boundary

values to solve a given problem.
d?o(t, %) _ d*9(t,x)

dt? dx?
d(0,x) O X

+ f(t,x) for 0O<t andO0<x<I

=0 and &(t,0)=d(t,1)=0
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1.2. Domain and Boundary
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1.3. Definition of Continuum

Definition of a continuous set

A set A is called as a continuous set if there always exists ¢ < A which lies between a
andb forall a,beA.
Example: real numbers

Continuous distribution

A physical quantity p is said to be continuously
distributed if the following limit is uniquely defined
everywhere in the given domain V.

M

n

p(P)= |im

n—wo,V,—0 n

where M, is the sum of the quantity in V, and

V,cV,,, PeV,, V,=V.

n

Continuous body or continuum in a mathematical sense

A body is called as continuum if material particles are continuously distributed in the

body or there exists the continuous density function.

Continuous body or continuum in a real sense

Instead of V, >0 as N—00, V_ approaches a finite number @ as N — %, Then,

p(P)—“\f"

lim <t

n—w,V, ->o

n
where ¢ is an acceptable variability. You may consider ® as the smallest volume you
can differentiate with your own naked eyes. A body is referred to as a continuum if
material particles are distributed in a continuous fashion. Therefore, conceptually, you

can pick a material particle between any two material particles in the continuous body.

Structural Analysis Lab.
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1.4. Fundamental Laws

e Newton’s Laws of Motion
- The momentum of an object (mv) is constant unless an outside force acts on the
object; this means that any object either remains at rest or continues uniform motion
in a straight line unless acted on by a force.
- The time rate of change of the momentum of an object is equal to the force acting on
the object.

- For every action (force) there is an equal and opposite reaction (force).

e The 1st law of thermodynamics : The conservation of energy

e The 2nd law of thermodynamics
Defines the direction of energy flow. That is, energy always flows from the high level to
the low level spontaneously. Work should be applied to reverse the spontaneous energy

flow.
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1.5. Axioms

1. Newton’s laws of motion and the 1% and 2" law of thermodynamics are valid.

2. A material continuum remains a continuum under the action of force.

3. Stress and strain can be defined everywhere in the body.

4. The stress at a point is related to the strain and the rate of change of strain at the same point.

o(P) =f(e(P),&(P)) vPeV

_ . _40
For a rate-independent materlal,o(p):f(s(p)) vP ey Where the temporal rate = i
. o() 20 ()
and spatial change =—, —, —.
P PN v

The consequence of the last axiom?

If the stress at a point were influenced by strains at the other points, the stress-strain
relation should include the spatial derivatives of the strain to represent the spatial change
of strain, which results in differential equations. Since, however the last axiom states that
the stress at a point depends only the strain at the same point, the stress at a point is
independent of the spatial derivatives of strain. The stress-strain relation representing
material properties of a given domain is expressed algebraically in the spatial domain,
and 6 equations out of 15 governing equations become algebraic equations rather than
differential equations, which make the elasticity problems much simpler. Since the rate-
dependent material indicates that the stress at a point depends on temporal rate change of
strain at the point, the stress-strain relation becomes differential equations in the time

domain.
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1.6. Tensors and Operations

Tensorial notation : A
Indicial notation : A, Aij , Aijk , Aijkl
Summation notation : the repeated subscripts or superscripts in a term denotes summation.

The repeated index is called as “dummy index”.
D AB =AB, + AB, +-+AB, = AB, = AB,
i=1

AA=N A+t A=A

A;B; ZZAiij =A;B, + A,B, +---+ A B,
j=1
A;B; = Zz A;B; = Z(AilBil + A,Bi, ++ ALB)
i=1 j=1 i=1
Dot product
A dot product of any two variables represents the summation on the last index of the first
variables and the first index of the second variable.
A-B=AB, =AB,+AB, +---+AB,
A-B=A;B =A;B +A;,B, ++A,B,
B-A=BA; =BA; +B,A;; +---+ B A,
A" .B= A;B, =A;B +A,B,+:--+AB,

A-B=ABy =AB; +A,B, +---+ ABy

Cross product of two vectors ¢=axb
C=AxB
i, i, | N =
c=|a A A, [c]=|Allsno |
B, B, B, : a_________\
Y—c=bxa

Structural Analysis Lab.
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e Kronecker delta

[0 foriz ]
"L fori=j

e Permutation tensor

1 for even permutatio n
e =1 —1 for odd permutatio n
0 Any two indices are equal

e Determinant of a matrix A
Det(A) = eijkAilAjzAk3 = eijkAliAZJAsk = Det(AT)
i 0, 0y iy A By
C=AxB= A1 A2 A3 :i2 A2 82 :eijkiiAjBk:eijkAjBkii—)Ci:eijkAjBk
B:I. Bz Bs i3 As Bs

In general, Det(A)=e;, ,AiA A A,

e Tensor fields

In case the coordinate rotation is defined by x| =B ;;x;

Scalar field (tensor field of rank 0) D O'(XL Y, Z)=0(XY,2)
Vector field (tensor field of rank 1) FOS(XL YL Z) =B (%Y, 2)
Tensor field of rank 2 Doi (XYL Z2) = B (X Y, 2)B,
Tensor field of rank 4 D0 (XY Z2) = BioB g ® pgrs (X0 ¥ 2By Bis
yl
X!
ZI
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e Gradient operator

0
-2, 29
OX, OX, OXq4

00 o, (%% o d,_ b
8X6X6)¢(6X6 ax) OX;

Vo =(

0 o0 0 0 0 82 82 0? 0% 0%y 07
V= (o ) (e = (o =0 BT RS
OX, OX, OX;  OX, OX, OX, 8x2 OX, oxZ  ox? ax

0% 2
= = V
OX; OX; ¢

Vgl Ly T

oX; OX;

V-c:ic.. =6Gij =661j +6c5?_j +8c53]-
X, X, OX

ox, | ox

e Divergence (Gauss) Theorem

divF:V-F:ﬁzaF1+aF2+aF3
OX; OX OX, OXg

jv-desz-nds
\ S

jv-(gF)dv :IVg-FdV +jgv-|:dv =ng-ndS—>
\% \ \% S

ng-FdV:ng-ndS—ng-de
\% S \
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Chapter 2

Traction and Stress
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2.1. Traction and Stress

e Body Force: b=]j AP _dP
yroree: B=My = Gy
Traction: T. = lim AF _dF
o = _—
n 450 AS dS

e Stress : X, Yy, z components of traction

Structural Analysis Lab.
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2.2. Definition of Stress

Oz Y, X2

Z, X3
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2.3. Cauchy’s Tetrahedron and Relation

B B
-I—n
1
t e
— R \ .............. >
O A "0 A
C h C h
t2

e Equilibrium Condition

d?u
t2

T."AS —t'AS, —t?AS, —t3AS, + b AV —p——-AV =0

Tr_p S 2 AS, G ASy AV d?u;, AV
C T A THAS T As T As TP As

AV = thas = Loaas, = LoBas, = Locas,
3 3 3 3

A_Sl_l—cos(nx)—n A—SZ—L—cos(nx)—n A—S3—L—COS(HX)—n
AS OA VY AS OB T2 A 0C R

e Cauchy’s relation

By the definition of stress t! =, andas AV —0

n 1 2 3 n
T =tn +t'n,+t'n, > T =0,

Structural Analysis Lab.
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2.4. Equilibrium Equation - Integral Approach

|/

Force Equilibrium: ZF. =0 fori=1,?2,3

'dV 0 or de3+jbdv jp—dv 0

By the divergence theorem, and the Cauchy’s relationship

0G ;
!Tid8=£0jinde=Ja—;dV

j
Therefore, the force equilibrium equation becomes

a i
I 6xJ

\ J

'dV j(

Since the above equation should satisfy for all bodies under equilibrium, the integrand

should vanish everywhere in the domain.

6 2 2 2
;_ +h— p%t —0 >0, +b - p%t— 0—>V.c+b pgt—“=o

J

Moment Equilibrium: > M, =0 fori=1,2,3

o’u o
IXXTdS +Ix>< bdVv +Ide —jpxx?dv =0 or the indicial form becomes
S \Y \Y \Y

Ie,mn 1.dS +je,mn -b.dV +Imdv jpe,mn ma;uzn dv =0

Structural Analysis Lab.
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6e|mnxmcjn ann
J'e,mnmendS J.e,mnxmcsmnjds I— imn yv =
v ax] xj
Jn a jn
- G.
[ i By o + Xy AV = j €unn (O )dv
v X; X;
“u
n
Jeimn(cmn +X J )dV+J‘e|mn m dV +Im dv — Ipelmn m Zn dv =0
\

f(e,mn an + M)AV +Ie.mn (b, +%_

_[(e,mncmn +m)dV =0—¢
\

imn

ou
p )V =0

j

Gy +M, =0

In case there is no body moment, ¢,,.c,,=0

0—>o0,=

elmncmn

eZmncjmn

e =0—>

|mn mn

0—>o,=

e3mn6mn

=0->0,=

G3)

Gy

Gy

2.5. Conservation and Potential Problems

\

7

Conservation in General

\

Only the vector component normal to the surface (or boundary) flows into or out the

volume. The tangential component just flows along the boundary without any effect on

the vector field in the volume.

expressed as:

Therefore, the conservation of the vector field is

—Iv-nds +j fdv =0
S \%

Structural Analysis Lab.
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The minus sign implies that in-flow direction is taken as the positive direction. As the
outward normal vector always points outside of the volume, the inflow direction should
be opposite to the outward normal vector of the surface.

— By divergence theorem,
g 2 0

0
_) = ( ) ) ) .
oz OX, OX, OXq

o

Pyl

—jv-nd3+jfdvz—jv-vdV+jde=j(—v-v+ f)dV =0
S \Y \ \Y \

_Iv.nds:_jv-vdv where v:(ﬁ
! ; OX

— Since the integral equation should hold for all systems,
-V-v+f =0
e Potential Problems
— In a potential problem, the vector field of a system is defined by a gradient of a scalar
function referred to as a potential function
v=-k-VO

v

— The famous Laplace equation for a conservative system.
-V-v+f=V-(k-VD)+ f =0

— the system properties are homogeneous and isotropic, v = —kvVd
~V-v+ =V (kVD)+ f =kV?D+ f =0 or

2 2 2 2
o°® 0°D 8®)+f=k8CD

sttt +f=0
ox:  oy* oz OX;OX,

k(
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2.6. Equilibrium and Potential Problems

e Equilibrium
Force Equilibrium: »'F, =Y F, =Y F, =0 or > F=0

[Tds+[bdv =0 or [TdS+[bdv=0 fori=1.23
S \Y S \Y

3
— Suppose T=o-n ofr T, =) c,n, =0c;-Nn
=1

G11 Opp Op o, n
G =|0, Oy Oy |=|0,|, N=1N
G3; O3 Og; G, N,

— Divergence Theorem

[Tds+[bdV = [o,-ndS + [bdV = [V-c,dV + [hdV
s v s v v v fori=1,23
=[(V-0;+b)dV =0
\

— The integral equation should hold for all systems in equilibrium.

