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Chapter 2

Approximation of Functions and

Variational Calculus
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Fundamental Considerations

e What is the best solution for a given problem ?
Needless to say, it is the exact solution...
e \What is the exact solution?
The solution that satisfies the governing equations as well as boundary conditions if any.
e How many do the exact solutions exist?
Of course, one... In case several or infinite numbers of the exact solutions exist for a giv-
en equation, we call the problem as an ill-posed problem, and have great difficulties in
determining a solution of the given problem...
e \What if it is impossible to determine the exact solution for various reasons?
We need approximate solution.

e What is an approximate solution?

e Fundamental Questions
- What is the best approximation?
- How can we calculate ai that represents the best approximation?
e A Good (or Robust or Well Formulated) Approximation Should
- Yield the best approximation to the exact solution for a given degree of approxima-
tion.
- Converge to the exact solution as higher degree of approximation is employed.
e What is the Definition of the Best Approximation?
- May be defined as the closest solution to the exact solution.
- But, how close is “the closest”?
- “Close or Far” implies the distance between two spatial points.
- We should define some sort of ruler to measure the distance between two elements in

a function set...
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e Discretization

- Representation of a continuously distributed quantities with some numbers.

f(X)= Zaigi (X) Vi(X)ev where g; are the basis functions of a function set, v

i=1
- Set : Collection of some objectives with the same characteristics

- The basis functions should be linearly independent to each other.

> ag;(X)=0 ifandonlyifall a =0

i=1
- Taylor series, Fourier series, etc...

® Approximations

f(X):Zn:aigi(X)z f“(X):Zm:aigi(X)eu“ cv where m<n
i=1 i=1

e Summation Notation: Repeated indices denote summation Zaibi =ab,.
i=1

e Normes of Functions: A measure of a function set
A function set v is said to be a normed space if to every f v there associated a
nonnegative real number | f|, called the norm of f, in a such way that
- |f||=0 ifandonlyif f=0
- |of|| = al|f| forany real number a.

- [ al=<ft]+lel

Every normed space may be regarded as a metric space, in which the distance between
any two elements in the space is measured by the defined norm. Various types of norm

can be defined for a function space. Among them the following norms are important.

- Ly norm: ||f||L1 :.|'|f|dV
\
- Ly norm: ||f||L2 = (.[fde)”2
\

- Hnorm: |f|,. = (J(f*+Vf.V)dv)"?
\
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General Ideas for the Best Approximation

Let’s find out a approximate function that is closest to the given function by use of a
norm defined in the function space. If this is the case, the characteristics of an approxima-

tion method depend on those of the norm used in the approximation.

Least Square Error(LSE) Minimization

Error: e=f —f"

Minimize 11~ Jef} =t - £*[] =1j(f ~ )2V
oIl

P —f)?dv j(f“—f)gkdv

k

g,a,dV —jgkfdv

=

\%
ED

\Y —l
Zm:_[g 9,dVa, —J.gkde ZKk.a. F, =0 for k=1---,m
\

i=1
Final System Equation : Ka=F

If the basis functions are orthogonal, K becomes diagonal.
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e Variation of a function

- The variation of a function means a possible change in the function for the fixed x.
ﬂk
f

N

of

P

Variation of a function

v

e Variational Calculus

- iff =a,g, then
the variation of f is defined as of =da;g; or by definition &f :%Sai.
- F(f):oF =E5ai :ﬁigai =ﬁéf
0a, of 0oa, of

- O(f +h)=05f +8h
- §(fh) =hdf + foh
gl o e d o o

dx oa;, dx dx 0a, dx

5] fdx = a%j foxda, = I%Saidx = | fclx
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e Minimization by Variational Calculus

Min H(f“):%lj(f—f“)zdx

| | |
an(f“)=6(3j(f“—f)zdx)%ja(f“—f)2dx=j(f“—f)5f“dx
0 0
| h
= [( f“—f)id x5a, = aHSak
oa

0 k
Min TI(f") :E-[(f — f")?dV < 81 =0 forallpossible &a,
\%
e FEuler Equation

|
MinH(f)=.|.F(f,f’,x)dx:>§—H=O forallk
a

k

oIl oF of aF af ¢ OF
—=— F(f, f',x)dx = —d - [(E—+ F— = dx
da, j (f.1.% I I(af da, ) !a “ af'gk)
|
d oF
—Z_g,)dx
af' 0 ! 9 o O

In case the basis functions vanish at the boundary, then

OF _dOFy =0 forallkw OF _ 4 OF

|
o [ o e

STI(f) = jaF(f £, x)dx = j(_sf 5, nx = °F If Sf_iaF

5f )dx

0 0

In case the variation vanishes at the boundaries, then

oF d oF t oOF d oF oIl
STI(f = ystdx = [(E-—— ) g, dxda, = —da, .
(f)= j( o) !(af o o 90, =202,

Therefore,

Min I1 < 8I1=0
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Example 1

Min TI(y) = [y1+(y)*dx subjectto y(x,)=y,, ¥(%,)=Y,

oF _d ok
of  dx of’

d a rZ__i/ n2\-1/2 _
=0—a;%WAﬁ+(Y))— o)) =0

d ! 4 — " 4 - ’ 1 ! - N
o) A+ (YN =y"A+(Y)) P +y (—E)(1+(y )22yl

=y (o)) -y -y (y)) 27 =0
1+(y)

" _

—0—>y=ax+b. ByapplyingBC, y"=0—y=2"Y1y, XVimXY,

X =X X, =X

Example 2

Min H(u):j(%(u’)z—uf)dx subjectto u(0)=0, u(l)=0

6_F_iﬁ:_f —i(il(u')z)z—f —iu'z—f -u"=0->u"+f=0
ou dxou' dx ou’ 2 dx
Homework 1

. Approximate a cosine function y = cosTnx by polynomials based the minimization of

the least square errors. Use polynomials up to the 20™ order. You may use a numerical in-
tegration algorithm such as Simpson’s rule, the trapezoidal rule or the rectangular rule.
You also need a numerical solver to solve linear simultaneous equations in the “Linpack”.
For the accuracy of your calculation, please use “double precision” in your program. You
should present proper discussions on your results together with some graphs that show
your approximate functions and the given function.

. Derive Euler equation for the following minimization function, and proper boundary condi-

tions.

|
Min H(f):jF(f,f',f",x)dx
0

. Derive the governing equation and the boundary conditions for the following problem.

i Tigw) = [ (2

)% —waq)dx
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Chapter 3

Elliptic Differential Equations in One

Dimension

= 2 N =
= ody dx *
-dg, dg
a0 | =—(—1I -
~| dx(.:ix
B i BB gy vor, (BB LA
dx dx < ody o dx dx
dg . dg . dg _ sde_ dE
o s v_ + 5 U_}dx+E-U_LI o (dx _+
G- QL 385 SN varr | A gy O
©odx dx < odx Cdx i
- dg cde ., dE
S +=E T +&0r R ol T
{dx dx +Jdx +~I dxl:dx
dg

2 de
=7 dx +&00
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3.1. Problems with homogenous displacement boundary conditions

® Problem Definition

d?u

X2

+f=0 O0<x<Il, u@=u()=0

e Approximation — Discretization
u"=>ag; where u"(0)=u"(1)=0

e Residuals

Verbal Definition : Something left over, or resulting from subtraction...
2,,h

Equation Residual : R = dd U f20  0<x<l
x?

Function Residual : R, =u-u"#0 0<x<I
e Error Estimator :

d2h

|
HR:%_([R :—J‘(u u)( -+ f)dx
® | east Square Error
2,.h
:—j(u u)(d“ + f)dx
d’u
= — u-— —
l( dx2)
du du", du" du
el (L)Y Geteled | ] f el | G Yy
2( )( ) Zv([(dx dx)(dx dx)
:_J'(d_u_— d—u—dL)d = [1*° <« LeastSquare Error
dx

e Energy Functional — Total Potential Energy

2,.h

=—j( ~u )(OIzuh +1)dx :—j(ud2“h+ uf —ur 4

:-{j(uf u f)dx+u74 %

:-jufd (—jdidid —ju fdx) = C + 1%

—u“f)dx

"dx — u"d)'{ﬂ| + fdu” gu® dx}
/dx o dx dx

—f

Structural Analysis Lab.
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e Minimization Problems

Min TI? < Min 1" < Min IT™ wrt u" ev”

e Min IT®: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

1% Order Necessary Condition for Minimization Problem

anRR:j d du - —j—fdx
0
|

=jdi(i ,89-)(231 ag')o|x j—(zag)fdx

a, T dx a i

I, cdg, d
:Z}[%d—ida J'gkfdx

e JSII™ =0: Variational principle or Principle of Virtual Work

ST = (= jd“ dd“ dx — ju fdx)

_j-_“ cdsu” du”
dx

—dx- J'Su fdx
|
dg, dg
—k —Zldxa, fdx
!d ! jgk )
K.a —F)=0 —(da)" (Ka-F)=0
e Solution Space
|
- uev={ulu(@=u(l)=0 , j(‘;—“)zdxm}
X
0

- v"=v : The minimization problems yield the exact solution.
- v"cuv : The minimization problems yield an approximate solution.
® Properties of K

dg. dg. ~dg. dg.
- Symmetry : Kij = %idx = ji%dx —K
o dxdx o dx dx

- Positive Definiteness :

ji

| h I m dg m dg
_2 i ) ]
_([( ) dx = !;W.;—adx JdX
_ 3, S+ dg; 49,
_;aiélaadxa _Izl:;aK a, —a'Ka>0

Structural Analysis Lab.
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e Absolute Minimum Property of Total Potential Energy

o Lpdutdu’ ju fdx = = jd(“ u) du-u’) 4 j(u 0 fdx

25 dx dx 27 dx dx
:—jd—Ud—ud —J. ufdx + = J'dldl Idu du dx+ju fdx
dx dx dx dx
:_Id_ud_ud o T deL _ I
dx dx 5 o dx dx Xlo %
|
=_;d_“d_“d - futax L[ ou" A" x+Iue
2+ dx dx 5 0 “dx dx 5
_1'Id_ud_ud —J.fd ¢ du du®
2+ dx dx dx dx
|
=TI + L (The equality sign holds only foru® = C)

0

e Weighted Residual Method

h

_jq)dex j¢( d*u +f)dx=0 for k=1,

- if ¢, =9, : Galerkln Method (elliptic System or self-adjoint system)

| d2uh duh|| Idg duh |
nk:_([¢k(d7+f)dx:gk o L}—! dxk o dx+jgkfdx

¢dg, du" tdg, &

! k » dx+jgkfdx_ !—Xklzl“ adx+ngfdx

m |

_zjdgk dgldxa +J.gkfdx=0 for k=1,---m » Ka=F
7, dx dx

- Identical result to the Rayleigh-Ritz Method or Variational Principle

- if ¢, =g, :Petrov-Galerkin Method (hyperbolic system or non-self adjoint system)

e Weighted Residual Method vs. Variational Principle
m =0 for k=1--m < > mda, =0 Vda

i=1

ana_ZSajg( +f)dx jzf)ag( +f)dx_

0 i=1l

d8u du

+ f)dx =

j sun( ; ”2 j su" fdx) =0 for all possible su”
X
0

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU

dz‘j — 1, u(0)=u@) =0

e Examplel:

. 1 1
- Exactsolution: u=-=x"+=>x
2 2
- Firsttrial : u" =a, +a,x+a,x’

h

Applying BCs: a,=0, a,=-a, — Uu" =a,(-x+x?), ddL:aS(—lJer)
X

1 i 1
~1+2x)%dx ==, F, =|1-(-x+x*)dx=—-=
( ) 30 N _(l; ( ) 6

Il
O Sy

Eas :_%_> a, :—%. Therefore, u" =u

3
- Second Trial : u" =a, +a,x+a,x* +a,x°
Applying BCs: a, =0, a,=-a,-a, — U"=a,(-x+x?*)+a,(-x+x°)
— —_—
01 92

dg, _
dx

99 _ (g4 3
X

1 1
1 4
Ky, =£(—1+ 20)%dx =2, Ky =£(—1+3x2)2dx=g

1
K, =K =j( 1+2x)(~1+ 3X )dx—%
0
1
F, = jl(x+x)dx_—— _[ (=x+x})dx=-=
0
1 1ia) |1
.13 2 _) 6 1
System Equation : 11 = 1 —>a,=-—,3,
2 5] 4

2
e Example2: 3‘;=—nzsinnx, u(0)=u@=0
X

- Exact Solution : u = sin nx
- Firsttrial : u" =a, +a,x+a,x’
h

Applying BCs: u" =a,(-x+x%), ddi =a,(-1+2x)
X

1 1
Ky :j(—1+ 2x)%dx :l, F = nzjsin X (=X + X?)dx = 4
0 3 0 T

1az =—£—> a, =—E. Therefore, u" :—E(—x+x2)
T T T

u(05)— =0.955 Error=45%

Structural Analysis Lab.
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- Second trial : u" =a, +a,x+a,x’ +a,x’
Applying BCs: a, =0, a,=-a,-a, — U"=a,(-x+x?*)+a,(-x+x°)

01 92

99, _ 140x), 992 - (14342
dx dx

1 1
_ 2 _1 _ 2\2 _4
Kll_'([(—1+2x) dx=3. Ky _!;(—1+3x )idx=
L 1
Ky, = Ky = [ (<14 2x)(~1+3x°)dx =

0

1 1
F = nzjsin X (=X + x?)dx = —%, F, = nzjsin X (=x+ x*)dx = —%
0 0

1 114 4
3 207 | & 12
System Equation : % 121 = g —a,=-—,a,=0 7777
= 2lla _2 T
2 5]\ T

m’ .
- Ingeneral u" => a,(-x+x')
i=2

1 1/2

I(sin mx—u")?dx

Function Error=| *—

J.sin2 nxdx
0

1 1/2

[ (reosmx—(u")) dx
Derivative Error=| 2 -

n? j cos? mxdx
0

To evaluate numerator in the error expressions, the midpoint rule with 100 subinter-

vals is employed.

- Raw Output

*x*xk  2th-order Polynomial *****
a 2 = -0.3819719E+01
Errors for 2th-order polynomial

Function error = 0.2009211E+01 %
Derivative error = 0.6010036E+01 %

Structural Analysis Lab.
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*x*x%k  3th-order Polynomial *****

a?2
a3

-0.3819719E+01
0.0000000E+00

Errors for 3th-order polynomial
Function error = 0.2009211E+01 %
Derivative error = 0.6010036E+01 %

*xxxxk  Ath-order Polynomial *****

a 2 = 0.4193832E+00
a 3 = -0.7065170E+01
a 4 = 0.3532585E+01

Errors for A4th-order polynomial
Function error = 0.4048880E-01 %
Derivative error = 0.1956108E+00 %

*x*x* 5th-order Polynomial *****

a 2 = 0.4193832E+00
a 3 = -0.7065170E+01
a 4 = 0.3532585E+01
a 5 = 0.7833734E-12

Errors for 5th-order polynomial
Function error = 0.4048880E-01 %
Derivative error = 0.1956108E+00 %

*x*x*  6th-order Polynomial *****

-0.1405727E-01
-0.5042448E+01
-0.5128593E+00

0.3640900E+01
-0.1213633E+01

DYDY
OUIThWN
I

Errors for 6th-order polynomial
Function error = 0.4444114E-03 %
Derivative error = 0.2944068E-02 %

*
*
*
*
*

7th-order Polynomial *****

-0.1405727E-01
-0.5042448E+01
-0.5128593E+00
0.3640900E+01
-0.1213633E+01
0.5029577E-09

DYDY
NOOBRAWN
I nn

Errors for 7th-order polynomial
Function error = 0.4444114E-03 %
Derivative error = 0.2944068E-02 %

*xxx%k  8th-order Polynomial *****

0.2231430E-03
-0.5170971E+01
0.2265606E-01
0.2462766E+01
0.2001274E+00
-0.8751851E+00
0.2187963E+00

DYDY DD
O~NOUThWN
I u

Structural Analysis Lab.
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Errors for 8th-order polynomial
Function error = 0.3045376E-05 %
Derivative error = 0.2548945E-04 %

*
*
*
*
*

9th-order Polynomial *****

0.2231387E-03
-0.5170971E+01
0.2265578E-01
0.2462767E+01
0.2001259E+00
-0.8751837E+00
0.2187955E+00
0.1698185E-06

DYDY
OCO~NOUOD_WN

Errors for 9th-order polynomial
Function error = 0.3045376E-05 %
Derivative error = 0.2548945E-04 %

*x*x* 10th-order Polynomial *****

-0.2313690E-05
-0.5167665E+01
-0.4905381E-03

0.2553037E+01
-0.1050486E-01
-0.5742830E+00
-0.3911909E-01

0.1217931E+00
-0.2435856E-01

OCO~NOUTRAWN
I T I T T TR T

DYDY DOD

o))
=
o

Errors for 10th-order polynomial
Function error = 0.1289526E-07 %
Derivative error = 0.1450501E-06 %

*
*
*
*
*

11th-order Polynomial *****

-0.4281311E-05
-0.5167629E+01
-0.7974500E-03

0.2554541E+01
-0.1501611E-01
-0.5656904E+00
-0.4955267E-01

0.1296181E+00
-0.2766239E-01

0.6006860E-03

DD ODD
OCO~NOUIThWN

D ®
[y
(NS)

Errors for 1lth-order polynomial
Function error = 0.2263193E-07 %
Derivative error = 0.2253144E-06 %

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Result plots
[ °
10° ]
1077
s
e 10"
T e N S
6 ——— Function
107 7
Derivative -\ Py
107 T T T T T T T T
2 3 4 5 6 7 8 9 10 11
Order of polynomial
Variation of errors
1
0.8 |
0.6 | .
3 -.
L ) '\
041 : — Bxact
g 0 e 2nd order
O 4th order
0.2 ] \
0 T T T T
0 0.2 0.4 0.6 0.8 1

X-Coordinate

Plot of approximate function for different orders of polynomial
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F(X)

1 — EBExact
A 2nd order
i O 4th order
-3
-4 T T T T
0 0.2 0.4 0.6 0.8 1

X-Coordinate

Plot of derivative approximate function for different orders of polynomial

e Homework 2

1. Derive TI®® for the following ODE for a beam subject to axial force P (positive for com-

pression) as well as a traverse load g. Assume homogeneous displacement BCs.

d*w d’w
4 + P 2
dx dx

El -gq=0
2. On what condition does the principle of minimum potential energy hold for Prob. 1 ?

Discuss the physical and the mathematical meanings of the condition.

3. Approximate solutions for a fixed-fixed end beam with a uniform load by polynomials
with one unknown and two unknowns. No axial force is applied. Compare your solutions
including displacement, rotation, moment and shear force to exact solution and discuss.

Structural Analysis Lab.
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3.2. Problems with Traction Boundary Conditions

e Problem Definition

- Differential Equation
d*u
dx?

- Boundary Conditions

=0 O<x<l

at x=0 u=0 or d—zf andat x=1 u=0 or d—u:T_
dx dx

® Error Minimization: Error Estimator

2..h
d’u L f)dx+ (u u)(d—“—dl)
X
0

=—j(u UM

=5(u— )(———) ——j(d—“—di)(di——)dx v - )(d_u_dL)
dx X dx o

:_J.(d_u__ d—u——)d _HLS
dx

e Energy Functional — Total Potential Energy

du du

+ f)dx+= (u—

=—j( - )(

2..h 2.,h
_lj-(udu uf —u" du du du
d
h

dx Iu fdx —u" ‘

IQEJELd}

- _-[(Uf dx dx

dx + —{u

+= (u——

d du"
:E(ludeJruT‘o) j” u

=C+II™

® Minimization Problems

MinTI? < MinTI® < Min II™ wrt uev"

Structural Analysis Lab.
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e Min IT™: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

1° Order Necessary Condition of Minimization Problem

RR | h
oIl :Id (du)du d_Idu o _du_l_
da, yda,  dx’ dx , da da, |,
| |
d <, 99, 99
=[S a0 a i)dx—j_(za g )fdx——Za g, 7l
o da, T dx T E dx o d i 0

a
o, dg, dg;
:Zj L0 —J'gkfdx ng‘ —sz.a. F, =0 for i=1---m
10
Ka=F

e JITI™ =0: Variational Principle or Principle of Virtual Work

du” du”
dx dx

d8u du”

SIT™® =§(= I ——dx— J.u fdx —u

jSu fdx— 6u“T

_ZSak(Z'[dngk d%(l dxa, —jgkfdx g T‘ )

_ZBakZKk,a, F)=0 - (da)" (Ka—-F)=0

i=1

e Absolute Minimum Property of Total Potential Energy by the Exact Solution

u" =u-u®

jdu du’ —dx— Iu fdx —u" ‘

diu-u®)d(u-u®)
ZI i ™ dx — I(u u®) fdx —(u-— u)T‘

_ Idu dudX _[ufdx uT‘ Idu du® jdu dudx+Iu fdx+ueT
dx dx dx dx dx dx
e |
:—Id—Ud—ud —J‘ufdx—uﬂI +— dLdidx—u‘*d—u +J'ued l;
dx dx 0 2y dx dx dxj, o dx
! 2 |
:i CI—Ud—ud —qudx uT‘ [du° du’ x+_[ue(d—l:+f)dx+ue(f—d—u)
2 ¢ dx dx dx dx o dx dx”|,
|
_lpduddg, —jufdx—uﬂ' Lpdutdu
2+ dx dx 0 29 dx dx
| e
= Lrauy (The equality sign holds only for u® = C)
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e \Weighted Residual Method

du ¢ diu” du du
jgkR dx+g(———) =[0u 7+ D g, (-
5 dx

du“| _Idgk du”
“dx|, 5 dx dx

du
dx+jgkfdx+g (—X——)

0

J.dg" du” dx+.|.gkfdx+ ng‘

0
< dgk dgl =!
—IZJ' o —Ldx a, +.|‘gkfdx+ng‘0 =0 for k=1---,m — Ka=F

e Weighted Residual vs. Variational Principle

n, =0 for k=1---,m <:>Znié‘>ai =0 for all possible da,

i=1

Zs e jdgk du’ dx+jgkfdx+g )

m dda,g, du"
:kZ:;( ! d:(gk ; dx +_[8akgkfdx+8akg T‘)

- de u’ du’ dx+j5u fdx+5uhT\ — SR =0
o dx dx

Structural Analysis Lab.
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3.3. Integrability Condition - Regularity (continuity) Requirement

|
- Integration of functions with discontinuity jf(u(x))dx 7?
-

A A
v
u+
AN
2¢
Original function u Function with transition zone U

j f (U(x))dx = mj f (@(x))dx

u for -1 <x<—¢
u+8 _u—S u+8 +u—€
X+

2¢ 2
u for e<x<lI

where U = for —e<x<ge , U™ =u(e), u*=u(-g)

|
- Can we integrate Iudx on what condition ?
-l

_I[de = fde + jﬁdx + 'I[de
- - €

—€

€ +& €

r ut®—-u-® u*®4+u-
udx = X+ dx=U" +u®)e
Judx= [ = )

judx = Liirg(fﬁdx + jde + j[de) = Liirg(fﬁdx + 'i.de + (U™ +u)g)
- | —¢ e -1 €

The last integral vanishes as faras u™ and u™® are finite, and the integral becomes

'I[udx = }udx+J|‘udx
=l = 0
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|
- Can we integrate juzdx on what condition ?
-

jUde = fﬁzdx + jﬁzdx + jﬁzdx
| g —& 3

I e U —uT o U 4u € €
Uldx = X+ Zdx=U" —u) P =+ U +u) S
[ [6— S dx=( )+ )
| —g € |
24y _ 1 =2 =2 —2
J.Iu dx—Lm(lu dx+J'u dx+'[u dx)
— |
L =2 =2 te € ZE +e - ZE
_Lm(Ju dx+Ju dx + (u u) 6+(u +U™%)

The last integral vanishes as faras u™ and u™® are finite, and the integral becomes
| 0 |
qudx:juzdx+ju2dx
- - 0

¢ du
- Canwe integrate j (—)?dx ??
J,dx

'jl(z—‘:)de

T(z—z)zdx—k j )dx j(—) dx
j( e+ j(

_ (_) dx —”)2+ (d_U)de
2¢e dx

)dx+j(—) dx

JE: dx—nmj(—)d—j(—)d j(—) et &4

— 3»0 oS

Therefore, the given definite integral has a finite value if and only if u is continuous.
limu(+e) = limu(-¢)

From the physical point of view, the aforementioned continuity condition represents the
compatibility condition, which states that the displacement field in a continuum should
be uniquely determined, ie, defined by single valued functions.