V.o, +b =0 fori=1,2,3
— Moment Equilibrium: > M; =0 fori=1,2,30or » M=0

IXdeS+IXxde +Ide =0 or 6,,=0;, , 0;3=03 , G, =0y,
S \ \Y

e Potential Problems

— In case elasticity problems are potential problems

i i ou
O'i:C-VUi or GijzcjkaT
k

where repeated index i does not indicate the summation. However, in general,

Gij :C}k Sx—uk' #0; =Cl %uk‘ because u; and u; are independent potential functions.
Therefore, to maintain symmetry condition of stress, each stress component should
be a function of the gradients of all components of the potential functions, and
furthermore the material properties should be defined as a fourth order tensor rather
than a second order tensor:

ou

c=C:Vu or o; = Cijkla_xk and Cijkl :Cjikl
|
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— Incase C'jkl=Cijuk

ou, 1 ou ou 1 ou ou
Oij :Cijkl 8_)(:( :E(Cijkl 8_)(:<+Cijlk 8_)(:() :E(Cijkl a_x:<+Cijkl gi)
1 .0u, ou
= ijkIE(a_X:(—i_a_X;):Cijklgkl

— Equilibum equation in terms of the potential functions: V- (C:Vu)+b=0

2.7. Rotation of Axis and Stress

e Suppose a new primed coordinate system is defined, and we want to expresss each
component of a vector in the primed coordinate system.

yl

v

ZI

e Rotation of Axis

1A/ I'A! A/
X =X + X8, + X85 = X[€] + X&), + Xs€5

' A’ ’ ’ ’ ’ ’ ’ ’ ’
X8 = X8 —>€ -8 X =€ -€X >J;% =€) -6,X —>X| =€ -eX
X; =B;% where B; =¢€’ - =cos(x], x)or intensor form x' =px

it

X€ = X&) —>€,-eX =€, -eX —>8;X =€ -e,X —>X; =€} -&; X =B;X;, >X=p'X

Orthogonality
X; =B X =ByBuX = (65 —ByBu)X =0—> BBy =9;;
BBy =0; — BB=I->p" =p"

Diffential Operator
0 0
= Bum 0 O = Pui 0

20 _ 90 % _ 00 OPinXn 20
0%,  Ox, OX%  OX, OX OXy OXy

Structural Analysis Lab.
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EEZ X'
j
BB T
Txl
TX3
0 A N
C

T
X3

e Tractions in the directions of the primed (new) axes in the original CS.
- Stress in each coordinate system by the deficition: o; =T,", o :Txx,ji'
- Cauchy’s relation: T.9 =T + T2y +T,°n)) > T, =0, =08,

- Normal vector: n® =¢’, =n’e, +n,’e, +nj'e; =n’e, »>n’ =€’ -e, =cos(x,x) =B

The above tractions are given in the original CS, and thus each traction vector should be

transformed to represent the stress in the primed CS.

e Stress in the primed coordinate system

o n o — — T
G;nk :TX)E - kaTx):J - kaququ - ququka - G' - BGB

.
c=B cB—> O = BkiGIdBij

e Equilibrium Equation in primed coordinate system

- Stress: o, =Bo), By, Body force: b, =,by/, Diplacement: u; =f,u;

PBy;owBii ,_ OBy do, ' o'y
%ij +Bby = gtlz L ax:d BiiBiiBm +B,by = Bliat_zl -
oo, , o4/ oo, , o/
W:Bliskm + B0y =By, Gt_zl - B“(WEI +by - a,[zl )=0

acYI(I +b|' — azl'zl;

OX, ot

- The equilibrium equation is independent of a selection of coordinate system.
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C}lapter 3

DisPIacement and Strain
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3.0. Kinematic Description

e Kinematics?
A subdivision of classical mechanics concerned with the geometrically possible motion
of a body or system of bodies without consideration of the forces involved (i.e., causes
and effects of the motions).

e Kinematic Description
Description of the spatial position of bodies or systems of material particles, the rate at
which the particles are moving (velocity), and the rate at which their velocity is changing

(acceleration)

t+At

Do the wind velocity and the velocity of a car have the same physical meaning?

e How to describe the traffic condition of Olympic Highway?

- Method I: Drive your own car on Olympic highway, and measure the velocity of your
car with time. If you differentiate the measured velocity with respect to time, the

acceleration of your car can be obtained.

Structural Analysis Lab.
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oV (car,t) i V({t+At)-V() a
ot car fixed AIIr_)TO] At

If the velocity of every car on the highway is measured and reported to you for all
time, then you have a complete description of the traffic condition of the Olympic
highway. No difficulty is encountered in formulating problems with this kinematic
description (solid mechanics).

e Method II: Sit down at any location of your choice near the highway and observe and
record the velocities of cars passing in front of you. If the measurement is taken
place at every location on the highway, then you also have a complete description of
the traffic condition of the Olympic highway. If you differentiate the recorded
velocity at a location, the true acceleration defined by Sir Isaac Newton cannot be
obtained. This is because you just calculated change of velocities of two cars

passing though you at a specification location at two different time.

oV (x,t) —lim V(t+At)-V(t) .a
ot x fixed At—0 At
Notice that V(t+At) and V(t) are velocoities of two different cars measured at

different times at the same spatial location. The true acceleration becomes (out of

scope of this class)

o oV (x,1)
ot

+VV-V

x fixed

This method is very convenient way to TBS, but results in a very, very, very (...)
complicate situation in solving physical problems with this kinematic description
(fluid mechanics).

Total change in the velocity of a fixed material particle

AV (X; 1:)|Materialﬁxed = M At " MV (X’ t)At
at x fixed aX
At—0 At Material fixed x fixed o
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A
V(t+A 1)
CVAL P

V(1)

<

D

o

o,

<

oV (x,1) At
at x fixed
// oV (X,t+At) VAL
aX x fixed

Observation Point

e Referential (Lagrangian) Description: Method |
Independent variables are the position x of the material particle in an arbitrarily chosen
reference configuration, and the time t. In elasticity, the reference configuration is
usually chosen to be the natural or unstrained position (known). When the reference
configuration is chosen to be the actual initial configuration at t =0, the referential
description is called the Lagrangian description. The reference position x is used for a
label (or name) for the material particle occupying the position x in the reference
configuration.  All variables are considered as functions of x. Notice that x denotes the
material particle occupying the position x in the reference configuration, not just a spatial

point.

Reference configuration

X=X(x,1)

Structural Analysis Lab.
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e Spatial (Eulerian) Description: Method 11
The independent variables are the spatial position vectors x. The spatial description
fixes attention on a given region of space (control volume) instead of on a given body of
matter. The material particles occupying a fixed position change for different time. It is
the description most used in fluid mechanics, often called the Eulerian description, which

gives us “Navier-Stokes equation”, the most notorious partial differential equation in the

engineering field.

Control Volume: analysis domain

t+At

Structural Analysis Lab.
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3.1. Displacement and Strain

e Displacement is defined as the change of the spatial position of a fixed material particle.

e Displacement

u(x)

u(x)=a(x)—x or u(@a)=a-—x()

e Strain

ds? = dx? +dx2 +dx2 =dxdx, , ds® =da’+da; +da; = da,da,

da, = Pigx | dx = ida,
OXy oa,
ds? = dx,dx, = 5, dx; =8, 0 da, ) da, =5, 1 da, da,
oa, 0oa, oa, 0a,
: oa. . oa;
ds? = da,da, = 5,da,da, =5, 0 dx, L dx, =3, 2 I dx, dx,
ox, ¢ ox %, O
- oa; oa
ds? —ds; =35, %—’dxkdxl —§,dx,dx; =38 o, —P dxdx; — 8, dxdx,
OX, OX, OX; OX;
da, 0a,
= (8(15 Ka—sij)dxidxj = 2Eijdxidxj

j
Eij is called as Green’s strain.
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. OX. OX
ds? —ds; = 5,da,da; — J; %—‘dakdal = §,da,da, —§aﬁ%—ﬂdaidaj
da, 0Oa, 0a; 0a,
OX
=8, -5, %« P0)4a da, = 2,da,da,
i o0a;
gjj Is called as Almansi strain.
e Green’s Strain in terms of displacement
1, oa, 0a d(x, +u,) (X +Uy)
. d -8,)==(d S -3
ij 2 ( af 6 6 u) ( af axi an |])
1 oy 1
8.+—°‘ Oy +——) — =0,
2 (x[}( ai 8Xi )( Bi aXj) 2 ij
1 ou, ou, au, Ouy
(80436 iSBj +6a[36ai a—Xj‘FSaBSBj aXi 8(1[3 aX aX 8ij)
B 1(6u 8Uj ou, ou, 0
S22, ox, ax ox,
ou, 1 au, ou,, _duy 1 ou, ou ou
E —_ "1 2 2+ A Y
Hox, "2 X, OX, ax [( ) (6x1) (8xl) |
ou, 1,0u,6 ou,, ou 1 au ou ou
E _ 2 — 2 2+ 2 2+ 3\2
2 ox, 2(ax X, )= x, 721G ) (axz) (axz) )
ou, 1 ou, ou ou 1 au ou ou
E. -3 3 2)2 4 (2732
B, z(ax X 3) ax3 2 ) (ax ) (ax )]

_ 1 ou, 8ul ou, aua)_ia& aul) 1(6u1 6u1+8u 6u2 ou, Ou,

= +
2 6k, ax2 X OX,” 2 0x, OX,” 2 X OX, OX, OX, ax X,

1 ou, 8u1+6ua ou,, 1 ou, 8u1) 1(6u1 aul ou, 8u2 ou, ou,

Fis = 2(6x X, OX X, 2(ax X, 2 0x 8x3 X, X, ax axg)

_1(8u u3+8ua ou, .y - ;(ai %) 1(6u ou, 6u2 ou, au3 8u3)
=2 =5 X, OX, OXy OX,” 2 X, OX, 2 X, OX, 8x3 oX, ax X,

%)

e Cauchy’s infinitesimal strain tensor — Small deformation

1,0u, ou
g; = (" + —1) for small displacement gradient| " o,
2 0x; OX ax.

J
In this case, E; =e; =¢;

<<1

e All kinds of strain are symmetric.
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e Rigid body motion : ds=ds,

ds® —ds; = 2E;dx,dx; = 2e,da,da; for dx and da. <> E; =e, =0 for whole domain.

For small strain, g; =0.

e Engineering strain: vy, =2¢; for i# ]

e Strain Component in primed coordinate system

— Diplacement DU =By
— Strain
N :l(aBkiuI: + aBkiuk 6Bkau 6BIQUI)
T2 ox, X, X OX,
1 aBkiuI: 8[3ij|'( aBkauI,( aBIaul
=— L+ C+
2( ox Poj ox B o P Brj)
1,0B,Uy OB iU, ou; 8u,
== ' A+ ——B + Oy — B — B
2( a ' ij 8XL Bkl ki axr,n Bml 8Xr’] an)
1 6uk ou;, ou; ou|
i B =, B B -
Z(qu ' Bm] 6)({( Bkl Bml a ’ 6 ’ an)
1 8uk Uy, au, 6u|
=_— i T B ;
Z(qu ’ Bm] 6 , B Bkl 8X 6X ij)
1 8u 8ur'n ou; ou| ,
_Bkl ( X I )Bm] :BkiEkmij

+
2 OX, 8x; oX, OX;,

E=B'EB, E =pER

Structural Analysis Lab.
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3.2. Physical Meanings
e Normal Strain

For x; direction, (dx,,0,0)

ds® —dsy = 2E;dx,dx; = 2E,dx,dx, = 2E;,ds;, — ds =,/1+2E,,ds,

_ds®—ds; ds—ds, ds+ds,

HT2ds2 0 ds,  2ds,

Since ds=~ds, for small strain, thenE,, =¢,, = ds—ds, dx = (c,0,0)

ds,

e Shear Strain

dx = (0, dx,,0)

dx = (dx;,0,0)
da.- da = dsds cos 6 = da,da, = 2% gx P gy
X, oX,
_ P By i dx = P B gy gy — 2, dudx,
OX., OX, X, OX,
oS0 — 2E12dx£dx2
dsds
ds =1+ 2E,,ds, =1+ 2E,,dx,, d5=,1+2E,,ds, =1+ 2E,,dX,

cos 0 =sin(a,,) = 2E,;

1+ 2E,\1+ 2E,,

1.
E,= Esm( oy,)|/1+ 2E, 1+ 2E,,

1. 1
In case E11 ’ E22 <<1’ E12 = ESIn( a‘lZ) zE(x’12
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3.3. Compatibility in 2-D Problems

e In case the strain field is given, does the unique displacement field possibly exist ?

ou ou ou
=—1 ¢ 2 g=—2

. _1 ou, aul) _10u; aul) E%Jr%)
2 ok, X, 75 o o % 270x,  ox,

- In case that displacement components are given, six independent strain components
can be defined without any ambiguity.

- What if six independent strain components are given to define displacement of a body?
Can we always calculate three independent displacement components uniquely?

- There are six strain components, but only three displacement components exist.

- We have to determine three unknowns using six equations, which generally is
impossible to solve. Therefore, all the strain components are not independent.

- Three additional relationships between strain components should be defined.

- We refer to the above conditions as the compatibility condition!

e What conditions is required to do so ?

e Two dimensional Case :

ou ou 1,0u ou
€33 =63 =6,=0, =—1 g =—2 = (L2
33 = ©13 = 623 €11 ox, €22 ox, €12 2\ox, " ox, )
u, = Iglldxl +9(%,) ., U= Igzzdxz +f(x)
1 0u, ou 1,0 og(x 0 of (x
g, == (—+—2)==( e,,0x, + 9 2)+—J.822dX2+ﬁ)
2 0X, OX, — 20X, OX, OX, OX,

0’ €10 _ 1(82811 0’ 822) 0 Yio _ 62811 +82822
OX,0X, 2 8x ax OX,0X, 6‘xf axf

e The strain field can not be defined independently !!!

Structural Analysis Lab.
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3.4. General Case

e Path Independent condition for displacement

- The displacement field should be single-valued functions, which are independent of

path.
- This condition is related to the second axiom and the finiteness of strain energy.