Structural Analysis Lab.
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|
. du .\
- Can we integrate jud—dx on what condition ?
X

jﬁz—zdx = fLTd—UdX-i- Iu —dx+ju —dx

’ Y dx

Sud—de—j(“H_“_sH“ ual LR VB RO C I D
°odx c 2¢ 2 2¢ 2

¢ do cdu _ 1 (Ut HUT®)
u— udx —udx==(u?()-u®(-e)=u** -u*)———2~
_[dx j _>£dx S (U*(@) - (=) = ( )

Jug—idx _ Iim('[IUd—gdx+iUz—zdx+j!Ud—Ldex)

| e—>0

i Fa 9T g o 98 g e ey 47U
—Ilm(ju dx+'[udxdx+(u )——)

e—>0

_Tudxdx+J.u—dx+(u )W%_)

= Tu ™ dx+_[u—dx+[u] (u)*

Therefore, the given definite integral has a unique & finite value even if u is discontinu-
ous.

e Homework 3

1. Derive TI®, T1®, I for the following ODE with the homogeneous displacement BCs.
d*w
dx*

2. Prove the absolute minimum property of TT™® derived in Prob. 1 by the exact solution.

3. Approximate solutions for a cantilever beam subject to a uniform load (g) over the span
and a concentrate load applied at the free end by polynomials with one unknown, two un-
knowns and three unknowns. Compare your solutions including displacement, rotation,
moment and shear force to exact solution and discuss.

4. ldentify the integrability condition for the following integrals, and evaluate the integrals

for the identified condition.
| 2

| 2
J'(d \;v)zdx and jd—W—dd w
5 dXx dx

0
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3.4. The Other Side of the Principle of Virtual Work

Physical Viewpoint

If a deformable body is in equilibrium under a Q-force system and remains in equilibrium
while it is subjected a small virtual deformation, the external virtual work done by exter-
nal Q forces acting on the body is equal to the internal virtual work of deformation done
by the internal Q-stresses.

[su,Qds =g 0,dv  where  5e; =
S \%

ij >

1 68Ui asuj
100,
2V ox, | ox,

i

Mathematical Viewpoint - Continuous Problem

If A(u) =0 should hold for a given system, then the following statement should hold.
Here, u e v, and the order of A should be the same as u.

fﬁu -A(u)dv=0 V duev (v: A proper Function space)

- Example : Beam problem

d*w

The governing equation for a beam problem : El ™ =(
X

The expression for virtual work :
d*w d%sw _, d’w
~ —q)dx:o—>j El

dx® dx?
If dw is the displacement induced by the unit load applied load at x; , the expression
for the principle of virtual work becomes as follows.

J- M*M©

ISW(El dx = _[qudx

\

dx :.[6wqu :Iwa(x—xj)dx = W(X;)

v

where M" is the moment induced by the unit load applied at x; and d(x—x;) is a

delac delta function applied at x;.
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e Mathematical Viewpoint - Discrete Problem

du-A(u)=0u,-A(u)=0 WVouev (v:A proper Function space)

F! I/ _
m(') o FI

- Example : Truss problem

Equilibrium Equations at joints
m@) _ mi
DH{+X'=0, DV/+Y'=0 for i=1--,n

= j=1

Virtual Work Expression

Zn:((ZH'+X You' +(Zv +YHev')=0

i=1 j=1

n m(i) m(i)

D ((-D_Fj coso’ + X")du' +(ZF sin®} +Y')dv') =0
i=1 j=1 j=1

n m(i)

Z(Su ZF cos ', + ' ZF sin ') = Z(X Su' +Y'8v')

(dv, —8v,)sin,

A
(dv, —dv,)
(du, —du,) cos 6, ;
—-du,)
ei
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nmb

D" (F'cos6, (3u; —uy) + F'sin 0, (3v; —dv;)) =
i=1

D F'((8u —8u;) cos6; + (8v, —dv;)sin6;) =
i=1
nmb nmb Hili nmb Fil,tili n n

FIAl =Y F'——= — = (X'8u' +Y'8v') =Y (XU +Y V)
le g le (EA) izzl:(EA) le le g g
If u force system consists of an unit load applied at k-th joint in arbitrary direction,
then
k, k ky, k & Fiuili
X0+ = [X]Jufcos = u]coso = > =
7 (EAY)
3.5. Finite Element Discretization
e Domain Discretization
de _
X, =0 X X, no X, =
® ¥e o o‘/c o ®
Ul Il U2 |2 U3 |3 U4 In Un+1
| h h |
SI1 :deU dex—j fou"dx — u"T ],
o dx dx 0

RS dBUhE RS by s !
_;f'. v dx ;{fSU dx —8u"T|,

h h
:Zde—Udex—ZI f8u“dx—6u“ﬂg =0 forall admissible du"
=1 dx odx e i

e Interpolation of Displacement Field in an Element
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uL
U:(X):NELU;_-I—NSRUE :(NeL’NeR)[ EJZN'U
ue

L
Sul (x) = N Sulr + NFsul = (N, Nf)(g’“e ]: N-3u,
u

b= Xen =X _ Xew —X

! e+l , NeR: X_Xe :X_Xe
Xe+l - Xe Ie Xe+l - Xe Ie
e Discretized Form of Variational Statement
h L R L L
du, :dNe ueL+dNe ueR (dN ,dNe) c |_B.u,
dx  dx dx dx uy
h L R L
ddu, dNe su L dNe suF _(dN ’dNe) =B~6ue
dx dx dx dx
Jdé}u du”

——d - I_[ fu"dx — 8u hﬂlo

—Zj(d&‘ T B 2] U fox— Ul (0T () —5u; O )

= ZSUZIBTdeue —ZSU”NT fdx —Su°T
e I, e I,

=Y 8ujK,u, — > 8ulF, —8u°T =0

Compatibility Condition — Continuity Requirement

uti_ :uf—l :Ue'ueR e+1 Ue+l
Ul
ut 0o --- .. 0| ue
u,=| °|= -C,U , &u, =C,U
us o --- 01 -- 0_ Ue+l
U;H—l

Global System Equation — Global Stiffness Equation

8I=>)8U'C{K,C,U->8U'CIF, -8U'C;T

=8U"(D_C/K.C,)U-58U" (ZCTF -C/T) - KU=F

=8U" (KU —-F)=0 forall admissible §U
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Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU

e Rayleigh-Ritz Type Interpretation of FEM

i gl+1 gn+1
Un+l
u" = 9;U;
|
JdSu du’ AU 4y —ISu fdx for all admissible 5u"
dx dx

0

| n+ n+1 |
jdsu e Ssu, ijdg' g’dU -

o dx o dx - P
5U j dgl(dglu dd92u )dx +
5U jdgz(dglu ddgzu )dx +5U jdgz(dgw ddg3u3)dx+
X
1dgl—l dgl 2 dgl—l dgl—l dgl—l dgl
U, , | =& S u,l)dx+5u,lj (S U+ U e
d i d i d i d i d i d i+
85U, j J; & Ji Sy, d“iui)dx 18U, j d‘i (dg U, + 3 Ly, )dx +
6U|+1 dgi+l (dg| Ui + dgi+1 Ui+1)dx +8UH1 dgi+1 (dgi+l Ui+1 dgi+2 U|+2)dX+
y dx dx dx o dx o odx dx
SU J' dgn (dgn—l dgn Iy )dX +8U dgn (dgn U _+_dgn+1U 1)dX+
Tax Toodx Cdx o "odx M
3,0 %(diuﬁ%um)dx

Xn

Xis1

X
Xis1

= 8U] [BTBdxU,

e

n

(eau.o('jimui+1 Olg'+1)(°'g'u dg'ﬂu L)dx

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Finite Element Procedure
1. Governing equations in the domain, boundary conditions on the boundary.
2. Derive weak form of the G.E. and B.C. by the variational principle or equivalent.

3. Descretize the given domain and boundary with finite elements.

V=VuViu---uV" | S=S'uS*uU.--uS"
4. Assume the displacement field by shape functions and nodal values within an element.
u® =N°U*®
5. Calculate the element stiffness matrix and assemble it according to the compatibility.

Ke=[B'DBdV, K=YK°
1€ €
6. Calculate the equivalent nodal force and assemble it according to the compatibility.
F*=[NTfdV+N'T|, , F=>F°
¢ e
7. Apply the displacement boundary conditions and solve the stiffness equation.

8. Calculate strain, stress and reaction force.

e Example with Three Elements and Four Nodes

X =0 X, Xq X, =1
. ~ T .
U, I, u, I, U, I U,

- Shape Function Matrix

|JL
up ()= Niuj +NJu =(N$'N5)(uij= et
e

NL: Xeyg — X :Xe+l_x NR: e :X_Xe

) Xer — Xe Ie , ) Xesp — Xg Ie
dNS dNT 1

B, =(—¢&, —¢)="[1,1

5 (dx dx) I [ ]

e

- Element Stiffness Matrix

T

v, e

Structural Analysis Lab.
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- Compatibility Matrix

Ul Ul
LY f1 0 0 ofuU LY Jo 1 0 o]uU
up = L |= l=CU, u,=| 2 |= *|=C,U
uk) [0 1 0 0]uU, u¥ ) [0 0 1 0]U,
u, u,
Ul
L _(us)_[o 0 1 ojuL|_
*luf)jooo 1ju,|
u

IS

- Global Stiffness Matrix
K=>CIK.,C, =C/KC, +CiK,C,+CK,C,

1 0
101}[11}[1000}110{11}{0100}
|0 0|-1 1Jl0 1 0 O] L|O 1|-1 1J0 0 1 O
00
00
+1{00{ —1}{0010}
IL[1 0f-1 10 0 0 1
01
1 -100 0 0 00O 00 0 O
_1|-1 1oo+£0 1—1o+£oooo
LI 0 0 0 0] I -1 ol I,JO 0 1 -1
0 000 0 0 0 00 -1 1
R
I, I,
2111 1
:I1I12 |2
o 1 1.1 1
I2|2|3 |3
0 o -1 1
L |3 I3_
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- Force Term

Koy — X 1
Fe=l_|.( - j-ldx:l—e(j
I, ¢ UXx=X, 2\1

F=>C[F, =C/F, +CF,+C;F,
e

I
10 00 00 | 2,
1,2
:|_10 1(1)+|_21 0(1j+|_30 (1)2 >t
2|0 0f\1) 2|0 11 1 0\1 | b
00 00 2 2
Iy
2
- System Equation
1 0 ofu’ l,
I1 |1 E
_1 _+l _l O UZ |_1+|_2
R PR l, _|2 2
A S S S I O
L, 1, 1, I, 2I 2
1 1 I3
] 0 0 —E E_U4 2
1 du(l)
- Casel: I,=LL=I,== u(0)=0, =0
1 2 3 3 () dX
i 1 0 ofu' Iy
1, l, 2
) (Ve 2 —1 O)u? 1
Lok ! 12 2501 2 —afu =t
O _l 14_1 _i 3 I_2+|_3 4
Lo I §] 2| > 0 -1 1llu 0.5
1 1 3
0 0 -- = =
i , L\ 2
5 8 9
U,=—,U,=—,U,=—
218" 7 18" * 18
A A
Displace- Strain (or Stress)
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. Case2: |1=|2=|3=% u(0)=0 , u(l) =0

i1 0o ofu’ Iy
I11 1 I1l 1 | 2|
-= 4+ = -= of|u? 1.2
Lo, I, _ 2+2 N 2 -1ju’ _11
1 1 1 1 L -1 2 3| 9l1
0 -= Z+— —=|ys| |2+2 U
L, 1, I 2I 2
1 1 Is
i 3 3
1 1
U,==,U,==
29" 7% 9
A A
.........
Displace-

Strain (or Stress)

3.6. Finite Difference Discretization

e Differential Equation

2
3 lzj +f=0 — D% +f =0 whereD?isa2"-order finite difference operator.
X
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e Finite Difference Operator (Central Difference)

- Suppose u is approximated by a 2"%-order parabola ,ie, u =~ ax?+bx+c

® °
U, =al? -bl_ +c
1 1 1 1 1
U;=c —>a= (—U -G+ +-Uy)
T L L
U,,=al’+bl, +c
2
Iu - pa=za= 2 (tu, (L hu s tu
dx“| _ L+ L, L, L l.
e Finite Difference Equations for interior nodes
[ .o+1
_iui_l+(i+£)ui_iui+1:L+'fi
Ii—l Ii—1 Ii Ii 2

e Finite Difference Equations for Boundary Nodes with Displacement BCs
In case that a displacement BC is specified at a boundary nodes, the finite difference
equations need to be set up for only interior nodes. The BC can be applied to the finite
difference equation for the node adjacent to the boundary nodes.

- Example — Case 2

_/?]Zﬂl +(l+i)uz _ius = Lty f
1 LI 1, 2

_iU2+(i+£)U3_£ 4=|2+|3 fs
l, L, 1 4 2

e Finite Difference Equations for Boundary Nodes with Traction BCs

In case that a traction BC is specified at a boundary nodes, a special treatment for bound-
ary condition such as ghost node is introduced.

Structural Analysis Lab.
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- The finite difference equation at the node n+1 :

—%Un+(ll+li)u

n

I +1
1 Un+2 :%fml

n+l_|

n+1 n+1

- Approximation of the traction BC by the finite difference operator.

d_U zUn+2_Un:0_)Un+2=U
dX x=I In+l+|n

n

- Substitution of the FD traction BC into FD equations for the boundary node.

_ In + In+l f
n+l — 2 n+1

—(|1+Ii)un +(Il+|i)U

n+1 n+1

Since the location of the ghost node is arbitrary, |, =1, can be assumed without

loss of generality. The final equation for the boundary node becomes

_lun +£Un+l :I_nf
I | 2

n n

n+l

- Example — Case 1

I, +1
_/?lzcl"'(i"‘l)uz_lus oh f
1 L1 1, 2

[, +1
_1U2+(i+£)u3_lu4 =27 fs
L, L, 1, I 2
—iU3+£U4=I—3f4
I I 2

e Homework 4

1. Using the continuity requirements for beam problems (4™-order ODE) considered in
homework 2, propose suitable interpolation (shape) functions for a beam element, and de-
rive the element stiffness matrix of the beam element.

2. Derive a FDM equation for a cantilever beam subject to a concentrated load at the free
end. Propose FDM equations for all boundary conditions for beam problems using

proper ghost nodes. Discretize the beam with 5 nodes including two boundary nodes.
Do not solve the system equations.
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Chapter 4

Multidimensional Problems
— Elasticity Problems—

“ —>
<_ am Ly _>
-« o e, >
<— ..0" "“ —>
< 1 : -
<+ "“ ,: -
bl S —
< 0,.. . o o -
< —>
—Teyoger e > |y Ll
¥ ¥ r
3 3
- Lj 2 el p P8 gy [, —afypar - I'(z
2y dxy i, ¥ :
= 5[ 2D Sty 2] Sy, Shar [ Zp,
2y 8, O ax, 2y 8, O ax, 2y 9,
-~ f s }E:.:z‘ff—](u —ud)Tdl
V
~1i 2 p B gy fu, by - |uTa‘T‘+—| Dy
2 o .i' d I ¥ T V x.i'
(1= ! %drf— Vufb,dl — |uf Tdl)
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4.1. Problem Definition

e Governing Equations and Boundary Conditions

Equilibrium Equation : V-o+b=0 inV

Constitutive Law o0=D:¢ inV

1 .
Strain-Displacement Relationship ~ : &= E(VU +(Vu)') inv

Displacement Boundary condition : u-U=0 on S,
Traction Boundary Condition - T-T=0 on S,
Cauchy’s Relation on the Boundary : T=0o-n on S

e Strain Energy (Refer to pp. 244 - 246 of Theory of Elasticity by Timoshenko)

1 1,0u 0u;
I, = jg”cl,dv g ——(— 6—)(;)
0
= Il 4 —)G dV <o, =0
XI
1 au 5,V
2 8x

e Total Potential Energy

H:%J' g;0;dV — Iu dV—.!uiTidS
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4.2. Error Minimization
e Error Estimator : II° :%J‘(ui —ul")(o} ; +b)dV +%j(ui —uM)(T -T.")ds
\%
® | east Square Error
1 1
I zzj(ui ~u/)(ol, ~ o ;)dV +§I(ui —u)(T -T,")dS
\Y S
1 1 1
- _EJ(UM. ~u'")(o} —o;)dV +E£(ui ~u/)(o} —o;)n,dS +E£(ui —uM)(T -T,")dS
=2 [y, — U)oy — oAV == [ (U —ul)(T ~T)dS +2 [ (U, u!)(T ~T)dS
2\/ i,j i,j ij ij 2 ! i i i 2 ! i i i
1
=5 ]G —u)oy o)V
1
:E\!‘(ui,j _uiJJj)DijkI (eq _SJJI)dV

1
:EJ‘(UH _uiJJJ')DijkI (uy, —UEJ)dV N
v

e Energy Functional — Total Potential Energy

ou
=—j(———)( ; ~oy)dV
ey v_—ja“ v~ L[ (6, —o)av
2y ax 2y OX;
h h
_Lpou, dV——j Dy Mgy LM (5 ohyav
2 8x i oX 2y OX;
h
Y L V——jai o Mgy LM ohyay
2 ax j oX 27 OX;
1 v——j IEY Uy
2 2y OX,
LY LY —ja” "aV j—c dv
2 ax

J J

== 0,dV +=|ejo IdV+u—”dV ulo;n,ds
2.Ja JJJ .J J

J

o, dV + zJ "ordV — ju dv—sjui“T‘ids

\Y

18u
26x

=C+IIM
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e Minimization Problems

Min TI? < MinIT® < Min TI® w.rt. u' v

e Min IT™: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

Find u" e v" such that minimize I1™

Idu D, 2l du, du gy
v dX; dx,

< o0}

where uev ={uju=0o0nS, ,

- v'=v : Theexactsolution.
- v cvu :Anapproximate solution.

e JI1™ =0: Variational Principle or Principle of Virtual Work

ST = 5(= j "ordV — ju b,dV — [u]'T,ds)
S,

__J(ggu o} +ejdof)dV — jau“bdv j5u“Tds

t

_—j(&e” Dyaeh + &l Dy deh )dV — jSu b,dV — j6u“Tds
V

t

= jaggDijk,gzldv —jaui“bidv - jSui“Tids

—jss,, ohdV — j6u b,dV — jauths 0

[

e Absolute Minimum Property of the Total Potential Energy

h e

' :%js;cgdv ~ [ulb,dv —jui“de

v v S,

__J-a(uzax_Uie) Dijkl 6(ugx k)dV I(u —u7)bdV — I(u —4i )TdS

\Y J St

1

2

1 1 ou? ou 1oy, ou;
=5 J- ukl I Dijkl —~dv - _[ Duk| —~adv

2 ax, 2 OX; oX, 27 OX; oX

V J J

+3jaioijklaiolv-j(ui ~uf)baV — [ (U, ~uf)Tds
v X, X v 5,

2
_ljaiDijkI Ny gy —jui bV ~ [u,Tds +1jai D, e gy
27, OX; oX, 5, 27 OX; oX

-(ja” ”klau"dv jubdv ju T.ds)

Structural Analysis Lab.
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h _ E 1 aule aUE 6u|e e eT
IT" =11 +EI6—XJ Dijkl a—XIdV T (J-gﬁudv —jui bIdV _J:uiTidS)
e 1cou’ oug
=11 +EJaxJ " o v — (- ju 5, dV+ju o,;n,dS - ju bdV - ju T,dS)
e 22 g, Mgy - (- [uto, 0V + [uTids - [urhdv - [urTds)
230X, X v ' 5, v S,
—nf + 2 [ X p, Mgy« (fugo, v + [ubdv)
20 ox; ™ ox, g
- lj.ai ijkl%(jv—pj.uie(cyl“+b)dV
20 0%, Moax
_mE 4t aiDijklaiolv
29 ox; ™ ox,
Since Dijq is positive definite, Zi Dy Zi >0V ZUi #0 and
X X, X

i
Iai Dy 8id\/ =0 ifand only if o, =0. Therefore
oX. X OX

Y j | i

]

1" >TIF (The equality sign holds only for u’ =u, +??.)

4.3. Principle of Virtual Work

If the following inequality is valid for all real number o, the principle of virtual work holds.

MU, +av,) >IN U,) Vv, ev

g(o) =1 (U +av;)
:lj-a(ui +ay;) D. o(u, +av,
2 ijkl axl

~ ) gv —j(ui +av, )bdV —j(ui +av, )T,dS

\ J

= lJ‘aiDijkl %dv + IaVI Dljkl GUk dV I_ Ijk| i
OX; oX, v OX;

—j(ui +av; )bdVv —j(ui +av, )TidS

i ou ov.
g'(a) = J. ox, Diju ox, dv - IV b,dV - IV TdS+ocJ. Dy _axl dv
0)= [ p,, Mgy - badv - [vTdS=0 Vv for all admissibl
9O = J.ax. MoK, IV IV v, e v (foralladmissiblev; )

\ ]

Structural Analysis Lab.
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If the principle of virtual work holds, then the principle of minimum potential energy holds
because the boxed equation of the total potential energy vanishes identically. The approximate

version of the principle of virtual work is

h
Iﬁlc{}dv —Ivihbidv - jv“T_idS =0 foralladmissiblev"
\% aXJ \4 St

e Equivalence to the PDE

- Exact form

[Vi (o +b)aV - [v, (T, -T)dS =0 Vv, ev > o, +b;=0, T, =T,
\

St

- Approximate form

J.Vih((’:}.j +Db;)dv _J.Vih(Tih ~T)S=0 Vv ev' > oy +b =0, T, =T,
v S

1.]

since [, (o] ; +b)dV — [y, (T"-T)dS #0 Vv, ev .
Vv S,

e Equivalence to the Weighted Residual Method

- Discretization : v' =8a, 9, , U'=a,0,

_[Saikgk(csi'}_j +b)dV = ISaikgk(I'i“ —T,)dS for possible da, —
v S

[o(o}; +b)dV = [g,(T" -T)ds for all k
Y S,

e Uniqueness of solution

If two solutions satisfy the principle of virtual work, then

‘[%cﬁjdv —Ivi bdV — Ivi T.dS=0 foralladmissiblev,
v aXj v S,
j%cﬁdv — [vbdV - [v,Tds =0 foralladmissibley,
v @Xj v S

By subtracting two equations,

J.%(csilj —o;)dV =0 foralladmissiblev, — o} —o} =0
OX;

\Y J
ouy, oug, ou,  ou;

a_xl_ oX, oX,  OX

Dijkl (

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5. Rayleigh-Ritz Type Discretization

5.2. Finite Element Discretization

5.3. Finite Element Programming (Linear static case)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.1. Rayleigh-Ritz Type Discretization
® Approximation

n
Ui =Cy0;, +Cjp9, +--+C 09, = Zcipgp
p-1

® Principle of Minimum Potential Energy

h

a9 = oIl
Min 1" = —Ic,p % ® Dy Crg — ox —dv - jc,pg b,dV —J'cipngidS or = =0 forallm,r
S mr
an“ ag ag ag
J.Sml p a Ijk| kq a — dV .[Clp 8 — Dljk|6mk8rq a — dV

—ISmigr bdv —fﬁmig,TidS

t

o9 a9, 1 agp og _
—LD dv +=|c —LdV - .dVv —19,T.dS
2\'[an mjkl kq 8X| 2\!‘ ip 8XJ- |ij 8 '[g é|:gr m
_ agr 6gp T
- \./[a ijklckp 8_)(|dv - J- grbmdV - é‘: ngmdS
0 _
'[ 9 ijkl —chkp '[ g,b,dV — [ g,T,ds
St
= Krmkpckp f,=0 forallrandm

e Principle of Virtual Work
[dejofdv - [u/bdv —j&uri dv =0
\ \

a9 a9, _
" = [c, — E D —dV - [8¢,9,b,dv - [5c,9,Tds
v i \Y S,

og og _
=3¢, ([ a—p Do —2dVe,, — j g,bdV — [ g,Tds)
v X, X, 5

ag _
=3¢, (\J;GT:’ Dija —dVqu _[g b.dV —ingidS) =0 foralldc,

K igCiq — T =0 forall pandi

pikg

Structural Analysis Lab.
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® Matrix Form — Virtual Work Expression

ISe!}c!}dV
\

_ h _h h _h h _h h _h h _h h _h h _h h _h h _h
= j(Sgncn +885,0 + 0845035 + 861,67, +0€5,Gy + 8815075 + 085,04 + 085,63 + 885,05, )dV

\

_ h _h h h h h h _h h _h h h
= [ (Belo1, + 863,00, + 86,07 + 20e},01, + 286,01, + 2883,03,)dV