A up
(]
Xp
0
.OX
u

ou; ou; U,
uj":u‘j)+'[duj=u?+j—‘dxk=u?+1j(—1+%)d —'[(——ai
2 OX 27 0x,  OX

0
=U; +J.z-:jkdxk +Jijka
C C

[y, = [Qd0x —x?) = (¢ - X)), j(xk xf) ’kdx
C C

0Q, o 1 0u 8uk) 1 0%, 1 0%,

ox,  ox, 2(axk ox. 2axax 25‘x6xk

]

m

0 1(5U 8um) o1 6uk+8um)_58mj_6skm
6xk 20X, OX;  OX; 2 X, OX X OX;

]

p_,,0
uy =u; +jgjkdxk +_[ijdxk
C c

Oe, Ot
0 0 0 m m
=ud +(xP — X)), +£(gjm — (% — xk")(ykj—a—;j))dxm

0 0 0
= U+ (% — %) +'fijdxm
C
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e For the path independent condition

oF, oF,
ox, X,

0 i 0t 0 oe
— [, — (X, —xP )] = g, —(X —X il L
axm [ jn ( k )( axj )] axn [ jm ( k k axk axj )]

agi” -5 (asnj _68kn)_agjm +5 (agmj _68km)_

Ky TUOX X A, T Ox X
0% 2 0% .

(0, XY O Oy g

+
OXpOXy  OX,0X;  OX,0X,  OX,0X;

08 jy _(agnj B aSmn)_ 08 jm +(58mj _ 58nm)_
Xy OXy  OX; oX, oX,  OX;
azani _ 628kn _ azgmj + o €ym ]
OX,OX,  OXpOX;  OX,0X,  OX,0X;

(e =l

628“] N 828kn B azgmj 6 €m
OXnOXy  OX,OX;  OX, 0%, OX,0X;

=0 (byE. Cesaro)

e St.-Venant’s Compatibility Equations

2 2 2
0°€,, O 833_2 0°¢€,,

R, = =0
ook X2 ox,0x,

R = 628233 . 628211 5 0%, _g
OX; OX3 OX; OXq

R, = 0%y 0%ty _9 0%y, -0

ox:  ox/ OX, OX,
0%y, N 0 , Oty N 0g,4 N 8812) 0
OX,0%y 0%, OX%  OX, OXq

1=~

_82822 N 0 0ty Oty 8812) 0
OX, 0X; OX, OX,  OX,

2
3

- 0%, N 0 ,0g,, 6813 6812) 0
OX, 0X, OX; OX, 6x2 0%,y

We need only three equations, but six equations are resulted in. What happens?
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e Bianchi formulas

8R1+8U3+8U2:O’ N N :016U2+6U1+8R3
OX, OX, 0% oX,  OX, OX, OX,  OX, OX,

=0

The Bianchi formulas show that the St. Veanat’s equations are not independent, but three
compatibility equations out of six are dependent. Unfortunately, we still have one more

issue on the selection of three independent relationships out of six!

e Dependence of Compatibility (K. Washizu, 1957)

Suppose one set of the compatibility equations are satisfied in the domain, while the other
set are satisfied on the boundary. Then, the compatibility equations specified on the
boundary are automatically satisfied in the domain. Therefore, only one set of the

compatibility equations is required to be satisfied either in the domain or on the boundary.

- Casel
U, =U,=U,=0 inVand R =R,=R,=0 onS. By Bianchi condition

R_R_R_ginv—>R=R,=R,=0 inV
ox oy oz

- Case?2
R,=R,=R,=0 inVand U, =U =U, =0 onS. By Bianchi condition

Uy U, o 0Us AU, o U, U g gy

OX,  OXg OX, 0%, oX,  OX,

For arbitrary F(x,y,2), G(x,y,z) and H(X,Y,2z)
| =J.[F(8U3 +%)+G(8U3 N aul)+ H(8U2
v OX,  OX, OX — OXg OX

= [[(nG +mH)U, + (nF +IH)U, + (IG + mF)U,]ds

+ aUl)dV
OX,

1

@+@)+U2(@+E)+Us(§+ﬁ)dv
OX, OXg

—|JU
\-[ [U.( X, Ox, X, OX,

=0

Since F(x,y,2), G(x,y,z2) and H(X,y,z)are arbitrary, U,=U, =U,=0
inV.
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Chapter 4

Constitutive Relations

He 1

HE &2

H2® wele] el o] 4

M3z = 11

4 M5 16

HiE asy 16

Mol 9ys 19

Hig S 7520 S99 19

Mgt 2 729| 20

o
2
e
A

H3 YAy 21

A4z AN
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4.1. Constitutive Law

e Generalized Hooke’s Law
Gij = CijkIEkI = Cijkl'gkl
e Governing Equations in solid mechanics
. ou,
— Equilibrium oy th=p atzl
L . 1 au ou;
—  Strain-displacement relation g == (—+—)
2 8x oX;
— Constitutive law i 6, =CyjuEu =Cijutu
e Equilibrium Equations in terms of displacement
ou o’u,
C..—k% +ph=p—»i
T
e Boundary conditions
— Displacement BC U, =0 on T,
— Traction BC T,=T, on T,
e Traction BC in terms of displacement

ou,

1177 J

T. =0..N. :Cijkl—n. :-rl
OX

4.2. Isotropic Material

e Isotropy ?

“Iso” means identical or same, and “tropy” means “tendency to change in response to a
stimulus™. “Isotropy” stands for identical tendency to change in response to a stimulus.
Therefore, “an isotropic material” indicates a material exhibiting identical properties
when measured along axes in all directions. In other words, the material properties are

independent of the selection of axes.

Characteristics of Elasticity Tensor C,,

— Total number of coefficient: 81 (=3x3x3x3)

Structural Analysis Lab.
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— Symmetryoncande: Cy, =Cy,, Cyy=Cy, (36)

— Symmetryw.rtijandkl: C,, =C,; (21=(36-6)/2+6)

e Independent Relations

Rel. Coefficient # of Coeff. # of Ind. Rel.
N-N O 3 1
N-O.N. Ci10=C,y33=Cl1as 3 1
S-S Ci1=C,3=Clays 3 1
S-0.S Ci13=Cys1,=Class 3 1
=
(S-N) e T s
Ci31,=Ci313=Cyz0s
Total 21 5

e Normal-Shear Relation =0

Case | Case Il

|

— Casel( &,#0, €)=8€;3=8,,=€3=6,3,=0)—> 0,=C),
I

— Casell( €,#0, &,=633=€,,=8€3=¢,3=0) >0, =C,%,,

By isotropic condition, o), =-0,,, for ¢, =¢,,.

(Ciz11+Ci220)81, =0 2Cy,,8, =0 >Cyy, =0
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e Shear-Other Shear Relation

Case | Case Il

e e e e _ |
— Casel( &,;#0, &,=¢6),=853=8,=83=0) > 0, =2C €,
— Casell ( &,#0, &,=¢,=833=€,;3=63=0) > 0,,=2C %,
By isotropic condition, o), =-c},, for €, =g,;.

2(Cyp5+Chgy)81, =0 4C 5,8, =0 > Cp,,, =0

90° Rotation

N-O.N (A2) N-S (S-N)
Gy q 1112 Ciios C1131- €1
Gy 2212 Coms Coml| €22
Oss| _ C €33
(P € S-0.S
O23 symm. €23
Gs1) | ) Ea1

S-S (A5

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU -

e Jexpressions

Rel. Coefficient o relation Value
N-N C1111 = szzz = C3333 8ip6jp6kp8lp Aq
C1122 = C2233 = C1133
N-O.N. 0,104 — 0,0 ,04,0 A
(C2211:C3322 = C3311) i PR ’
01212 = 02323 = C1313
C,,,=C,,,,=C
S-S ( 2112 3223 3113) Siij, +8i|8,-k _25ip6jp8kp8|p As

(C1221 =Cpa3 = C1331)
(C2121 =Cypzp = C3131)
The expressions in parentheses represent dependent relations.

e Superposition

Cijkl = A18ip8jp8kp6lp + A2(6ij8kl —6,,0; 8kp8Ip) + As(siijl +8il6jk — 26,9, 8kp8|p)

p=p P~ Ip

Cijn = A8;i0y + As(6y0; +8,8,) + (A — A, —2A))5,,6,,6,,5,,
e Rotation of Stress and Strain

G;j :BimcmnBjn ’ 8kI :Bpkg’quql

G;j = Bimcmnklﬁjnﬁ ka'quql = BimBanmnkIB pkBqIS’pq

= AZBimBjnSmnSkIBpkBqlg'pq + ABinB i (01O + SmISnk)BpkBql'g'pq +
(A-A - ZAB)BimBjnSmrSnrskrserpkBqlglpq

= AzBimBijpkquS'pq + A3[BimBjnB meqn + BimBjnB panm]glpq +
(A=A =2A)B; BB oBortrg

= A28ij8pq8,pq + As[sipsjq + 8iqajp]‘g’pq + (Ai A - 2AS)BirBirl3 pqurS’pq

= Azsij6k|8;<| + A3[6il6jl + SiISjk]ng + (A-A - ZAs)BiijkameSh

= AZSijSkISId + A3[6iI8jl + Silsjk]gfd + (A-A - 2A3)8ip8jp8kp6|psf<|

= Ci’jkISLI

For isotropy, C;,=C/,
(A=A =2A)BiBipBioBip = (A — A, —2A3)8;,6,,8,,5,

A=A -2A=0>A=A+2A

e Final Relation: two independent coefficient
Cijn = A8y + A(8; 8 + 6,0 ) = 15,8y + U855 +6;0)
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e Lame Elastic Constant, A and p

B VE _E
T evi-2v) |t 2a+y)

e Detailed Expressions
G = (}\'Sijskl + M(8ik6jl + 8il8jk))8kl
= Aey Oy + e + HE ; = Mgy Oy + 2uE;;

oy, =(A+2n)e, +Ae,, + AEg,

G,y = A&, + (A +21)e,, + A&,,
=g, + A&y, + (A +21)e,,

Gy, =0y = 2UE;, = WYy,

Gz = Oy = 214&13 = WYi3

G5 = Ogp = 2UEp3 = 1Y yg

e Equilibrium equation in terms of Lame constant

oy,
Gij. | +b =p e
ou. U,
i@uk 8, + 0 (6u _J)+bi:palil
OX; OX, 8 X;  OX ot
0 ou, 0 aui 0 ou; o°u,
——+pu——+pu——+b =p .
O%; OXy OX; OX; OX; OX; ot
o ou oy, oy,
A+ —*4p——"="+b = !
P P L
o’u

A+V(V-u)+uViu+b = p¥

or

o ,0u ou, ou ou. ou, 82 O°U.
(A + )_ax (F+—2+ D) +u5+ >)+Hh=p—-
0%, OX, OX, ox; 6x2 6 ot?
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4.3. Physical Meanings of Material Properties

e Young’s Modulus, Poisson’s Ratio & Lame Constant

(1-V811)h

:: (1+e11)L »

O (¢) (e}
(¢) O ()
(¢) O (¢)
o - E
1A+ v)(1-2v)
o E
2 (1+v)(1-2v)
oo B
2 (1+v)(1-2v)

Ao O-VE vE A—pPh_ E

T 1+v)-2v) M vy TR T T Toaay

(A—V)ey; + V(e +€353))
(A=V)e,, + V(e +&55))

(A-V)egs + V(e +85,))
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e Physical Derivation of Shear Modulus

T

e
‘rl ]f l J2h(l+e,)
—
T

T T T
=—+v—=—~1+v
c=gdtv)

€
max
E

[V2h(L+¢, )] =h?+h?— 2hzcos(g+y)

A+ ) =1+sin(y) >1+2¢,, ~1+sin(y) ~1+y

i E —->1=0G
E 21+v) Y
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Cllapter 5

Plane Problems in

Cartesian Coordinate System

A\
L
P
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5.1. Plane Stress

'

Z
e Assumption

— The thickness of the plate is small compared to the other
dimensions of the plate.

— No z- directional traction is applied on the surface.