\

.
h _h h _h h _h h _h h _h h _h h h
= J.(8811611 +885,0 5, +0€4303; + 8Y1,01, + Y1505 +8Y530,3)dV = .[68 o dv
v v

e Displacement

e Virtual Strain

(3e") =

88?1
e 22

h
O€4,
8}’?2
SV?s
oy 23

asu _
- dCy; %,
axlh 0%,
odu
2 6C2i %
aX?_ OX )
odu; a9,
3 8C3i i
_ OX4 _ 0X,
- h h
a6ul + 86uZ Scli %_{_ 6C2i %
X, O 0X, 0%,
asu, . adu; 56, ag; 8¢, a9
OXy 0% 3 %y
odu;  a8uz | | g, 9, 1 8¢, 99
X, O, 3 X,

je‘)a“ .o"dV :jau“ b dv +j6u“ -Tds
\Y

v S

N
[y

=
N

gp 0 0 g, 0 O g, 0 O]
0 9; 0 0 g, 0 -0 gn 0
0 0 gg0O 0 g, 0 0 g™

NN
N

=Nc

o O O wO O O
s

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Virtual Strain - Matrix Form

B g o B oo g N g o |8cy
0%, 5 X, ) 0%, ) 5¢,,
e} [0 oo 0 B 0 Do o |4
31
seh oX, 0oX, oX, 5c
2l g g % o o % g o %|%%
(3e") = Ocas | _ s O T 0x; || 8Cz
Syh | |99 9% o 99 99 9y G |5,
5y o0X, OX o0X, OX X, O :
Dl 1% o %9 99, 99, MG 5 D | s
&a) | ox, X OX X, X, X, 801”
o % % 5 99 09, o0 99 99, |
i Xy OX, Xy OX, X, 0%, |\

=Bac

e Stress-strain (displacement) Relation

1-v 1-v
\ \Y
o e e
o A T R
sh| @vt-2v) 0 o o —2 o 0 |
Gh 2(1—V) h
13 1_ 2V Y13
5" 0 0 0 0 0 h
23 2(1-v) Vs
O 0 o 0 1-2v
_ 20-v) |
=Deg" =DBc

e Final System Equation
[sejohdv = [8e" o"dV = 5¢" [BDBdVC
\Y \Y \Y
[8ubav = [5u" bdv =5c™ [N"bdv
Vv \% \%

[8ulT,ds = [su" Tds =5¢” [N"Tds
S, S, S,

3¢” (| B'DBdVC— [NTbdV — [N"TdS) =0 for all admissible 3¢ or Kc =f
\Y \Y

St

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Example

e Displacement Field

By the elementary beam solution, the displacement field of the structure is assumed as

2

u:a(x7—lx)y
x® X2
V=b(———1I
(6 5 )
2
(X——|X)y 0 (x=Dy 0 £ 1 v 0
N=| 2 . .|, B=| 0 0 |, D=—|v 1 0
0 x X1 X2 " x> " 1-v 0 o IV
6 2 2 T 2 2
e Stiffness Matrix
B 2
e ona-hy o x|t v 0 =Dy 0
K = []] 2 v 1 0 0 0 | dzdydx
1_V20—h0 0 0 x? | 1-v | x? X2
o5 X0 0/ —-Ix -
L 2 2 2
B 2 2
R ) T AL S il A2 SN
__E 2 2 2 dzdvd
e 2
1 AY) 0 h0 Vv X I 2 v X I 2
— (- (-
L 2 2 2 2
*h® 1-v 2 1-v 2
E 2§?+—2 EIS(Zh) - EIS(Zh)
= 2 _ =
1-v 17V 2 1500 12V 2 s ony
2 15 2 15

Structural Analysis Lab.
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e Load Term

hi |——=y 0 0 300
_ 2 __r
f_££ ;s [ji]w@y_ S(Pj

0 ——|\2h
3
e System Equation
1*°h® 1-v 2 1-v 2
2——+———1°(2h —1°(2h
E 1733 215 @) =t )(a}:_E(OJ
1-v BV Zpany Y Zpen (P 3P
2 15 2 15
2 42 2
a=§1 \; _1-v P b=—(1+§ 1 (ﬂ)z)l Vih
2 Eh El 31-v | El

e Displacement and Stress

1-v?
u=
El

X2
P(———Ix
(2 )Y

5 1 ,h,1-v* _ x> X°
V=—(1+=——(-))——P(—-—I1
( 31—v(l)) El (6 2 )

P(x-I M
GX)(: ( )y: y
| I
M
ny:VTy
5 h,1,x?
=——()"=(—-xI)P
Ty 6(I) I(2 )

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Home Work 5

1. The displacement field of a thin plate is expressed as follows.

y

z

u(x,y,z):—é—a\:(vz , v(x,y,z):—%z , W=w(X,Yy)

1) Drive the strain component using the given displacement field.

2) Assumec,, =0, and the plate is under plane stress condition, drive stress components.

3) Drive expressions for the total potential energy and the virtual work in case the plate is
subject to a traverse load a on the upper surface. (hint: perform analytic integration in the

direction of the thickness)

4) Drive the governing equation and all possible boundary conditions on the four edges.

2. Analyze the structure shown in the following figure under the plane stress condition by

Rayleigh-Ritz method

—3 —

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.2. Finite Element Discretization

e Domain Discretization

V=Viuviu...uV", I'=rtur?u...ur”

jss“Tc“dv - j5u“Tb dv + jSU“TTdr
\ \Y

I

> [se" c"dv = [su"'b dv + " [su" b ds

€ ye e ye este

e The displacement field in an element

ull

u21

u31

us N100N200Nn00u12
u'=lué|{ =0 N, 0O 0 N, O 0 N, 0322 = N°U®

u;J [0 0O N, O O N, 0O 0O NJ 7

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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® The virtual strain field in an element

00U, oN,
ox, Ol
osu; oN,
55, o, O o,
8852 odug Su, N,
Se° — Oeg; | _ OX, _ OX,
St oou, + oou, BUy; My Uy, M
SYZS 68U1 + 68u3 8uli —+ 8uai —
N, 0% 0% 24
adus  asus | | su, N | su, Ni
ox, | oX, 3 0%,
N9 o N5 g N, 0 [SuyY
0%, 0%, 0%, Su
21
0 N, 0 0 N, 0 0 N, 0 | su
X, X, X, 5 3
u
o o M o o M o o Mo
_ 8X3 8X3 . 6X3 8uzz _ B8Ue
N, N, N, AN, N, N, o | su,
oX, OX oX, OX oX, OX :
Nyg NN, AN, N, AN |
OXq 0%, 0%, 0%, 0Xq 0%, 5
Ny oN, g AN, AN, AN, N, |
i X, X, X, 0%, %, X, |\
® The stress field in an element
1 T 0 0 0
1-v 1-v
. v v e
Gil 1-v : 1-v 0 ° 0 S}f
2 V.o Y 0 0 0o |
A EQl-v) 1-v 1-v €33
O = ¢ 1T 1 o 1-2v e
op | A+v)A-2v)| 0 0 0 0 0 V12
Ge 2(1_ V) ye
13 _ 13
o 0 0 0 (LA
23 2(1-v) Y23
0o 0 0 0 1-2v
i 2(1-v) |

= De® = DBU®

Structural Analysis Lab.
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e Stiffness Equation
> 50" [BTDBAVU® - 5U°" [NTbdV - Y 5U°" [NTTds =0
e Ve e ve e s¢
38U KU -3 8U Fe =0
e Compatibility Conditions
Us=T°U , 8U°=T"SU
SUTS TKT*U-8UT Y T*'£* =0 for all admissible 3U
KU —ef =0 e
e Finite Element Procedure
1. Governing equations in the domain, boundary conditions on the boundary.
2. Derive weak form of the G.E. and B.C. by the variational principle or equivalent.
3. Descretize the given domain and boundary with finite elements.
V=Viuv?u---uV" |, S=S'uS?u-.-uS"

4. Assume the displacement field by shape functions and nodal values within an element.

u® =N°U*

o1

. Calculate the element stiffness matrix and assemble it according to the computability.

K= [B'DBdV , K=Y K°
Ve e

(o2}

. Calculate the equivalent nodal force and assemble it according to the computability.

fo= [N'bdV + [N"Tds , f=3f°
ve s¢ e

\I

. Apply the displacement boundary conditions and solve the stiffness equation.

oo

. Calculate strain, stress and reaction force.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.3. Finite Element Programming (Linear static case)

e Program Structure

INPUT

- Assemble Nodal Load Vector \

- Cal.of Destination Array— | Preprocessing
- Cal. of Band width

&
<
y

A

Calculation of
Element stiffness matrix and Load Vector

Loop ovel all elements

A 4

Assembling E.S.M and E.L.V.

Global Stiffness Matrix

and Load Vector

q
>
\

4 Gauss Elimination

Solve Global SM ¢ Band solver
Decomposition, etc

A\ 4

Cal. Strain & Stress
Postprocessing  [«— Cal of Reaction Force
Dsiplay

e Data Structure
Control Data :
# of nodes, # of elements, # of support, # of forces applied at nodes...
Geometry Data :
Nodal Coordinates
Element information (Type, Material Properties, Incidencies)
Material Properties
Boundary Condition
Traction boundary condition including forces applied at nodes
Displacement boundary condition
Miscellaneous options

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU

‘ Strong form

55

Differential Equation & Boundary Conditions

l Weak form |

Principle of Minimum Potential Energy

M= [e,0,0v - ju AV — [u, T, for all admissibleu,
2 S

\Y

Principle of Virtual Work

ooy, dV IéSu b.dV — ISU TdS 0 foralladmissible du,

v ax,

h

y

i

Minimization of Error

I _1

error — A
2

ou;
OX

oy —o;;)dV foralladmissible v,

v ]

Weighted Residual Method (Galerkin Method)
—[vi (o +5,)dV + [ v, (T, -T)dS =0 for all admissiblev,
v S,

[ Exact Solution

Rayleigh-Ritz type Discretization

l Approximate Solution

Principle of Minimum Potential Energy

= j ejoldV - ju b,dV — [u'T;ds for all admissible u;
S

Principle of Virtual Work

jaéSu dV jSu b.dV — ISuthS 0 foralladm|35|ble8u

\ i

Finite Element Discretization

Principle of Minimum Potential Energy

> e ye

=%UT -K-U-UT -f foralladmissibleU > K-U-f=0

Z(j Johav - ju b,V — [u;'T,ds) for all admissible u;
s

Principle of Virtual Work
Z(Iasu Gdv - ISU b,dV — J'Su“TdS) 0 forall admissible du;’

e ye i N

SUT -K-U=38U" -f =0 foralladmissibledU > K-U-f=0

Structural Analysis Lab.
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Chapter6

Two-Dimensional Elasticity
Problems

A\
L

6.1. Plane Stress

6.2. Plane Strain

6.3. Axisymmetry

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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6.1. Plane Stress
® Stress © 06353,=06,,=06,,=0

. A%
e Strain : 833=—E(811+822)1 Yi3=0, V5 =0

o Modified Stress-strain Relation
A%

E(l—V) E
Ou = ooy Bu T8y tE5)) = —— (&, +VE
11 (1+V)(1—2V)( 1 1_V( 22 33)) 1-v?2 ( 11 22)

Gy = (Vey, +€,,)

1-v?

o c 1 v 0 (e
o’ =|05 |= -lv 1 0 |e; |=De
e 1-v 1-v e
O 00 Y12
2
e Interpolation of Displacement
u, )
Vl
e ‘UZ
. [u N, 0 N, O N, O o e
ut=| | = v, | =N°U
v 0 N, 0 N, 0 N,
un
VI"I
e Strain-Displacement Relation
e r T 1 e
ou” oN, oN, oN, v,
5 0 0 0
‘i o S RN S
e =gy |= — =| 0 L 0 2 ... 0 Llv, | =BU®
e oy oy oy o |.
Ti2) laue ave| |ON, ON, ON, N, ON, ON,
oy ex) Loy o ey ax oy ax U
v

e Principle of Virtual work

[ (3elio, 363,03, +dylol, tdA = [ (8u"b, +3v"b, JtdA+ [ (3u"T, +dv'T, )tdS
A A S

> BT -D-BtdAU =) [N"-btdA+) [N -TtdS

e Af € Af € g¢

Structural Analysis Lab.
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59

6.2. Plane Strain

Strain : €,=0, y,=0, y,=0
Stress : 0,,=0,=0 0y, =-V(c,; +0,)

Stress-strain Relation

1 1L 0
Ge _V 89
e | . EQ-v) | v N :
6 =|0, |= 1 0 €,, | =De
. @+v)@-2v)|1-vVv .
c _
12 0 0 1-2v \ Y12
i 2(1-v) |

Interpolation of Displacement

Vl
e 7 u2
. [u N, 0 N, O N, O o e
u = . = LR VZ :N U
v 0 N, 0 N, 0 N, |
un
Vn
Strain-Displacement Relation
_ _ u, :
ou” oN, oN, N v,
0 0 0
&) a?,xe ox ox ox e
e =|¢g5 |= — = 0 N, 0 N, ... N, v, | =BU®
e oy oy oy a |.
Y12 e ave ON, ON, ON, oON, N,  ON,
oy x ) Loy oy ax oy ox | U
v

Principle of Virtual work

[ (3e},0, +863,03, +dyl,ol, tdA = [ (8u"b, +3v"b, JtdA+ [ (3u"T, +dv'T, )tdS
A A S,

> [BT-D-BtdAU =) [N"-btdA+) [N -TtdS

€ a® € A® € g¢

Structural Analysis Lab.
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6.3. Axisymmetry

ou ov u ou ov
= +_’Yre:0'YZ9:0

e Strain : € = or 1 €5 E’ €90 ? Yr :E ar

® Stress : o,=0,=0

e Stress-strain Relation

1 ¥ v 0
e 1-v 1-v .
Gy v 1 v 0 Enr
¢ = Giz — E(l—V) 1-v 1-v 822 — Dst
Co | A+V)A-2v)|_vY_ vV 1 0 €00
e 1-v 1-v e
Grz 1—2\/ er
0 0
i 21-v)
e Interpolation of Displacement
e
u1
Vl
e T uZ
. [u N, 0 N, O N, O -
u = e = L] V2 :N U
v 0 N, 0 N, 0 N, |
un
Vn
e Strain-Displacement Relation
o [N, N, N, o, M
o g/re or or or vy
iy o 0 ON, 0 oN, 0 oN, u,
& 0 0 0 0
gt = ;z — E — N 7 N z ... N Z v, =BU®
€00 Ll —L 0 =2 0 n0
v r r f f
out v ON, ON, ON, ON, ON, ON, |u,
—t—| Loz or oz or 0z or v

oz or
e Principle of Virtual work

rerr 771z

j(ss“c“ +oe" 6" +8eh ohy +6yrec$e)2nrdA=j(5u“b, +8vhbz)2nrdA+J'(8u“Tr +3v"T, )2nrdS
A A

St

ZIBT .D-B2nrdAU =ZINT -b2nrdA+ZjNT . T2rrdS

€ A® e A® e g®

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



61

Dept. of Civil and Environmental Eng., SNU

Chapter 7

Various Types of Elements
T |

7.. Constant Strain Triangle (CST) Element

7.2. Isoparametric Formulation

7.3. Bilinear 1soparametric Element

7.4. Higher Order Rectangular Element - Lagrange Family

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.5. Higher Order Rectangular Element - Serendipity Family

7.6. Triangular 1soparametric Element

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.1. Constant Strain Triangle (CST) Element

A

V3
|l

— 3

(X2,Y,)

v

e Displacement Interpolation

u(x,y) =a, +a,X+a,y , V(X y)=oa,+aX+azy

Us(Xy, ;) =U; = a, +a,X +agy, u) 1 x v, o
US(Xy, Y,) =U; =0y + 00X, a3y, —| Uy [=|1 X, Y, | o,
U (X, Yg) =Ug = 04y + 0, X5 + 03 Y5 Us 1 X Y5 o
1 _
o . Y u, 1 a, o aAg | Ug
a, |=|1 X, v, u, :Z b, b, byju,
O, 1 x5 vy, u, |G, C, G5 \\Ug

where & =X Yo = XnYj bi=yj—ym, Ci = Xp = X;
e 1 1 1
u®(x,y) :Z(aq +b,x+c y)u, +£(az +b,X+¢,y)u, "‘Z(as +hyX+C3y)u,
. 1 1 1
vE(X,Y) :E(al +bx+cy)v, +Z(a2 +b,x+c,y)v, +£(a3 + b, X+Coy)v,

e Strain Components

ou® Uy
v v
&) a%xe o 0 b 0B 0 ul
e =g |=| — =ox 0 c, 0 c, 0 ¢ v2 = BU®
'Yig P eay e c, b c b, c, b 2
u ov 1 M G o Lz U3 | u,
_+_
gy oX V,

e Stiffness Matrix

Ke = IBT-D-BtdAU:BT-D-BtAe
Ae

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Homework 6

- Cantilever Beam with three load cases -

Implement your own finite element program for 2-D elasticity problems using CST element.
When you build your program, consider expandability so that you can easily add other types
of elements to your program for next homeworks.

f)

A
[EEN

Discuss how to simulate two boundary conditions given in the Timoshenkos’s book
(equation(k) and (I) in page 44)

For end shear load case, solve the problem for both boundary conditions with 40
CST elements.

For other load cases, use one boundary condition of your choice with 40 CST
elements

Perform the convergence test with at least 5 different mesh layouts for the end shear
load case. Use the boundary condition of your choice.

Discuss local effects, St-Venant effect, Poisson effect stress concentration, etc.
Present suitable plots and tables of displacement and stress to justfy or clearfy your
discussions.

Comeparision of your results with other solutions such as analytic solutions, one-
dimensional solutions is strongly recommended for your discussion . Assume E = 1.0,
v=0.3.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.2. Isoparametric Formulation

e Interpolation of Geometry

x =N, (En)X, + N, (En)X, +--+ N (En)x, = Zm: N; (€)X,

i=1

y= Nl(é’n)yl + Nz(aan)yz Tt Nm(i,n)ym :iﬁi Em)y;

Xl
Y1
x° N oN, 0 N o]
Xe: . — 1 = 2 L m - y2 :Nexe
y o N, 0N, 0 N,J.
Xm
Y
1 -1 u,ri
Ly=1 3

—L, =0
L,=0
2
Local coordinates
l}‘
Vaha
/
T A
i '//
L1014
f,,' ¢ /j
y-d o
L ’/
-

Structural Analysis Lab.
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e Interpolation of Displacement in a Parent Element

e _ ue _ NIE e
u _[VGJ =N*(&nU

e Derivatives of the Displacement Shape Functions

ON; _ ON; ax oN; oy G\ ox 0y |(ON;
6&, X 8&, ay 0, IR o8 |_| o og X N
ON; _ON;ox oNjay | T ONi | ox oy Ny
o ox an oy om on on ol oy
oN) [ax (AN (N,
ox |_| o0& 0§ 0 |_ 14| 08 _ 4
N, [T|ax oy | | N, =J oN, or V,N,=J"V.N
oy on onJ \ on on
ox oy |§hoN, o gnoN, oN, oN,  oN, | X YV
|z x| |&a x| & & & %% gy
) X oy | | &N, ™, oN, oN, oN,  oN_ | Vs
on on i On L on on on on Xn Ym
m>n N=zN . Superparametric element
m=n N=N . Isoparametric element
m<n N=zN : Subparametric element

IBT .D-BtdA= ”BT(g n)-D-B(&,m)t|J | dédn

-1-1

Structural Analysis Lab.
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7.3. Bilinear Isoparametric Element

K
A E=—0.5| &=0.5
4 @ ®3
n=0.5
— &
n=-0.5
in ®

e Shape functions in the parent coordinate system.
u(x(&m), y(€n)) =a, + o, +am+a,én
V(X(E,M), Y(& M) = a5 + asE +am+0eEN

Uy =u(xy, ;) =u(x(€ ) y(Epamy)) = oy + 0,8 +ogny +a,gny =ay —a, —og +ay,

U, =U(X,, Y,) =U(X(€;,,m,) (€, m,)) = oy + 0,6, +ogm, +a,8,m, =0y +0, —o; —0y
Uy =U(X;, Y5) =U(X(E5.M3), V(&3 ms)) = oy + e85 +agmy + o,y = oy + o, + a3+ 0y
Uy =U(X,, Y4) =U(X(E4M4) Y(E4ima)) = 0y + 0,6, +ogn, 0, =0y —0, + 05—y

M -1 -1 1o
01 1 -1 -1,

u
u p—
u | (11 1 1fa,
u) |1 -1 1 -1)a,
u®(x,y) = Nu' + N,u? + Nou® + N,u* , ve(x,y) = NV + N,v2 + Nv2 + N,v*

Ny =5A-8A-1 ) Ny =5 @+9A-1) ) Ny =3 @+8E+1), N, =3 @-8)d+1)

Structural Analysis Lab.
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7.4. Higher Order Rectangular Element - Lagrange Family

e Shape Function of m-th Order for k-th Node in One Dimension

(a_&1)(%‘&2)"'(&‘@«1)(&_ékﬂ)"'(g_amu)
(B —€)(E —&2) (€ = &uct) (€ = &a) (&4 —En)

" (1) = (M=n)M=1,)- M= )M =) - (M= MNpp1)
‘ M MM = M) (M = M) M = M) (M = M)

N; =N, =1"(€) xI7(n)

L7(8) =

(0, m) (I..h (.'f,ml l—_ 1_—1

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Q9 Element

e Total number of nodes in an element : (m+1)(m+1)

(m+2)(m+1)

e Total number of terms in m-th order polynomials : 5

- m-+1)m
e Total number of the parasitic terms : (m+1)

e The Pascal Polynomials

Parasitic Term

g™"

Structural Analysis Lab.
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7.5. Higher Order Rectangular Element - Serendipity Family

e Q8 Element

N, =2 (- €)=

N, =2 (L-8)L-")

~ 1
N, =, 0-9a-n

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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7.6. Triangular Isoparametric Element

71

Total number of nodes on sides of a triangle element for m-th order S.F.: 3m

Total number of terms in m-th order polynomials :

Total number of internal nodes :

The Pascal Polynomials

(m+2)(m+1)
2

(m+2)(m+1) am = (m-2)(m-1)

2

Area Coordinate System

a, constant line

o3 constant line

2

A
al = i , G’Z — _2 ,
A A
Shape functions
- CST Element
N,=o, , N,=a, , N;=a,
- LST Element
N, =a,(2a, -1) N, =0a,(2a, -1)
N, = 40,0, N, =4a,0,

N; = 0520, —1)

N, = 40,0,

Structural Analysis Lab.
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e Interpolation of Geometry

X= 21: N; (o, 0y, 015) % = Zl: Ni(OLvaz)Xi

y= Z N; (o, 0,5, 05) Y, :Z Ni(al'az)yi
i1 i1

Xl
A
X° NooN o N o]
X&) = _ 1 - 2 oo n = =Nexe
( )(YEJ {o N, 0 N, 0 Nn_.y2 [NJ/XE)
Xm
Yo

e Interpolation of Displacement in a Parent Element

ue
(u) :(ve

e Derivatives of the Displacement Shape Functions

] =[N(oty,0,,03)1°(U¢) =[N(ay,0,)] (U°)

oN, _oN, ax oN; oy oN; ) [ox oy | oN,
oo, X da, 0y day o, | |60, o, | ox
- ~ ~ - == J |
oN, _oN, ox  oN; oy oN; ox 0y | oN;
da, OX do, oy da,| \Ba,) Lo, do, | oy
aﬁi OX oy T 6Ni 6_I<II
|| 0o Boy | | oy | gl o
ON; | | OX Oy | |oN, oN,
oy da, da, | |\ da, oo,
or
VN, =3 N,
ox oy ia_l\iix_ Zm:aﬁi y oN, oN, oN_ | % Wi
g0 Oy |_|F oo T Foe | ooy ooy 0oy | X Yo g Ny
X oy | |&oN, & 6N, oN, oN,  oN : “
DX 2, e :
oo, Oa, ~ Oat, = oo, oo, Oa., oo, || X, Y

e Homework 7

Drive shape functions qubic serendipity element and triangle element in the parent coordinate.

Structural Analysis Lab.
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Chapter8

Numerical Integration

mﬂﬂmﬂmﬁm

8.1 Gauss Quadrature Rule
8.2. Reduced Integration
8.3. Spurious Zero Energy mode

8.4 Selective Integration

Structural Analysis Lab.
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8.1. Gauss Quadrature Rule

® One Dimension
[tEde~>wiE)

If the given function f (&) isa polynomial, it is possible to construct the quadrature rule

that yields the exact integration.

- f(&) isconstant: f(&)=a,
1 n
[fede=2a,=a,>W, — n=1 W, =2
1 i=1

- f(&) isfirstorder: f(&)=a,+a& One pointrule isgood enough.