— The variation of stress through the thickness is neglected.

e Traction boundary condition

— On £x-y plane: n=(0,0,£1)

- T,=%c,=0, T,=%+5,=0, T,=%c,=0
— By the third assumption
0-X2=Gy2=0-22=0 inV
e Equilibrium Equation
0
8611+6012+8g{:+b1=0 0G L Py +b, =0
D ox oy
0 0
6621+6022+80f+b2=0 N O, PCw i p o
ox, X, . ox oy '

66[4_ 80£+ 863{+ b, =0 0=0

P P g

Structural Analysis Lab.
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e Strain-Displacement relations
u,=u(x,y), u,=u,(xy) , u,:no effecton solution

ou, ou, 1 ou, du,
XX = 1 8 = ! X =5 )
oX Yooy Y ay OX

e Constitutive law

e =9x_ %
XX E E B
Sy G, O = m(gxx +V8yy)
Ey=—"—V— £
E E =10, = (8 +Ve,,)
@2y Y (e, -
="Vt /)= —gyTE _
E E 1-v yy xy_Zngy
(&)
€y = v
2G
e Displacement method
— Stress in terms of displacement
0
O =y (s
—Vv2 " ox oy
E ou aou,
Oy =1_ (—+v
8y OX
ou
=G X+—y
O =60 o)

— Equilibrium equation in terms of displacement

2
oy, oY X) (L+v a a“ ~ My a-v) g
ox? OoX E
o%u 62u u b
2L+ ;)—(1+v)7(7y—a“*)+2(1—v2)i:o
x| oy X ox oy E

— Compatibility equations are automatically satisfied.

e Force method

— Body Force: Potential Field

b, = _ov b, = _ov
X oy
— Airy’s Stress function
0% 0% 0%
GXX_\VZW’ W—W=y 1ny=_axay

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Equilibrium Equation: satisfied identically
0 6¢ o, 0% oy _
x oy +y) - ay(a ay) ax

0, 2%, 0.0% . oy_ _
“axaxay) Tay e TV Ty S0 00

0—-0=0

— Strains in terms of stress function

L1
XX E ayz
1,0°
=y 7(1)
E ox

_ Oy _ 2(+v) 0

=g E axay

0

r-2E L)

ry)- ;(ay‘" v)

— Compatibility equation

2 2 2
07y, _8811+8822

XX, OX axf

o' 2% % . \|/ oy a,q?
2(1
@+ axaer(ay ay) ay/axz )( )

54¢+2 ‘9 5¢ (_)(5\11 5\11) 0
oxt  oxPoy? 6y oy*

Vip=—(1-v)V’y

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.2. Plane Strain

A\
LS
>

e Assumption
— Infinite Structure in z-direction with an identical section.

— ldentical traction in x, y-direction

— No z- directional traction is applied on the surface.

e Strain-Displacement Relation

U =u(xy), u =u(xy) , u,=0

6ux aUy 1 aux 8uy
8XX= , gyyz—’ xy=_( +_)
OX oy 2oy X
ou
€, =6UZ =0, €, =1 6UX +%)=O, €, =1(_y+%)=0
OX 2 07 oX 2 0L oy
e Constitutive law
_Gzz cyxx GW _
szz_?_v(?-l_?)_o - o, =V(c,+0,)

g, =(1-v?) 2 _(y4v?) 2w
w ==V 2= )£

o c
=(@1-v)-Z-(v+vi)=x
gy =(A-V) - (v+v)Z

_2(1+v)
Xy E Xy

Structural Analysis Lab.
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5.3 Polynomial Stress Functions

e Compatability Condition w/o body forces

o . 0% %
Vi = o +28X26'y2 + oY =0

e Stress Components

0%
GXX = —2 y Gy = — y ny = —
oy Ooxoy

Do we have any robust strategy to solve the compatibility equation? Unfortunately, the
”!

answer is “No
method.

The basic strategy to find the solutions of the C.E. is the trial and error

e Trial and Error Solution Procedures

Predefine several Airy’s stress functions satisfying the compatibility equation.
Combine the predefined functions to satisfy given traction boundary conditions.
Calculate strain and displacement.

Check the displacement boundary conditions.

If the DBCs are satisfied, you have the solution. If not, try another combination!

o bk~ w0 RE

e Second order
a, C, 2
=—=X"+b,xy+-=
b, > XY+ Y
2 2 2
— Constant stress status

(¢

Az R Cz
S50 O 5.4 A O O I 4
A '
A —
i b

suucwidl Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Third Order

¢3:3a X3 +b3x y+—3xy +d—y

2 2 2 3-2
2
G><>< :%_C3X+d3y
%0
G, :aT_a X+ Dy
0%
O,y :_8x8y =-b,x—C,y

— Linear varying stress status in x-y direction

— d3=0 Oragx0: purebending cases

51

- V4 .
] ] D
—d & bt
¥
et 1 —
—] ¢ I
Y

— bz 0: constant normal stress and linearly varying shear stress

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Fourth order

a b C d e
¢4 4X4+43_422 4 3 4,4

=— X2V + XY+ Xy® + ——
4.3 3.2 y 2 y 3.2 y 4-3y
e, =—(2c, +a,)
0%

=—=c, X’ +d,xy—(2c, +a,)y’

XX 2 =

2
G, = % =a,X* +b,xy+c,y’

2
Oy =~ i :_b_4X2_2C4Xy_d_4y2
oxoy 2 2

— daxo0:
=d _ __% 2
Oy = 4Xy,GW—0,GXy— 2y
b o e R I e e ] qu‘L;-dlizc
} 1 b
{
i "
y e
g L
- [ - H-x'- F ¢

2 2
Moment by S. stress = P LI gd4c3I
2 3 2 3

d,c?l 2 24 &

Moment by N. stress = §2c = §d4c

Structural Analysis Lab.
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e  Fifth order
a5 5 b5 4 C5 3,,2 d5 24,3 e5 4 f5 5
= x> + X'y + Xyt + Xy —xyt + —>
%5 T Ve e s ey
e. =—(2c,+3a;) , f, :—%(b5+2d5)
2 3
o :%:Cf’g +d5x2y—(205+3a5)xy2—%(b5+2d5)y3
2
o, =% =a X’ + b X2y + C Xy’ +d—5y3
o’¢ b 1
Oy = ~ oy = —é’x?’ —Co X2y —d xy? +§(2c5 +3a,)y?
— ds=0:
2 d
O,y :dS(XZy —Eys) ) ny :ESy3 , ny :—d5xy2
0= id, e?
AN By | oo 2
Vbbb Pl idibde) o L L et
} . 3
[ N s l'
§ X i ' X
! = 1 :
i ‘;‘;_ i |
l l l l l 1 1 1r{\d5(£2c--—2—63} z t
3 Y
£ | 0,pdye ¥ 7yt erxe’
¥

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Final Solution

¢:Zi:¢i

Coefficient of each polynomial should be selected so that the traction boundary
conditions are satisifed.

The tractions on the surface where displacement is specified are determined once the
S.F. is obtained.

The displacement field is obtained by integrating the strain field.

Saint-Venant’s Principle

In the elsatostatics, if the boundary tractions (T ) on a part S; of the boundary S are
replaced by a statically equilvalent traction distribution (T'), the effects on the stress
distribution in the body are negligible at points whose distance from S1 is large compared

to the maximum distance between points of S;.

[Tds = [Tds, [T'xrds=[Txrds

S S1 S1 S1

Structural Analysis Lab.
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5.4. Cantilever Beam

ry
—

— — «—
v
>

v

y

e Traction Boundary Conditions

— 0on yZiC

T,=on, =40, =0 , T, =o,n =10, =0,
— on x=0

Tx: Xi |:_Gxx:0 ' Ty:Gyir]i:_ny

e Assumption

— Stress distributions can be determined by the beam theory.

d 2
o, =d,Xxy | c, =0, o, =-h, - 42y
e Boundary condition on y==*C
d,c? b
(ny)y:irc :_bZ - 42 :0_)d4 :_Zc_i

e Statical equivalence
C ° fh D 3P
:[(TV)X—Otdy = _:[nytdy = :[(bz - C_i yz)tdy =P bz = Za

e Stress

S L3P PX M
X 2 ct I I

ny=0

P
Oy = _E(Cz - yZ)

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Displacement

— Strain
al"IX cyXX
XX AL = =——=XY
OX E E El
ou
gyy - _ Y _ V% _yyzﬁxy
oy E E EI
_ou, U, o P 2 2
Xy ______(C _y)
oy OXx G 21G
— Integration

P , vP
U =———xy+f , U, =——xy" + f(x
=g XY (y), u, R ()

— By shear strain

P

a P 2 a VP 2 2 2
—(—=—xy+f +—(—xy" + (X)) =———(c" -
ay( e XY aX(2E| y + 1,(x) 2IG( y*)
P , df vP , df] P .,
—— X+ —)+(—Yy +—=)=—=(C" -
( 2El dy) (2Ely dx) 2IG( y)
2
(_ix2+%)+(£y2+£_iy2):_m
2El dx” "2El dy 2IG 21G
Pc?
F.(X)+F (y)=-
R =-25
— Fxand F, should be constant.
FXZ—LX2+%:d , F :£y2+£_iy2:e
2EI dx Y 2El dy 2IG

— Integration of F, and Fy

P vP P
f=—x+dx+h, f=———Vy +— vy +ey+
' BEI 6Ely 6|Gy y+9

— Displacement components

u ——szy—£y3+iy3+ey+g
g 2El 6El 61G
u, zﬂxy2+ix3+dx+h
2El 6El

Structural Analysis Lab.
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e Displacement Boundary Conditions
— on x=1I
UX =0 , Uy =0
P ., vP

u, = | y——y3+iy3+ey+9

X7 2l 6El 61G PI> VP P

2EI '6El  6IG

—> 0=0,e=

P W P
e ey P Py g—0
Com! TV CgE Taie)Y T

— however, the third condition is impossible.
WP L e-weoE-E
6El 6IG 2(1+v)

— y-Displacement on x = |

P P P P
U =—1Iy>+—1P+dl+h=0 —1=0and—I1*+dl+h=0
y - 2El 6El

Y 2EI 6EI
v=0or P=0
e Weend up wirh a useless solution and the displacement BC cannot be satisfied !!!

Why 222

e Question on DBC
Since we have 4 integration constants and only one condition () for them, three condi-
tions at some points (not on a surface) are required to determine the integration constant.
Bounda-ry conditions specified on a surface can be enforced exactly with a function on
the surface, rather than with just a few constants. Generally, the integration constants
for a partial differential equa-tion with boundary conditions defined on a surface should
be a function defined on the surface. Therefore, it is impossible to enforce boundary
conditions defined on a surface with a few constants. The assumptions on the stress
field for this problem based on the beam solution cannot satisfy the fixed end condition
on the whole right boundary, and thus in principle we have to guess another stress field,
which is very difficult. Anyway, let’s try to determine the integration constant with

three displacement boundary conditions given at the center of the fixed end.

Structural Analysis Lab.
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°

DBC on the neutral axis at the support.

at x=1 and y=0 u,=u,=0

u,(1,0)=g=0
u(IO)— I°+dl+h= O—>h_—6—l3 dl
ou
— at x=1 and y=0 —X=0
OX
ou
My P g0 do—t P shop
ox  2El 2El 3El
LIZ_PCZ
2El 2GlI
Lo P y__y P Pl2 Pczy
“7 2El 6EI 6IG 2EI 2GlI
w _, P , PI*_ PP
Y 2El 6El 2EI  3EI

Verification of solution

3
£|c2/i 3¢’

——v=~0.45% for ——01 and v=0.3
2El 3ElI 21° |

U - P y__y P y3+(P|2_PC2 y
§ 2EI 6EIl 6IG 2El  2Gl
_ P +12)y——— —(y*-3c?
2El (= )Y 6EI y 6Gl (y y)
Beam solution ¢ ——By ———( x*+1%)y
§ 2El
3 2
Pc” Pl :f(1+v)(%)2 ~1.7%
3Gl 2E:2 for T:O'l and v=0.3
yoe P C=1 (C) ~0.1%
6El 2EI
at x=1 and y=0 6ux:O
2 2 2
ou, __PI® fe—0_s i_}d:_ilz_Pc
oy 2EIl 2El 2El 2G|
2
h:il3+ Pcl
3El 2GlI
P
b =g Oy~ 6IGy
P , PIP_ PP wP
y= x> — X+ + ( - X)
6El 2El 3El 2EI ZGI

Structural Analysis Lab.
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5.5. Simple Beam

vy
|« 2l >

Traction boundary conditions
i. ony=-c

T,=o4n, =—0c,,=0—>0c,, =0,

T,=o,n,=—,=q—>0c,=—(
ii. ony=c

T,=o4n,=0,=0, T,=0,n,=06, =0
iii. onx=-I

T,=o4n,=—0, =0, T,=0,n, =—0c,=0
iv. onx=I

T,=o,4,n;=0,=0, T,=0,n;, =06, =0

Symmetry conditions

i c,, should not vary along x on constant y.

ii. o,, should be anti-symmetry with respect to x — should be odd function wrt x.

Selection of functions
i.n=2
6,,=C,, C,,=8,, G,=-h,

From the SM condition ii, b, =0
ii.n=3
0, =CX+dy, o,=aX+hy, o,=-hbXx-cCy

From the SM conditioni, a,=0
From the SM condition ii, ¢, =0

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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li.n=4
o, =C,x* +d,xy—(2c, +a,)y?
G,y = a,X° +b,Xy+c,y?
b,x*

~2¢,xy—d,y?