- f(&) issecond order: f(&)=a,+at+a,t’

1 n n n
[ =2a,+28, =2, Y WE! +8, Y WE +8, YW, -
2 i=1 i=1 i=1

D we? =§, anwiai =0, znlwi =2 > n=2
i=1 i=1

i=1

ZWiiil =0—> W1 :Wz ) E.!l :_az
i=1
1

2

2
D WE W +WEL = WEL =T > W =
i=1

2
Z:V\/I =W, +W, =2W, =2 —> W,=1—> §&,=+1/3=05773502691 89626
i=1

- f(&) isthirdorder: f(&)=a,+at+a,t’ +at®> Two point rule is enough.

- (&) isfourthorder: f(&)=a,+at+ac’+a’+a,t’
h 2 2
jlf(a)da =sa,+a, +2a, =
a, Zwi{;i‘l + a3zWi&i3 +a, Zwﬁtmz + alzwié;i +3, Zwi -
i=1 i=1 i=1 i=1 i=1

S =2 Y WE =0, 2 W =2, YWE =0, YW, =2 > n=3
i=1 i=1 i=1 i=1

i=1

SWE =0, SWE =0 W =W, , &=-£,, & =0
1

3

2
Z\Nué.uﬂr =W15:~f +W3§§ = 2W3§3 :g - Wsii = g
i=1

Structural Analysis Lab.
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oo,

2
2 T
Z\Nuéuz =W1&f +W3‘:§ = 2W3§§ :§ - Wség ~3 _) &, =+3/5 =
&, =0.77459 66692 41483 , W, = 055555 55555 55555
2
ZV\/i =W, +W, +W, =2W, +W, =2 —> W, =g = 0.88888 88888 88888
i=1
- Because of the symmetry condition, we need to decide only n unknowns for n-points

G.Q.

- We can integrate 2n-1-th polynomials exactly with n-points G.Q. Since for 2m-th or-
der polynomials we have 2m conditions for G.Q. -which means we can determine
(m+1)-point G.Q..

- Stiffness Equation

IBT .D-BdV :JBT .D - BAdX =fBT(g)~D-B(a)A|J|d§= zn“vviBT(ai)-Di ‘B(E)A|J|
INT -bdV =INT -bAdx =INT(&)-b(é)AIJId§ = _Zn‘,VViNT(&i)-b(&i)AiIJiI

e Two-dimensional Case — Rectangular Elements
- Quadrature rule
Hf(& n)dédn ~ jzwua n)dn Zw ZWf(an )= 2> WW, f(m))
-1-1 -1i=1 i= j=1i=1

- Stiffness equation

jBT .D- BtdA=”B (&,m)-D-B(&,m)t| I | dédn
iiWinBT(ii’nj)'Dij 'B(éi’nj)tij |‘]ij |

i=1 j=1

—

INT ‘btdA = ”NT(én) bt | J | dédn = ZZWWN (&.m;) byt 13y

[NT-Ttds = [N"(gm,)- Tt| K|d§:ZWiNT(§i,np)-Tijtij | K |

e Two-dimensional Case — Triangular Elements
11-0y

jBT -D-BtdA:j jBT (ay,0,)-D-B(oy,0,)t| J | do,dor,
A® 0 0

ZEZWiBT (ail’aiZ)'Dij -Bag, o)t | J; |

Structural Analysis Lab.
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8.2. Reduced Integration

e Q8element
u=a,+ag+an+ asaz +a,&n+ a5n2 + asazn + a7§n2

v=b, +b&+b,n+ bagz +b,&n +b5112 + begzn + b7§n2

- a, +2a.E+a,n+2ain+an’, % =b, +2b,& +b,n+2bEn+b.n’

Z—U =a, +a,5+2an+a,E" +2a,&n , S—V =h, +b,&+2b;n +b,E* +2b,En
n n

® Terms in stiffness matrix
- From complete polynomials: 1,&,n,&%,én,n°
- From parasitic terms: &1 ,&n%,n°,&%,62n%,&% ,&n°, 0", &"

e Reduced Integration
Reduce the integration order by one to eliminate the effect of parasitic terms in the stiffness

matrix
Load 0.24 per unit
HLEJHjJ_LL%HL ]
e ) &
\ 2 i

-
L 2 X 2 Gauss points

40

|
H I
H |
l ]
1 |
1 I
04— !
i | i
i ' !
\ I !
201+ - 7 !
!| Exact averagey { B Nodal values extrapolated
i shear stress | 1 I from Gauss point

fooor I
’ o e i'L e “_,L - -
1 -
S

A ! ot N
10—y N Gauss point value by the
! hid reduced integration

!

10

Structural Analysis Lab.
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8.3. Spurious Zero Energy mode

e Independent Displacement Modes of a Bilinear Element

Rigid Body motion — zero energy mode

l

B
4 3
T r 1 r————- 1
1 o
1 T I bl I I 4 :
[
1 I 1
! [ J 2 L | R, J
l_. _____ = | I ¥y
| | |
I I I
| |
I 9 I 7
t 1 [ I
| 1 | |
L]— | L _

® Spurious Zero Energy Mode

"

\ /

X

— "\\\
w fj}/ ) .
3

Hour glass mode

WA

Structural Analysis Lab.
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e Zero Energy mode of Q8 Element

® Zero Energy Modes of Q9 Element

e Near Zero Energy Modes

Ly -

Structural Analysis Lab.
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8.4. Selective Integration

1 YV 0 0 0
1-v 1-v
AN T 0 0 0
1-v 1-v
A A | 0 0 0
_ E@d-v) |1-v 1-v
@a+v)a-2v)| o o o0 =2 0
21-v)
0o 0 0 0 1-2v 0
2(1-v)
0o 0 0 0 1-2v
2(1-v) |
i Y \% i
11—v1—v000 [0 0 00 0 O]
vV 1 Y 090 0 000000
_ Ea-v Y, MY ,_E 000000
@va-2v)|1y 1= + 2% 9" 2a+vo 0010 0
0 0 0 0 0O 000010
0 0 0 0 0O 000O0O0 1
0 0 0 00 0]

=D, +Dq

[BTDBAV = [B"(D, +D;)BdV = [B'D,BdV + [B'DsBdV
Ve Ve Ve Ve

Fullintegration Reduced integration

e Homework 8

Solve the cantilever beam problem in homework 6 for the end shear load case. Use 40 LST
elements and 20 Q8 elements. For Q8 element, try the full and the reduced integration
scheme. Compare your results including the displacement field and the stress field with those

by CST elements and analytical solution.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



81

Dept. of Civil and Environmental Eng., SNU

Chapter g

Convergence Criteria in the

Isoparametric Element

Structural Analysis Lab.
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e The interelement Continuity condition

This condition is satisfied because the geometry and the displacement field are defined
uniquely on the interelement boundary with the coordinates and displacement field on the
element boundary, respectively.

e The Completeness Condition
(x,y) = z Nid; =a,(d,) +a,(¢)E+a,(d, )n+H(E M, 0,)
XzzNiXi = ay (%) +a;, (X )E+a, (x )n+H(E %)
y= Z Ny, =a,(yy) +a, (Y )E+a,(y n+H(EmYy)
{i}:i{ a,(yy) —az(Xk)HX—ao(Xk)—H(i,n’xk)}

n  TA-a(yd)  alx) Jly—a.(y)-HE Y,
where |A|: al(Xk)aZ(yk) - al(Yk)az (Xk)
o(X,y) =ay (¢, ) -

all(:i)\r) (a (x)az (Vi) —ay(y)ay () + a2|(,i)|k) (@, (X )as () —ag(Yi)au (X)) +

R (@ (d)a, (x) —a,(x,)a, (¢k))i+ H.O.T.

(al((I)k)az(Yk)_al(yk)az(¢k))|A| |A|

Structural Analysis Lab.
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Chapter 10

Miscellaneous Topics

T
\O O/ \O o’
/° o | ° O\-.
w o O)' = o O/
o o | o o
r4 N N

101 Stress Evaluation, Smoothing and Loubignac teration

10.2. Incompatible Element - Q6 and QM 6

103. Static Condensation & Substructuring

10.4.  Symmetry of Structure

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr




84

Dept. of Civil and Environmental Eng., SNU

105.  Constraints in Discrete Problems

10.6.  Constraints in Continuous Problems

Structural Analysis Lab.
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10.1. Stress Evaluation, Smoothing and Loubignac Iteration

e Stress evaluation

- Stress components should be evaluated at the GP’s in each element, not at nodes.

- The stress field is not uniquely determined on inter-element boundaries.

® Stress smoothing at nodes

- Continuous stress field can be obtained by extrapolating stresses at the GP’s to nodes,
and averaging them.

- The bilinear shape function or the Q9 shape function may be utilized for extrapola-
tion of stress to nodes depending on the integration schemes.

- Mid-side nodes may be treated as either independent nodes or dependent nodes for
the stress field

X e o
P Fae
X e o
0] o 0] o
r'd | R

e Loubignac iteration

> [BTDBAVU* =" [N"bdV + " [N'Tdr =F

e ye e ye e e

> [B'DBdVU® =} [BTodV =) [B' (6 +Ac)dV = )" [B'GdV + )" [BTDBAVAU®

e ye e ye e ye e ye e ye
> [B'DBAVAU® =F -3 [BTGdV — KAU® = AF
e ye e ve

where o denotes the extrapolated and averaged stress field.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



86

Dept. of Civil and Environmental Eng., SNU

10.2. Incompatible Element - Q6

Deformed shape of Blllpear Element Correct deformed shape in pure bending
for pure bending

e Behaviors of Bilinear Element for Pure Bending

- Displacement field

U= (@-9A-1) ~T5 @+ - +T ;@+OW+m)-T;A-E(L+m) =T &n

v=0

- Strain & Stress field
ou u_uy ou ou ov ux

gx:_:n___18y:_: ’YXy:_+_:_
OX a ab oy oy ox ab

E uy vE Uy E Ox

o, = —, 0, = —=, O, = —

1-vZab’ ¥ 1-vZab Y 2(1+v)ab

-Strain Energy - Full Integration

(e,0, t€,0, +7,,0, )dydx

n=gife
i

1 E E ,UX,,
=— ————(—))dydx
1 G G iy @)Y
1 E a
22 L a-v) 3y
31—\/2( a ( V)b)
-Strain Energy - Selective Integration
135 E ,UX,,
I; == ————(—)")dydx
2[‘{(1 ) T2y @) Y
_E E 9
31-v* a

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr




87

Dept. of Civil and Environmental Eng., SNU

e Real Behaviors for Pure Bending
- Strain & Stress field
o, =ky, o, =0, Gy =0

k kv
gngy! Syz_Ey' ’nyzo

- Displacement field

k 1 kv k ' '
u:Exy+f(y) : VZ—EEYZJFQ(X), YXyZEXJFf (Y)+9'(x)=0

g'(x)+%x:—f'(y):C ,g(x):—%éx2+Cx+Cl , f(y)=-Cy+C,

k 1 kv 1k
Uu=—xy-Cy+C, ,v=—"—y?’ - == x"+Cx+C

g YT 2E’ 2E '
X=0->u=-Cy+C,=0->C=C,=0
x:a,y:b—>u:LT—>k=E—u

ab

C, = Arbitrary

a lav , 10 , X\py QU Y.z, DU
U=—xy , V=—=—y? == x24C, =(1-(D))—+(1- (D)) —

ab ) 2ab’ 2ab 1= (a))Zb ( (b))Za

-Strain Energy — Exact Solution

1ab 15¢_. 0y, 2_b_,
I, =§£:[)(8XGX +£,0, + 7,0, )dydx ZEL_[,E(E) dde=§EgU
e Ratio of strain Energy
h, _ 1 ( 1 +1(E)2) , L, 1 >~ 11 for v=03
M, 1l+vili-v 2b I, 1-v

The effect of parasitic shear becomes disastrous as the aspect ratio of bilinear element is large.

e Q6 Incompatible Element

- Shape function
u= z NiBui +a1(1_ ‘22) +a, (1_ 112)

V= z NiBVi +a3(1—§2)+a4(l—n2)

ai, ay, as, a4 are called as the “nodeless degrees of freedom”.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



88

Dept. of Civil and Environmental Eng., SNU

- Element Stiffnes Equation
o A
{Km K} @) \(f)
- Static Condensation

[Kip 1) +[K;1(@) = (f)' > (a) :[Kii]_l((f)i —[K;p 1))
([Kop 1 - [K o IIK T K D) = (F)° = [K T (F) = [K®J(u) = (£ <°)

10.3. Static Condensation & Substructuring

e Static Condensation: Eliminate some DOFs prior to a main analysis.