G =—

From the SM condition1, a,=0, b,=0
From the SM condition2, d, =0

iv.n=5

3
G = Cs?))( + dsxzy - (2C5 + 3a5)xy2 - %(bs + 2d5)y3

3 2 o dgy®
G, =8 X + Db X7y +CXy” + 3
3

b.x 1
Gy, = 53 — C Xy — A XY? + 5(205 +3a,)y°

From the SM condition 1,a, =0 , b,=0 , ¢, =0
e Final Expressions of Stress components

2
Gy, =C, +d;y + C4(X2 - zyz) + ds(xzy_gya)

3
G, =8, +hy+cy  + d53y

,, = —b,x — 2¢,xy — d Xy’

e  Apply the given boundary conditions

— The boundary condition 1
—b,x+2c,cx—dyxc =0 —h, —2c,c+d,c* =0
, dc®
a, —b,c+c,c”— 2 =—(q

— The boundary condition 2
—b,x—2c,cx—d.x¢* =0 —>b, + 2c,c +d.c* =0
, dc?
a, +b,c+c,c”+ 3 =0

— Solve the simultaneous equations
__19 b_3q_q_c2 _ _.349__9

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Apply the static equilibrium conditions

C
— The static equilibrium condition 1: IGMLZﬂdy =0

—C

J (e, +diy—h(7y — 2 y*)dly = 206, =0->¢, =0

— The static equilibrium condition 2: jcs11|X=il ydy =0

[ 2 2d,c® q, 1% 2
dovz— L 2y? 2 y4ygy =29 4 25 =0
jc(gy oy Y =3y Ny === = - )

d,2 2.
d,=—("—-=c
T

e The final expression for stress

2 . 2
oy =%(l2 —xz)y+2q—|(§y3 —gczy)
3

__ 925 2y Y
Gy = 2|(3C Cy+3)

G = _%(CZ - yz)x

e The static equilibrium conditions:
[0l ,dy=7ql 7 qu—l(cz —y?)Idy = Fq

—C

Structural Analysis Lab.
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5.6. Series Solution

v4¢=84‘1’+2 o
oxt T oxloy? ay
b, = (X, sm I ™ X cos—)f(y) ¢:Z¢m

m=0

e In case either sine function or cosine function is used,

o, :Sin@f(y)zsin axf(y) , ¢=i¢m

e Compatibility equation for one sine function.
a'f(y) -2 f"(y) + "(y)=0

e  General solution
f (y) =C,coshay + C,sinh ay + C,ycosh ay + C,ysinh ay
e  Stress components
6, =sin ax[a’C, coshay + a.’C, sinh ay + aC, (2sinh ay + ay cosh aty)
+aC, (2coshay + aysinh ay)]

o,, =—o’sin ox[C, coshay +C, sinh ay +C,ycoshay +C,ysinh ay]

o,y =—acosax[aC, sinh ay +aC, coshay + C, (a cosh y + aysinh ay)
+C,(sinh oy + ay cosh ay)]

e Traction Boundary conditions

— on y=c

c,=0 , o, =-B,sinox
- on y=-C

c, =0 , o, =—A,sinox

e Integration constants

C, - A, + B,, sinh ac + accoshac

o’ sinh 2a.c + 20.C
C o—_ A, — B, coshac + acsinh ac
? o’ sinh 2a.c — 20C

C A,-B, oacoshac

o’ sinh 2ac —20c

A,+B, asinhac
C,=-

o? sinh 2ac + 2ac

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Fourier coefficients

| |
A, = [a,(0sin @dx . B, =[q,(x)sin @dx
- -

Refer to pp. 53-63 of Theory of Elasticity by Timoshenko.
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Chapter 6

Plane Problems in

Polar Coordinate System
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6.1. Polar Coordinate system

65

) 4
‘ L) 0
N o)
- (e.c' Q\\O
(N (@
e/ 1 6\(
y 7,
+
8
u
p 4 Ur
U
r
g
—p- X
0
e Basics
x=rcos® , O=tanY
X 1=1
y=rsin® , ri=x+y’
a  x o _y _
Z 2 —===5In0
X = cos9 oy r
B _ y_ sinb a6 _ x _cos6
x r2r o rr r

30 _a0ar, 3020 _

COS@§K2_§ELQEX2

X  or ox 00 ox o r 00

30 _o0ar a0

Sk,eﬁxl_kffﬁfiéﬁz

oy oroy 0oy o r o0

e Transformation matrix

coso

B=|-sin
0

sin@ 0
0 cosO O
0 1

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Stress
cos@ -sin® O|o, o, o, C0SO sind O
c°=B'c’B=|sin® cos® O|oc, G, O, |—SiNO cosd O
0 0 l|o, o, o, 0 0 1
G,, =G, COS*0+G,,sin*0—c ,sin 20
G, =6,5iN?0+0,,C05* 0+, sin 20
G, =0,
G,y = (0, — Og)SiN 6COSO + 5, (COS* 0 —sin* 6)
6, =0, C0S0—0,sSin6
G, =0, SiN0+0c,C0s0

e Equilibrium Equation

96, _0(c, cos’0+c,,sin*0—c,,sin 20)

OX OX
=7?
00,y _ 3((0, —T9)SiN BCOS 0 + 5, (cOS” 0 —sin* )
oy oy
=77

oc
9w, Ox oo

OX oy g

e Physical Derivation of the Equilibrium Equation.

oG, 0G . do
Y F =(c,+ pn dr)(r+dr)dé—c ,rdo—(c,, +a—é’9d6+cee)drsm >+

(Gre +

% 49—, )drcos 2 + b rdrde = 0
00 2

oo

D Fy=((og +ag—5"d0—099)dr cosd;Jr (0, +—2dr)(r +dr)dd -o,,rdo +

or

00,

(o, + 0 d0+or9)drsind70+b9rdrd9=0

By neglecting higher order terms,

oo, loc,
—_ + —_
or r 09

96 +16696 +2%n0
or r d0 r

+%(Grr —Gyy)+b, =0

+b,=0

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2% 020 %
oy’ Y oxoy

O~ Y=

e Second Derivatives

g@ g(coseﬂ__sme@)
OX OX  OX or

=7?
gw:—(sineao coseﬁ())
oy oy oy or

=7?

g—=£(sin 9@ cos0O 8())
OX 0y  OX or r

e Laplace Operator

82()Jrﬁz() o*() 10() o*()
ox*  oy° 8r2 r 6r 8492

Structural Analysis Lab.
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e Stress Function
G, =0,,008° 0+, sin’0+0,, sin 20

2 2 2
= a—(i)cos2 6+@sin 2 e—ﬂsin 20
oy X oxoy
=77

Ggy =0y SiN°0+0,, €0s* 0o, sin 20

2 2 2
:Qyn e+a d)cos 0+—— o9 sin 26
oy°® Ox? Oxoy
=77
=(o,, —0,)sin Bcosb -+, (cos” 6 —sin*6)
= a_‘l)——d))sm 0cosf——— 0% (cos® @ —sin*0)
ox* oy’ oxoy
=7?
o, —L0, 10%
ror r?oe
I’
00 = o2
10 107 0% _

Gre
r’00 roroe

68
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e Displacement
u, =u, cosO+u,sin 0

U, =—U, sin 0+u, coso

e Strain
cosO -sin® O ¢

e =B'ePB=|sin® cos® Ofce,
0 0 1lie

| cos® sin6 O
. € € ||—SINO c0sO O
€9 € 0 0 1

y24

€9 €

€, =&, C0S*0+¢y,siN°0—g,,sin 20

€, = £, SN0 +£,,C0OS” 0+ &, 5iN 20

€, =¢,

€,y = (& —£4o)SIN BCOSO + £, (COS* O —5in * 6)
€, =¢&,,C0S0—¢,,Sin0O

€, =&, 5N 0 +¢,,C0S0

- By chain rule
€ = Ny _ (coseg—wi)(ur c0s0—u,sin 6)
OX or r oo
—cos? 0 sin? 6(&+1%)—£sin 29(%+£%_u_9
or r roe” 2 or roe r
:aur € —(u_r+1% —1 %4_&%_["_9)

€ = y €9 =
o Y tr o r o0 " 2%ar ree

e Geometric derivation of strain components

u=u,, v=u,

= [

_AB'-AB AH-AB

€
" AB AB u+du 4o
of

AH :r+dr+u,+8ur dr—(r+ur):dr+au’dr
or or

. dr+(ou, /or)dr—dr adu,
" dr S oor

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Uy, =0, u, #0 (Red line) ¢
_DE-AC (r+u,)do-rdo u,

Soo AC rdo r

u, #0 , u, =0(Green line)

u+du 4
do My 4 o
. _A”F”—AC_(r +ue+% —Uy)—r .
00 — - (

AC rdo
:|.6U9 ou
Y rdo+u, +—>do
r 0o "7 50
ue
Up =0, u =0
_(r+ur)d6+(8u9/89)d9—rd9_u_r+1%
% rdo rorop
r+u, +—-do
Up=0, u,#0 X
0 FC'" (r+u,+o0u,/0o6de)—(r+u,) 1ou, 0
* AF rdo r o0 %
U, =0, u, =0
ul’
94:el+63:ue+aur/8rdr—u9:aur, 93:u_9
dr or r
u, =0, u =0

T =0;+0,=(0,+0,-0,) == T T b

r o6 or r

1 110u, ou, u

e, ==(0.+0,-0,)=—(F—4+22_2%
0 =50, 40, -0y =D (—L+—t =)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.2. Governing Equation and Boundary Conditions

e Equilibrium

oc,, loc, 1
it | Sl (I S _ +b. =0
or i r (Grr Gee) r
0oy += 1004 +2%m0 +b, =0
or r 00 r
e Stress Function
o = 1 8¢ o’
r ar 002
o’
Opp = —5
“ or?

104 13% o Lody

(o2

" r200 rorod  or 'rod
e Compatibility

2 2 2 2

0’0, 0°0 _2°0, 100 12°0

ox>  oy* or* ror r? 892

o> o0*,,0° o° o> 10 1 ¢° 18
Vi = + + =(=—=+=—+ ==
¢ (8x2 8y2)(8x2 8y2)¢ (6r2 ror r? 862)( ar
e Strain Components
g 2O U touy 1 A0u Uy Uy
or rr oo 2ro0 or r

e Constitutive Law

p_ p
G = Cijklgkl

e Displacement Boundary Conditions

us =0 - uf =p;u; =p,u; =0° »>u’ =0°

e Cauchy’s Relation

T _O-Ijnj _)Tp_Bu j BIJ Jk BIJ Jankannk BI] jananknk

TP =c"n’

e Traction Boundary Condition

Te =T T BT =T =T," » T°=T°

Structura
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.3. Solutions in the Polar Coordinate System

e Compatibility Equation

o 10 1¢° 16 1 o?
_+__ —_ —_— =
(ar2 ror r? 662)( rorr 892)¢
e Incase ¢ isa functionof r only
0° 10,0° d 2d 1 d? 1d
G2 T 00,00, 200 108, 1,
ror ror dr rdr r2dr? r3dr
e Solution of the Compatibility Equation
r=e'>0-—>dr=e'dt
dp_dpdt_1dp
dr dtdr rdt
d_z‘l’ d(ldd’) (@_d_‘l))
dr? dt'rdt’ dr r? dt?
d’¢ d d’ dcl) 1 .d% _d% _do
Bl Y el Gl i & _____3_ 2
ar? dt(r (e a o ~vlae Fae 2t
d% 1 d% d¢ dd) do
— = +11—--6
dar*  r* dt* d3 dt? d)
d<|> 2d% 1d2¢ 1do
dr4 rdr® r?dr® r*dr
1d¢ d¢ d’¢ d¢ d*¢ 2¢ d¢ 11 ,d% dp, 11dd
Poole et et (G a ol S SR St
dt dt d dt® dt? dt rérdt
1d¢ d¢ d%o
_4(dt4 de3 +4 2):O

d=At+Bte* +Ce” +D=AInr+Br’Inr+Cr?+D

e  Stress Components
1 d¢ A
Crdr
d’o
dr2

—+B(l+2Inr)+2C

rr

=—rﬁz+ B(3+2Inr)+2C

_ 0,130
Oro = 8r(r ae)

Ggg =

- If no hole exists at the origin of coordinates, A=B=0

- The term associated with B is not a single-valued function.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Displacement (plane stress)

1 = = (Gry — Vo) = ‘2”; = L @EVA i v)BIn T+ (L-3v)B + 2(L-v)C]
u, _%[ M+2(1—V)Br Inr—(L+v)Br +2(1—v)Cr]+ f (6)
seezé(cee—vc”):uf+f;6 LA o BN+ B-v)B+2(-v)C]
ou, _4Br 4Br6
= 1O — [ f(©)do+ f,(r)
B R R AP 1o 1O A G I f(e)de——f(r) 0
T2 a0 o r o0
af(e)+jf(e)o|e_ o f(6)+f(e) 0— f(0) = Hsin 0+Kcoso
aa() f(NN=-p—>f(r)=Fr-p

Substitution of the above solutions into the original Eq., p = 0.
@+ V)A

__[_

ue:4ire+Hcose—Ksin 0+ Fr

+2(1-v)Brinr—(@+v)Br +2(1—v)Cr]+ Hsin 6+ Kcos6

— Rigid body translation

N

U, =0, cos0+0,sin6, U, =-U,sin0+0,cos0>K=0, , H=0,

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Rigid body rotation

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.4. Thick Pipe Problem

br Po

e Traction BC

— On r=a: T, =c;n;, >, =—p,

- On r=b: T=cyn; >o,=-p

(o]

2182 _n
Grr(a):a_Az‘l‘ZCI—p. A:M

i 2 q2
A ” p-?f —ap b’
Grr(b):F+2C:_p° 2C = Ib2 ag

e  Stress components

2|2 2 2
o ab(p—p) 1  Ppa —pb

rr b2 _ a2 r2 bZ _ a.2
azbz(po -p) 1 pia2 - pob2
00 = b? — a2 F"' b2 _ a2

e Displacement

1[_a2b2(po —p)@+v)  pa’-p

Obz
" E- b*-a’ r pr gz o =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e End Conditions

— Plane strain
g, =0
2 2
a - —pb
G,, =V(O, +Cy) = 2v—p'b2 - ;‘2’

— Plane stress (open end)
6,=0

_ _V(Grr + Gee) — _Zl pia2 — pob2

€, E E b’-_a
— Closed End with a Rigid End Plate

I:z = n(bz - a'2)622 = ﬂ:(bz - az)(Egzz + V(Grr + 699))
pa’—ppb*

2
=n(b* —a*)(Ee,, +2v p‘b2 - agb )=mn(@’p, —b’p,)

_(1-2v)a’p, — (1-2v)b’p,

Cu E(’ -2
_a’p,-b’p,
172 bz _ az
* p,=0
a2 ) b2 az _ bz
— Stress  : o, = o _péz (1_7) , Cgg :FP:IJIZ(HF)
(0° +a’
(C00) e :% > P
_pb @’

— Displacement: u

b r
= M) ) ]

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.5. Special Cases

e Thin pipe with an internal pressure: b—a=t<<b

a=g—%,b=g+%
a2 pi b2
- a’ (1_r_2)zo

cSI’I’ bz—
an b’ _ P
1+
Ggg = b2 ( ) i
pb a’ r, pre
u =—— 1 1- =2
e b [(+)+( V)] Et

e Infinite Region pipe with an internal pressure: b — oo

a’p, b? a’p.
— i 1—— i
S (mf( r)

a’p, 1

a’p, b2
O =gz U+ z) = 1(/m“ r)
pb a’ a? 1 .
Ur_ E b2 [(1+V) +(1_ ) ] Em[(l‘f‘\/)?-f‘(l—\/)b—z
as b—»w,
2
GI’I’ a zpl a
U =@rvabl?
a’p, Er
Goo >

e Infinite Region pipe with a Lining

— Region 1
_a(p—p) 1 pa’-phb’
T b2_ 2 r2 b2_a?_
G =— 2b2(po pl) l p:ia _pob2
00 b2 _ rz b2 —a?
1 a%%m p)a+v) — pb’
U:ZE[_ b? — r l bz—a2 d=vorl . u, =
— Region 2
2
Gy _b zpo
=@+,
b pO 2
Ogo =3

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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/L3

Po

N
— Compatibility
u? (b) = u; (b)
p, _ 1, a%’ (p p)(1+v1) — p,p’
1+v,)b2 = =[- o P = (1-v,)b
( +V2) E2 El[ bz b bz az ( Vl) ]
Po . a’bp, p,b’ 1 a’bp pa‘’b
(@+v,)b—=> £V E [b2 7V + (1—v1)]—E—[IO2 Qv+ -]
, 1 _a%p, b* 1 2a’bp,
(1+v2)b% el P v+ (1_V1)]=Eﬁ
o —E 2a°p,
° TPE(1+v,)(b% -a) +E,(a® +b? +v,(a® —b?))
— Atthin lining
p, = E2 (ro _t)pi ~ Iy —t P,

E,Q+v)t+E,(r,—vit) 1+t

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.6. Curved Beam

o /

e Boundary Condition

- Onr=aandb : T =0;n,=0—>0,=0,=0

- On 6=0 . T, =0,40,=0 and T, =c,,n, =Gy,
e Applied Moment

M =

D C— T

'ITerdr:—.Tceerdr : .T'Edrzj.ceedrzo

e Stress Component

rr:1%:A2+ B(l+2Inr)+2C
rdr r
2
099=%=—§+ B(3+2Inr)+2C

e ApplicationBCon r=a andb
A
—+B@@+2Ina)+2C =0
a

b—pz‘+ B(l+2Inb)+2C =0

e Moment Condition

b b
d d d
M _—lceerdr:—id—ri)rdr_ d_(l)raJr;!d_dr)dr
do | b
—-rl g = v, [+ ol =00 - (@)

d=Alnr+Br’inr+Cr®+D

M =Alng+ B(b’Inb-a’Ina)+C(b*-a?)

2

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Solution
a’b?In b
a

2M
B=-2"(b’-a’
GRS

A=_M

C:%(bz—a2+2(b2 Inb —a’In a))

where N =(b*—a%)*—4a’b’*(In 2)2

e Stress
2182
G, :_ﬂ(a ? In9+b2 N’ +ain E)
N " r a b r
2182
oo :_ﬂ(_a E n2ip2inLa? n21b2-a?)
N r a b r
e Displacement
u, :é[——(1+V)A+2(1—v)Br In r — (1+v)Br +2(1- v)Cr]+ H sin 0+ K cos0
r

Uy = 4EI’Ere+H cos6—Ksin 6+ Fr

e Displacement B.C.

ou
Ur:Ue=a—r9=0 at =0 and r=(@+h)/2 >F=H =0

e Arring with cut out.

— Cutoutangle: a
— Compatibility condition

Uy (2) =8TcE =ar > B _%E
E 8n

— Moment required to close the ring

B :_ﬁ(bZ_aZ)ZE
N 8n
_____aEN
16m(b’ —a°)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.7. Rotating Disk

e Centrifugal force : b, = po’r
e Equilibrium Equation
%4_1%4_;(5” _Gee)"'br =0
o r oo r oroc,, _ 2.2
6c, léo, .o or e POT
—0 0420 4h =0
or r 00 r
e Stress and strain
_ou U Louy v
"o " r reo r
E E ou u
Oy = m(?«r +VEy) = m( p +VT)
E E ou, u,
Ggo = 1—\/2 (Vsrr +869) = 1—V2 (V ar +T)
e Equilibrium Equation in terms of displacement
du du 1-Vv2 .
2 r r 2.3
r-—=~r+r——-u =-— or’ (Euler-Cauchy Equation

e General Solution

2

u = Lra-vicr—a+ve, -1V petr
E r 8

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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E  ou, u,
G, = 2 +V—)
1-v° or r
—v?2 2
i—sl v pofrz+v((1—v)c—(1+v)c1ri2—1TVp@2r2)]
2
1 )C, ——(3+V) pw’r?]
1 (B+v)
=C+Clr—2—Tpc02r2
G =C—C1ri2— (d+3v) pwr?
e Solid disk
3+V 3+V
C,=0, (0,),, =C-CV 2 —g =BV,
5., =(3;V)pc02(b2—l’2) ,Geez(3;V)p0)2b2—(1+3\/)p032r2
3+v
(6 )nse = Oo0)me = oo p?? atr=0
e Disk with a circular hole at the center
C
©)a=Cr 2Bz o |o - B p0ra b7
a 8 8
(64)s =C +%—(3%8V)p0)2b2 =0 C, z—mpwzazbz
3+v a’h?
Grrszmz(az—kbz—T—rz)
3+v a’b® 1+3v
Geeszmz(a2+b2+ r2 —mrz)

(O = po(0-a)" at T =+/ab

3+v

(C66) mex 1

2 po? (b? +1_—Va2) at r=a
3+v
e 7200 rpm 3.5 inch (8.9 cm) hard disk

CH 3437850 x120%(4.5% +

5%)x10™

1-0.3
+
=189342.0kg/ msec’® = 189342.0N /m? =~1.9kg(f)/cm?

e Solution by force method and Disk with two different material (homework)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.8. Plate with Circular hole

...........

vebiibree bbbl

T O

e Stress on remote field
Oxw = S, Oy = 0, Oy = 0 (CarteSian)

G, =06,C0s"0+0,sin"0+0c,, sin20 = %(1+ 0s20)
Ggy =0, SiN*0+0,, €05’ B—0,, sin 26 = %(l—cos%)
6, = (0, —0,)sin 6cosO +o, (cos® 6 —sin*6) = —%sin 20

e Solution for the uniform stress (Thick pipe problem)

S, b’ b? a® S a
cY”ZE(bz—az_bz—aZF G”:E(l_r_
S, b 2 at [ S
Ggo = ( 2 73 2 2 Cgo =~ (L+—
2 b°—a~ b -a°r 2
O-rezo

e Solution for non-uniform stress field

- BConr=b: o, =%c0329 , Oro =—%sin 20
— Stress Function : ¢ = f(r)cos26
10p 1 0% 0%
=t — , =
"Tror root O™ o
_ 100 1% _ % Lody

Gre— 2 -
r-od rorod or r oo

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Compatibility Equation
d2 1d 1 d® d*°f 1df 4

+=———1)c0s20=0
¢( rdr rdez)( 2 rdr r? o
F=d:+1df izf
dr rdr r
d F lol—F—iF) c0s26=0
rdr r?
dl2: 1dF 4F=0
dr rdr r?
2
F=B'r +D’12 d:+l£—izf:8’r2+D’i2
r dr rdr r r

f :Ar2+Cri2+ f,

f, =Kr® +H —12Kr? + 4Kr? —iz(Kr“ +H)=Br? +D’i2
r r

(B 4D
12 4
f :Ar2+Er“+Ci2—R=Ar2 +Br4+Ci2+D
12 r 4 r

— Stress component

- l@Jriz_d’_ —(2A + §+£)c0326
ror 062 r

rr

0% 2
Gyy = 57 (2A+12Br- + —4) c0s20

G, = aq)(la(l)) (2A+6Br? Q—Z—D)smze
or r
— Applying BCs
2A+6E+£— S
b b 2
2A+$+£=0
a
2o $C_ 20
2A+6B 2—%—2?—0
a
— AS b—>w
S 4 2
A=-> B_o C=—%S ' D=25

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Final Solution

s, a*, S, 3a' 4a’
G, =21-2y+2@+>2 "% ycos20
r 2( rz) 2( = rg)
s, a’>. S, 3a*
=21+ 2) -2 1+ )cos20
G 2( rz) 2( r4)
S, 3a' 2a% .
Gre = —5(1—74‘7)3“’] 26
® Stress concentrationon r=a
Grr:csrez0

Ggo =S —25C0s20

1 3
at 0=—m, ST Coo =35

2
— at =0, n : o, =-S5 (Compression)
1 l1a> 3a* . .
— at 92575 :099:8(1+5F+EF) (rapidly decaying)

e Tensile traction in both x- and y- direction

2 4 2
5., =§(1—";‘—2)+§(1+3ri4—4riz)cosze+

2 2

S a’. S 3a* 4a?

T A-2)+2 1+ — = )cos(20 +

2( r2) 2( o r2) ( )
aZ

=S(1-—)
r
aZ

Gee_S(1+r—2

e Opposite tractions (pure shear case)

s, a*, S, 3a’
Ggo = E(1+ r—z) —E(l‘i' r—4) C0s20—

2 4
S4d )+§(1+3}14)cos(29+n) 5 (Gyy) my =4S

2 2

2
=-S(@+ 3%) c0s20

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.9. Flamant solution (2-D Boussinesqg Solution)

Yy
r
0
e Boundary condition
Cpg =0, =0 0N 0=+"
2
e Equilibrium condition
nl2 f e
jcr, cosOrdo=-P forallr.—> o, = 1)

-n/2 r

_10% 10% _ f(9) 2%
5=, Og = =0
rar r? o0 r or?
0? 10 1 0° a¢ 10 1 0% 0? lg+iaz f(0)

_+ _
or? rar r? 862)( 2 r&r 2892) (8r ror r2o00% r

f(0)+ £7(6) =0 — f (8) = Acos®+ Bsin 0

rr

By symmetry of stress, B =0

/2 nl2
jAcosZede == [(A@+cos20)do =~ A=-P
-nl2 2—11/2 2

e Stress components (Polar)

2P cos6
Oy =——————, Cpy=0,,=0
T r
e  Stress components (Cartesian)
G, =G, C0S’ 0= 2P os9=—2P coste
nr na

o, =0, .sin 9_—2—Pcos 0sin®0
a

G, =0, .sin ecosez—z—Psm 0cos®0
na

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Convolution Integral (Influence line)

A&

e
f(X,y) f(x-&,y)

g(x)

dR=f(x-&Y)g(E)de >R =[f(x-¢y)g(&)de

— Moment Case

R =l (Pf (x,y) - Pf (x&,y)) = lim (Pe 1 V)—:(X—& )y _

=M Ilm(f(xiy)_ f(X_Siy))zMgi
e—0 e

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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C}lapter 1

Uniform Torsion

(St. Venant Torsion)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.1. Basics

e Displacement
u, =r(cos(a + @) —cose) = r(cosa.cos¢—sin o.sin @ —Cose)

~—rsin asin ¢~ rad = —oy
r

. : . i . . X
u, =r(sin(a + @) —sin ¢) = r(sin c.cos ¢+ cos a.sin @ —sin @) ~ rsin acos ~ m? = axX

o =0z, 0 : rotation angle per unit length

e Warping function

u, = Oy(x,y)
e Strain components
ou

Sxxzéuxz_@zo ny=6ux+ y:_662y+662x:0
OX OX oy ox oy OX
ou

Syyz_yzaezx:0 yxz:au“rauz:_aezy+aew:e(a_w_y)
oy oy 0z  oX 0z OX OX

ou

e - ou, :_aew(x, y) —0 = v, au, _ 00zx N o0y _ 9(6_\|J+ X)

0z 674 oz oy 0z oy oy

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e  Stress components

GXX=GW=GZZ=GXy=0

o, =Go(2Y _y)
OX

oy
Gyz = GO(E + X)

e Equilibrium equation (z-direction only)

a 2 2 2 2
00y , O | 00y =Ge(a‘i'+a \'2/)=0—>a\i'+a \i' =0
oX oy oz OX oy OoX oy
e Traction free BC on the longitudinal surface
T,=c;n; =0 foralli, n=(n,n,0)
T, =0, + G Ny = 0
T,=o,n,+o,n =0
T,=0,n+ o,n, = 0
The first two BCs are automatically satisfied, and
o, to,Nn =0, a_ Gy ax =0
ds ds
0 d 0 dx
(Y y)_y_(_“’+x)_:0
OX ds oy ds

e Stress function

-2 6oL -y)

cFXZ
oy
c, = _%_ Ge(a—"’ + X)
0 oy
by eliminating v,
2 2
%+$ ~ —2G0

The traction BC becomes

oy dodx_do

- e =0 is constant on the boundary.
oyds oxds ds —¢ 4

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.



Dept. of Civil and Environmental Eng., SNU

BCs at the end of the bar

M, :jozydi—jczxydA:—j@ xdA- |
A A

91

=ja¢dA j¢n dS =0

_ (9 ga__ _
= J;aXdA— £¢nxds_0

@ydA
a OX 2 0y

=~ V- XdA =—[¢X-ndS +2[ ¢dA =2 ¢dA

Summary

— Governing equation

— Boundary condition
—  Twisting moment

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.2. Torsion in an Elliptic Section

e Elliptic section

e Stress function

I _1)=-2Go

e Twisting angle

x y2
bz + L -1)da
a’b? 3bn ab’n a’+b* M
a +b2(4 T At N Y
a’b’n
a’+b?

(I):_

M, = 2Gej

=-2G0O

=GoO

Mt XZ y2
— (=+=-1
abn(a2 b? )
e Stress
_@_ 2M, B a¢ 2M,

Ca T T A T 2br

e Warping function

2M, oy
- =Ge—— _Lt
b y ( y) = b
2M, 2M
x =G0 +X) > Lxy=GO(y + xy) + g(x
o (ay ) “or Y (v +xy) +9(x)
2M

——-xy(b® +a%) = = ; (b* +a*)xy+g(x) - f(y)
g(x)=f(y)=c

3b3

Structural Analysis Lab.
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2M, s o 2M

xy(b—a%)=——

a’b’n 4 ) a’b’n

W_bz—az xy—S- a’b’n

b%+a’ M, b’ +a?
w(0,0)=0—>c=0

b*—a’

Y

(b% +a%)y + 2

Xy

For a circular section, the warping does not occur

Structural Analysis Lab.
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7.3. Rectangular Section (Series Solution)

e— 22 —
2b >
v
e Governing equation
2 2
0,2 _
X

e BCs: ¢=0 on x=za and y=+b

e Series expansion

= > COS?Y (BCson x=x+a are satisfied.)
, a

- 4 nmx
—-2GO=— 2GO—(-1)" D2 cos —=
Z nn( ) 2a

e ODE in y-direction

> oS (— (DY, Y GO-2 (1) /%) =0
n=135,... 2a 2a nm

Y- (Mmyy - _GoB ()™ for n—135...
2a nr

2
Y, = Asinh MY L Beosh ™ 4 Go 32a3 (-pore
2a 2a (nm)
e Application BCson y=+b
2
(Yy)y—sp = TAsinh b L Beosh 1™ 1 Go 32&3 (-2 =0
B 2a 2a (nm)
2
A=0, B=-G6 32a3 1 (_1)<n—1)/2
(nm)” cosh(nnb/2a)
2
Y =GO 32a3 (—1)"D72(1 = cosh(nny/Za))
(nm) cosh(nmb/ 2a)

Structural Analysis Lab.
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e Final Solution

- (_l)(n—l)lz oS Nn7X (1- cosh(nmy/2a)
T 4350 2a cosh(nnb/2a)

e Stress

L= 0 _ 16626a 3 iz(—l)(”‘l)’z sin X 4 _ cosh(nry / 2a)
OX T° i35, N 2a cosh(nrb/ 2a)

. - @ _ _16626a Z iz(—l)(“‘l)’z cos nnx sinh( nmy / 2a)
%y n° ndzs,. N 2a cosh(nnb/2a)

e Maximum Stress

16Gha < 1 . N 1
= vy = Ay | U Ty L P S—
Ormx = (O ) a0 n? n_mzswnz( ) 2( cosh(nnb/2a))
16Gha & 1 1
- el P
7’ n:;-, nz( cosh(nrth / 2a))
© 2
_ogea G025 1 1, 1 11,
n°  i3s..N° cosh(nmb/2a) 3 5 7 8

e Twisting angle

M, =2[¢dA
A

2 ©
64G0a z is (=12 jcos d J- 1- cosh(nny/2a))
i n-i3s.. N cosh(nzb/2a)
2 0
_ 64G0Oa Z izéz b—ﬁ sinh( ntth/2a)

°  ige.n® onm nr cosh(nnb / 2a)

32G6(2a)32b i 1 64G6(2a)° Z“’: tanh(nmb/ 2a)
4

5

! n=1,35,. N e n=1,35,. n
» 4
Ge(2a) 2b 19523 > tanh(nnb/Za)) ’ (1+i4+i4+i4+...:”_)
3 T bn135 3 5 7 96

. b
e Narrow section gZB

tanh(xb/ 2a) = Sior 0 0000 _ 4 0996 g
111.3178 + 0.0090

3 3
M, = —GG(ZZ) 20 1062742 NS Ly S

(1-0.62742)
243" 3125 b

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



96

Dept. of Civil and Environmental Eng., SNU

e Square section

4.8105 -0.2019 _ 0.9171
4.8105 +0.2079

tanh(n/2) =

4
M, = B0 0o 6274001714 -1 1L 4.y
3 243" 3125

4
N GO(SZa) (1-0.6274x0.9171)

=0.1415G0(2a)*

e Open section with constant thickness

M, ~ %Zwiti3

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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C}lapter 3

Beam Approximation
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8.1. Equilibrium Equation

e Force Resultant

Q =[T'dA=[o;nidA=[c,dA
A A A

: . 00 ;; . .
g:j%dA:J‘( Ciji _aG2I _aGS| )dA
oX, 4 OX, A OX; X, X4

=J(aax +b,)dA- jbdA j(&’z' ac‘3')o|A

A j 2

oG ;;
=;((6xJ

"+ b, )dA— j b,dA— j (6,N! +04N.)dS
_J.(ﬁcs
A OX;

]

+b,)dA- jbdA jT ds = j( ' +b)dA—q,

i J

| o
=i = I(ax +b)dA=0

Structural Analysis Lab.
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e Moment Resultant

M, IXdeA—IekXTdA jekakmnmdA jekakldA where X = (0,%,,X,)

Uk]8

v 00y, _ 00y,

j 5 9% gp
axl A

B acks)dA
OX,  OXq

A
= %, m da— [e, % (Z22 + is)qa
A OX 0X,

OX,

8($km ('ﬁeijkxjck2 N 8eij-kxj(5k3

'—1

,ka( +b)dA je,,kxbdA j(

A 2

j(eiZkaz + ei3k0k3)dA
A

~ ,0C = ~
= Ieijkxj (ka +Db,)dA— J.eijkijde_ jeiijijmnrtndS + I(eizkckz +€30,3)dA
A m A S A

)dA+
0%,

06,

= ei'ki'(
o5

+b,)dA- [, Kb dA— [e, X T dS —e,niQ,
A S

oM, _ _
E + ./[eijkijde+ !eijkijktdS +e;NQ =0

e Sign Convention for Moment

Fori=1
X3 M, =je1jkikaldA:J‘(e123izT3| +6132X3T2|)dA:JA(X2T3I — X, )dA=M,
T3 A A A
T2" Xz
Fori=2
A > X1
/ _>Tl
v STl STl I
v X3 M, = [e, X TIdA=[e, X,T/dA= [xT/dA=M,
A A A
Fori=3
(' » X1
_y'['1
v X2 M —I X T dA = X T'dA=— "dA =—
2 = [ X TV dA= [e, %, T/ dA= [ x,T/dA=—M
A A A

Structural Analysis Lab.
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e Component Form

100

Qg =0 o, = [bdA+ [T/dS

axl A S

o

a% +q, =0 qp = { b2dA+£T2tdS

0Q, t

%, +0; s { 3 é[ 3

M, =0 m, = [ (b, — xb,)dA+ [(RTy —x,TH)ds
aXl A S
M, , m,—-Q,=0 m,= jx3bldA+_[x3T1‘dS
24 A 5

M, _ m-Q,=0 m,= IxzbldA+Ix2TltdS
24 A 5

e PlanarBeam b =b,=T'=T, =0

2
oM, - t
M= 0 m, =— { x3b2dA—'S[x3T2dS

=-0,

What condition(s) should be satisfied in order that the vertical loads do not cause torsion

of beam ??

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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8.2. Bernoulli Beams

e Assumption on displacement field

— A plane section remains plane after deformation.
— Normal remains normal.
— The vertical displacement is constant through the depth of a beam.

w X
‘bx
z

NEUTRAL AXIS ASSUMED DEFORMATION~___ 7 NEUTRAL AXIS

NORMAL TO MIDSURFACE .
AFTER DEFORMATION I

fa) THIN BEAM THEORY (b) THICK BEAM THEORY

e Displacement Components by assumption

au,
Ux:—gy , Uy=Uy(X) , u, =77

e Strain-displacement relation

2 —%_}_%—0
_ 8UX :_6 Uzy Tw = ay OX -
OX OX u, au, ou, ”
gy =0 V=t =T
oy oz oy
azz:aauzz?? _a”x+%_%_o9
z T T T x

e Strain-Stress relation
_Ou _ v(% n %)
E E E

G (& G
g )

() (e (e)
=g V)

€1

Structural Analysis Lab.
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e  Assumption on stress
- BytractionBC, 5,=0 , o, =0 (??)

c c
€y =—EXX , Ey =—V—0

Since, however, g =0 by the strain-displacement relation, the Poisson ratio should be
zero, which is equivalent to neglecting the Poisson effect.
o%u

c,=—-E—2 vy

XX ax 2

o%u o%u o%u
M. = dA=—|E—2Ly2dA=—-E—2 | y’dA=—EI Y
’ IAGXXy I Py Ox? /{y Ox?

A

e Equilibrium Equation

19}

06  DOn +b, =0 00 +_6ch =0

oX oy R ox oy

0 0

Dy DOw iy 20 Loy g

oX oy ox 7

0 0 0
J'(acxer ny)ydA=0_>J‘(%+&)ydA=0_>2J‘cxxydA+I&ydA=0—>
W OX oy A OX oy OX a Oy
0
ﬂ+J&ydA:0—>%+ c »@—v 0
OX A 5)/ OX z ox
80, 0 oV
— +b)JA=0—>—|oc dA+|bdA=0—->—+q=0
{( x o) ax!\ny { y x
2
0 l\z/l +09=0
o*M o* . 0 M
= — —El_y= 1 XX:_
o 7% e T | g
aG oM y any Xy Q
Ly 6‘y j( 5 JA=0> '|‘ydA+.|‘Wbdy 0-0,,(y) =0 (1) =

e Simply supported beam with a uniformly distributed load

6 gl (S 4y ) ex

(G “gh’ (Ol ~ @ (00 max

n

|2

~

03|00

Structural Analysis Lab.
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8.3. Timoshenko Beams

e  Assumption on displacement field

— A plane section remains plane after deformation.

— The vertical displacement is constant through the depth of a beam.

—

ACTUAL DEFQRMATION

NEUTRAL AXIS ASSUMED DEFORMATION- NEUTRAL AXIS

NORMAL TO MIDSURFACE .
AFTER DEFORMATION I

fa) THIN BEAM THEORY (b) THICK BEAM THEORY

e Displacement Components by assumption

U, =-0(x)y , u,=u,(x) , u,=??

e Strain Components

_au, +8uy _ o au,
€, = aUX = _@y Ty = 8y OX B OX
OX OX

ou, ou, du
Ey = Ty = 2+ =—L=77

o oz oy
€,, = N, _ ?2? _ou, N oau, _ou, _,,
oz e = Tk T ox

e Equilibrium equation
OX OX

Structural Analysis Lab.
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e By energy consideration

Vi, V?

G GI*;b%(y)

A

J;cxyyxydA = YXyJ;GXydA =7,V

which yield V =GAy,,

00

M = jaxxydA——jE—ysz——El =~

V=Gﬁb(a—xy—6’)

0%0
OX

oV o%u
—+0=0->G v 00y __
OX f A)(axz ax) q

:chy O dA= v I Q’ dA=

GA GA

oM 0’6
M _ovos-E1ll-c —-9 EIS 5 +G ——9 -

Structural Analysis Lab.
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C}lapter 0
Energ’y Methods
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9.1. Problem Definition

e Governing Equations and Boundary Conditions
Equilibrium Equation : V-o+b=0 inV

Constitutive Law co=D:¢g inVv

Strain-Displacement Relationship : s:%(Vu+(Vu)T) inV

Displacement Boundary condition : u—-u=0 on S,
Traction Boundary Condition - T-T=0 on S,
Cauchy’s Relation on the Boundary : T=o-n on S

e Energy Conservation

1 1
= fuTds + [ubdv
2JS.U| I +2\.!.u| I

1 1, @0,
ZEIUiTidS_EIui aj’ dv

\ i

= des oydV - = J.u,auanS
J

1 i

:E-!‘UiTidS'F—Va—XjUijdV—EluiTidS

_Lrou o,;dV = 1Ig,Ja,JdV IT,,
2 8X 2

\

Structural Analysis Lab.
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e For physical interpretation of the strain energy, please refer to pp. 244 - 246 of Theory of
Elasticity by Timoshenko

e Total Potential Energy

M= [e,0,0v - [u,b,dv - [u,Tdr
23 v L

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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9.2. Principle of Minimum Potential Energy
u'=u, —u’

—%f&, opdV - ju dV - [u/Tds
S

:l‘[a(ui -u;) Dijkl o(u, —uy) dv _J‘(ui —ue
2y 00X X,

= 1_[ |JkI aUk dv _ljaiDum Xy dv -
27, OX X, 27 OX; oX,

- [, —uf)bidV—I(ui ~uf)T,dS
v S,

L %p, Mgy - fu,bav - [u Tds+
2y 0X; oX, v 5

0 ie 0 e eT

i | v S,

108

)bidV—I(ui —u)T.dS

_J-au, D M auy v + 1J-8u, D M auy v
27, OX oX, 27 OX oX,

] v i

ou;? auy
+= 5 J' ™ Diju dv

oX,

v i

—;J' &;0,;dV — Iu dV—iuide+%j%D e gy -

Y i

(I jdV—IUfbidV—jufTﬁdS)
ZHE n 1J~5UI
27 OX a)(

v i

ijkl 8X
|

Dy M dv - (juG dV+juands ju AV - [usTds)
S

_ _ja“' Dy M v - (jua dV+'|.quS J.ude ju T.ds)

oX,

J

oX,

t

=11° +_J.Z%Dijkl %dv +(J.uieo_ii!idv +JufbidV)
\Y

j

ou; ou,
= —j — D de+ju (0y;; +b;)aV

2y oX,

J
—T1E +£J‘ai Dijklaidv
2y 0X; oX,

ou’ ouy
Since Dij is positive definite, —-Dy, —=
OX; oX,
ou’ ouy ou’ ou’

I—'Dijkl —~dV >0 forall—- =0 , and I
OX OX OX OX

% i | i v

e

>0 for all U #0 . Therefore,
X

a e

LDy, S N gy~ itf M=g
OX OX:

j | i

I1" >TI° (The equality sign holds only for u" =u, +?2?.)

Structural Analysis Lab.
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9.3. Principle of Virtual Work
[ ]

If the following inequality is valid for all real number o, the principle of virtual work

holds.
I, +av,) =TI (,) W, ev

g(a)EHRR(Ui +av;)
Z;ja(“i rov)p Ol +O‘Vi)olv—j(ui +av, )bV - [(u; +av, )T,dr

ijki
OX; X, v .

ov
o o
v OR

—j(u +av, )de [ +av,)Tdr

i

; ou 1 ov, ov,
Dy —*dV + =’ [ =Dy —-dv

ou
=5 J. Ijkl —* dV
oX, 20X oX,

o i ou, = ov; ov,;
g ((X) —IaT Dijkl aTdV —-[Vi bldV —ljvi T,dF + OL\‘!‘K Dijkl Edv

g'(0)= I@ ~Dyy Zuk av - Iv dv —jvifdrzo Vv, ev (for all admissible v, )
L

v i

j%cijdv ~[vbaV —[v, Tdr=0 forall admissible v,

i \Y Iy

If the principle of virtual work holds, then the principle of minimum potential energy holds
because the term in the parenthesis in the boxed equation of the principle of minimum

potential energy vanishes identically. The approximate version of the principle of virtual
work is

h
J’aici*}dv —_[VihbidV - _[vih'ﬁdl“ =0 forall admissible v}

Iy

Structural Analysis Lab.
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9.4. Rayleigh-Ritz Type Discretization

e Approximation

h

n
up =¢;09, +C,0, +---+GC, g, = Zcipgp
p=1

e Principle of Minimum Potential Energy

a0 0
i e

R | ag g _
MinT1" = EJC”’ Wj) DiiCiq a—XquV —Jcipg b.dV —lj:cipg ,T,dr
or’"
oc

=0 forallm,r

or

mr

ath_j m,ang Yo gy 4 L ,Je ng,Jk,s B gy [5.s000V - [5,.Tar

6Cmr j ijki kq 6 J a ;
a9, o9, .\, 1. 09, = ag, _
=—j 9 D i v zj o D Sedv - [g,b,dv - [g,T,ar
X; X v I,

:IZQTrDm,klckp ngdv jg 24V - [g,T,dr

i I

IagrD g"’chkp jg dV—J'ng_mdF

L

Co— fn=0 forallrandm

r

mjkl

=K

rmkp

e Principle of Virtual Work
v =8U" =8¢0, +8C,9, +-+-+8C,9, = > .8, 9, =5C, 7,
p=1

a9, 09 _
= [8c, == x DiCiq —cla qV - j5c,pg dV - [8c,,g,Tdr
\Y

Iy

a9, g, _
= Scip(\?[a_)(j Dijkl 8—XIdVqu —\'/[g pbidV - f[ g pTldF)

o o _
=8¢, ([ % Dy ﬂchkq ~[g,bdv - [g,Tdr)=0 forall5c,
v OX; X, v

I

SI" = K qCiqg — fo =0 forall pand i

pikg

Structural Analysis Lab.
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e Matrix Form — Virtual Work Expression
[sejoidv - [Bulb,dV — [8uTdr = 0
\Y% \4 I
J-Sa!}cihjdv =
\Y
J-(S 8?1(5?1 + 8822022 + 8823623 + 88{125112 + 6521521 + 88?30?3 + 8821021 + 8823623 + 8822022)dv =
\Y

J.(S 8?16?1 + 68226;2 + 5823623 + 288?20?2 +28 8?3553 +28 823523)dv =
v

.
j(58f101h1 +885,05, + 885507 + 8Y1,01, + 815015 +8Y33055)dV = .[Bah c"dV
v v

jss“ .o"dV :jau“ b dV+j6uh .Tdr
Y V

G

e Displacement

u, 99 0 0 g, 0 O g, 0 0
u"={u)| ={0 g 0 0 g, 0--0 g, O
ul 0 0 gb 0 0 g, 0 0 g,]|

=Nc

e Virtual Strain

h

88u1 Sc. %

ath . 0%,

odu, 9.

881:1 ox, 6Cy %,

6822 68u2 Sc.. %

(5¢") = Seg | X, ~ ¥ ox,
“len |7 h h| = _ _
Syf odu, N odu,) 56, %JFS% a9;
SyP, OX, OX, OX, oX,

h h

i) | DL, O | g, D5, B
0X, 0%, OXq X,
odu) adul | | 5c, Py 5c, P
5X3 5X2 3 X,

Structural Analysis Lab.
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% 0 0 69_2 0 0 89_n 0 0 | dcy,
0%, OX, 0X, 3¢,
0 % 0 0 89_2 0 0 8g_n 0 | sc
0oX, 0oX, 0oX, 81
oc
0 0 99, 0 0 9. 0 0 9, | %
_ 8X3 6X3 6X3 8C22 — Bsc
9 %G 5 99 G G, W g | By
oX, 0% oX, 0% OX, OX :
G o, %9 G g G 09 4 09 | s
X, X OX X, X, X, Scln
0 % o W W, 0|
i OXy  OX, OXy  OX, O0X3  OX, | Can
e  Stress-strain (displacement) Relation
1 Y ) 0 0
1-v 1-v
h B T S 0 0 h
G;l 1-v 1-v gﬁl
GEZ vV 1 0 0 0 giz
b Gas EQL-vV) -v 1l-v €35
(") = h 1= 71 a1 o 1-2v h
Gy, (1+V)(l— 2V) 0 0 0 0 0 Y12
o 2(1-v) h
13 1-2v Y13
- 0 0 0 0 0 yh
13 2(1_\/) 23
0o 0 0 0 1-2v
L 2(1-v) |
=De" =DBc
e Final System Equation
[efojdv = [&" -6"dV =c" [BTDBdVE =c'Kc
\ \Y \%
[ulbdv = [u"bdv =c [N"bdV =c' -1,
\Y \Y \Y
Iui“fdl“ = _[u“TTdF =c' INTTdF =c'-f,
rt rt rt
M =2[¢"-6"dv - [u" b dv - [u"-Tar
2v v T,
“Lorke—¢ f,—c’-f, =%CTKC—CT f
e Principle of Minimum Potential Energy
h
vIT" =681=Kc—f =0—>Kc=f
C

Structural Analysis Lab.
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9.5 Example

By the elementary beam solution, the displacement field of the structure is assumed as
2

X
u=a(——Ix
(- —ky
XS XZ
V=b(—-—1I
(6 2 )
2
oy o x=ly 0 e |ty 0
N = 2 6 21 | B= 0 0 ) D= 2|V 1 0
. X__X_I N X2 1-v 0 0 1-v
6 2 5 Sk 2
r 2
E L0l (x=Ny 0 X x|l v 0 J(x=Dy 0
K = J‘“‘ 2 v 1 0 0 0 dzdydx
1-v24d X 1-v || x? X2
0-h0 0 0 —-Ixjo o — |2 _Ix 2 _Ix
L 2 2 12 2
- 2 _ 2
E Lot (x-l)2y2+1 V(X——|)2 I V(X__IX)2
. zj” Ly A dzdydx
V' 0ho L (—-Ix)? (= —1Ix)°
| 2 ‘2 2 2
I°h® 1-v 2 1-v 2
_ E2 33 2 15 (2h) 2 15 (2h)
1-v 1_V£|5(2h) 1_—V£I5(2h)
2 15 2 15

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr




Dept. of Civil and Environmental Eng., SNU

114

Ph 1-v 2 1-v 2
p U 17V 2 sony 12V 2 s
E |“33 2 15 (@) == )(ajz_ﬁ(oJ
1-v LV 2p50n 1Y Zppn P 3LP
2 15 2 15

_2 _2
a_§1 vP_l v

= = P
2 ER° El
5 1 ,h,.1-Vv?
b=—-(1+=—-(~)° P
( 31—v(l)) El
1-v? x?
u= P(—-1Ix
£ (2 )y
51 h,1-v?_ x* x?
v=—1+-——"-(-))—P(——-——1I
( 31—v(l)) El (6 2)
P(x-1 M
Xx ( )yz_
I I
M
GW:VTy
5 h,1, x°
=——(=)"=(—-xDP
Ty 6(I) I(2 )
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