Ur, Py

Kee Ker U, _ Pe
Kre Krr u, - I:)r

Kerur + Keeue = Pe - ue = (Kee)il(Pe - Kerur)

Krrur + Kreue = I:)r

Krrur + Kre(Kee)il(Pe - Kerur) = Pr
(Krr - Kre(Kee)_lKer)ur = Pr - Kre(Kee)_lpe

- From Gauss elimination point of view

Kee Ker u, . Pe
0 Krr_Kre(Kee)ilKer u, - Pr_Kre(Kee)ilPe

Structural Analysis Lab.
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e Substructuring

7 '\\
U, Pl/ Uz, P2
Ui, Pi

<L)

(Kili - Kil(Klly1 Kli )ui = Pil - Kil(Kll)& P1

o)

(Kﬁ - KiZ(Kzz)ilei)ui = Pi2 - Kiz(K22)71P2

- Substructure 1

- Substructure 2

- Assembling
(Kili + Kﬁ - Kil(Kll)_l Kli - KiZ(KZZ)_lKZi)ui = Pil + Pi2 - Ki1(K11)_1P1 - Kiz(Kzz)_lpz

or

(Kili + Kﬁ - Kil(Kll)_lKli - KiZ(KZZ)_lKZi)ui = Pi - Kil(Kll)_lpl - Kiz(Kzz)_lpz

Structural Analysis Lab.
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e Partial Substructuring

Uy, Py —

<+ Uy, Pz

- Substructure 1

- Substructure 2

- Assembling

K22
I‘<i2

o e

(Kili - Kil(Kll)_lKli)ui = Pil - Ki1(K11)_1P1

K2i u, _
Kﬁ—i_K%i_Kil(Kll)_lKli u; - P'l"'P'

2

Pi

P, J
B Kil(Kll)_l P1

Structural Analysis Lab.
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10.4. Symmetry of Structure

® Symmetry

In plane displacement =0

Out of plane displacement =0

Structural Analysis Lab.
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e Anti-Symmetry

In plane displacement =0

Structural Analysis Lab.
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e Symmetric structures with Non-Symmetric loading

- General loading

P
o &
- Symmetric loading
lP/2 l P/2
- s

- Antisymmetric loading

P/2 P/2
P _ P +P,
P,) \P) \-P, p _P-P,
A 2

Structural Analysis Lab.
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e Cyclic Symmetry

Structural Analysis Lab.
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- Structural Resistance force in a segment
Fl Kll Kli K12 ul

- Compatibility

- Equilibrium

2i

- Final Equation
Kli K11F+ K12

P, 0O 1 0 u,
| Ki Kul'+K;,
P, r ol u,

K2i K21F+K22

_ Ku I(ill—‘-’_}(iz ul
'K, +K,, TTK, D+TTK, + K, T +K,, [(u,

Structural Analysis Lab.
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10.5. Constraints in Discrete Problems

Minimization Problem

MinTI =%UT KU-U'P subjectto A(U)=0

U - U, K - Ky K, b_ P,
- Ur ’ - Krf I‘<rr - Pr
1% order Optimality condition

M _o 5 Ku-P=0

Usual homogenous support conditions
U, =0
; 1 7 T
nﬂ!nnzzufouf ~U'P, 5K, U, =P,
Non-homogenous support conditions (support Settlement)
U

r:Ur

n:%(quKﬁuf +U/K U, +UIK U, +UK_U)-U.P, —-UP

r-r

1 _ _
:E(UTfKﬁUf +2UK U, +U/K, U,)-U}P, —U/P

MinTI = MinIT — K, U, +K U -P, =0

KﬁUfZPf_KﬁUr
or
oIl oIl oIl oIl orl

SM=2-8U=—-8U, +—38U, =——8U, =0—
ou ou, ou, U, ou,

=0

General Non-homogenous Linear Constraints

ndof

AU)=RU-r,=0-> zrijuj =r, ,1=1,...,ncon
j=1

RU=R U +R,U, =r, > U, =—R'R,U, +R'r, =CU, +C,

() lep e

Structural Analysis Lab.
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H:%UTKU—UTP
=%U1[Kff +K,C+C'K, +C'K,C]U,
+Ul (K, C, +CTK”C0)+%CZK"C0 ~-Ul (P, +C'P,)
[Ky+K,C+C'K, +C'K, ClU, =(P, +C"P,)-(K,C,+C'K,C,)

e Lagrange Multiplier

Minﬁ:luTKU—UTPMT(RU—rO)—>8—H:o, M_y
v 2 ou &)
M _ku-p+am 2Y _ky_piaTr=0 T
oJ ou LK RTUY (P
oIt R 0[A) \n

——=AU)=RU-r1,=0
5 - AU 0

KU-P+R"A=0->U=K™*(P-RTA)
RU-1r,=RK*(P-R"A)-r,=0—>A=(RK'R")*(RK'P-r,)

U=K*'(P-R"(RK'R")(RKP-r,))
=(K'-K'RT(RK'R")'RK )P +K'RT(RK'R")™r,

10.6. Constraints in Continuous Problems

e Lagrange Multiplier
MinIT subjectto A(u)=0

where IT is the original functional derived from the minimization principle or equivalent,

and A(u) =0 denotes an additional set of constraints, which may be defined in some

volume, on some surface, or at some points. For the simplicity of derivation, only con-

straints specified along a surface is considered in this note.

A(u)=Lu-r,=0 onS

MinTI(u;, 2) = T(u) +jx(|_u —1,)dS

_ %jg;a;dv ~ [ulbdV - [ulTds + [A(Lu-r,)ds
\Y \Y S

St

Structural Analysis Lab.
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By discretizing A = NA® in an element and the displacement field in usual way,

TI(u;, 4) z%UTKU —UTF+ > (A°)T jﬁTLNolsue =A%) jﬁTrOds
e Se e Se

1

Se

=%UTKU—UTf+ATRU—ATq

Therefore, the stationary condition for modified energy functional becomes

orn T
a—U—KU—f+R A=0 K R
ot MR
—=RU-q=0

oA

= EUTKU ~UTf+ AT [NTLNdSU- AT [NTr,ds

The solution procedure from this point is exactly the same as that of discrete problems.

The last and the most important question is what kind of interpolation function has to be

employed for the Lagrange multiplier.

e Penalty Function

MinTT(u) = I(u) +% [AT()-Au)ds

T(u) ~ %jg;a;dv - [ulbidV - [ulTds + 7 (Lu 1) (Lu~r;)ds
Y S, s

"

1

“luku-UT A UK U-20Tq+C)
2 2 "

Minﬁ(u)ag—E:O—)(K+aKR)U:f+aq

- EUT KU-Uf +%Z{(ue)T [(LN)T LNdSU® - 2(U%)" [ (LN)" rydS + [ 1] r,dS}
e Se S S

Structural Analysis Lab.
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Chapter 1

Problems with Higher
Continuity Requirement

— Beams —

V4 = 77

Structural Analysis Lab.
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1.1. C' Formulation

11.2. C° Formuation

1.3. Timoshenko Beam

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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11.1. C:-Formulation

e Governing Equation

d*w
El o =(q

e Weak Form of the governing equation

Jue

4

—q)dx =0 for all admissible W

3 ’\ 2 | 2’\ 2 |
WEIZ\;V _a j dx-qudx:O

X 0 0 0
'dzw d2w_ d?w .
-([dxz dx J‘qux+wv|0 GM‘ dx2 EIdeX:E[qux

e Continuity Requirement

The second derivative of the displacement field has to be piecewise-continuous for the valid

finite element formulation. Therefore, w has to be continuous up to the first derivatives.

dw dw
jdx xd_zIdx dx

e ¢

e Hermitian Shape Functions
w=N,w, +N,0, + N;w, + N,0,

where lew(O),elzd_W ,Wr:W(|e),9r:d_W
x=0 x=l
X2 X3 X2 X3
Nl =1—3I—2+2|_3 ) N2 =X_2|_+_2
x? . x® x2 X
N3 =3—-2— N4 =TT

)
12 N I 12

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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11.2. C°-Formulation

NEUTRAL aXis T HEUTRAL AXIS

T _ NORMAL 10 MIDSUREACE— )
i AFTER DEFORMATION ;

[a] THIN BEAM THEORY [b) THICK BEAM THEORY

e Energy Consideration

w: total deflection, O: rotation , ((jj—w—e: shear deformation
X

:_(J'—El—d I(z—\;v—e)GAo(z—\;v—e)dx)—jwqu
W= ZN, ,,O:ZNiOi

—>A° =[w, 0, w, 0, - W, 6n]T
@ z = dN, 0 dNZ... 0 dﬂ](Ae):BMAe
dx dx dx
dw dN; dN dN dN
o= —S'NG =[—L —N 2 N, ... _NJA*=B.A°
dx i ' Z,: T T dx bodx ? dx o] °

w=[N, 0 N, 0.+ N, O]A°

I :%Z(AQ)T(fBMTE|Bde+fBSTGAOBde)Ae -3 (A" [ [NTad

=%Z<AE>T<K:A FKEAT - (A%)F

SN (K, +K)A-ATF® BEUNPININIT
2 2
M ka-fe=0
oA

Structural Analysis Lab.
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Problems —Functions Space Interlocking

dodo . G 121 ¢ d '
_:_(J GAl" I2j(""—e)( e)dx)—_[%dx

El dx dx El
2 2
= Al bx I— for retangular beam.
El (1+ V) t?

Ask > o, j(——e)(——e)dx —0 or Z— =0 to keep the total potential energy
X

finite. This condition may be satisfied in case the entire, exact function spaces for w

and 0 are used. For the finite element method, the energy expression is expressed as

Ly (jdode, GAo'Z'“id_W_ Ldw_ (1
= Z(j e I L T L D s

) de de El 1°de I° de

To keep the energy expression finite as t — 0, there are two alternatives:

DIfF~t, Z)Z—W =0. The first condition requires a fine mesh layout because the element
X

size should be almost the same as the thickness of beam. The second condition requires
the derivative of displacement field have to be exactly the same as the rotation flied,
which is very difficult to satisfy. For example, both the displacement and the rotation
field are interpolated by linear shape functions, ie, w=a§+b,6=c§{+d. The second

condition becomes a=c§+d for all 0<&<1, which is equivalent to ¢=0 and

a=d. Therefore, the rotation field should be constant within an element.  This condi-
tion can be satisfied only when the rotation field is constant for the entire beam because
of the continuity requirement of 6 C°, which allows only rigid body rotation of the
beam, and yields a meaningless solution. In case you try to analyze beams or plates,
do not use linear shape functions, which merely results in meaningless solutions.
The aforementioned difficulty may be avoided by using higher order shape functions.
In case shape functions of the same order for both fields are employed, the highest order
term of the rotation field should always vanish, and the function space for the rotation
fields is always a subspace of the displacement field. Since, however, the rotation and
the displacement field are totally independent fields as shown in the next section, the so-
lution space of the rotation field has to be defined independently, and thus the aforemen-
tioned function space constraint yields sub-optimal convergence and unfavorable results.
Be always very careful when you use C'-formulation for the analysis of beams or

plates.

Structural Analysis Lab.
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11.3. Timoshenko Beam

Governing Equation

o, 470 d w de
d_ Ao(__e) 0,
Week Form
jase(ElM d w de +p)dx =0 V80 e v, &Voweu,
jae(El d°0 GAO de j@H@d jseGAO(—W—e)dx=o
dx? dx
| |
ja (GAO(d w_ de de—WGAO(——e)destdx:o
0
|
I@H—d dSW 4 sw GAO(——O) +j5wpdx
X 0

Vobev, &Vdwe v,

By assuming homogeneous boundary conditions,

|
I@El — dx j(ds—""—ae)GAo(——e)dx = jawpdx V80 e v, & VoW e,
0

Boundary Conditions

do dw
0=0or El—=0or w=0 or GA,(—-0)=0
dx Ao(dx )

Elimination of the displacement — Beginning of Nightmare

Differentiation of the first equation and substitution of the second equation into the first
equation

3
g &
dx

Unfortunately, we have an odd order differential equation, which does not have the min-
imum characteristics, and thus is very difficult to solve. At this point, we have to con-
sider the Petrov-Galerkin method seriously !!!

Structural Analysis Lab.
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Chapter 12
Mixed Formulation

)\\

4

‘k“g

Structural Analysis Lab.
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e \What is the mixed formulation??? - Definition

Stress or strain fields are treated and interpolated independently!!!

e Governing Equations and Boundary Conditions
Equilibrium Equation : V.o+b=0 inVv

Constitutive Law co=D:¢ inV

Strain-Displacement Relationship  : €= %(Vu +(Vu)'") inv

Displacement Boundary condition : u-U=0 on S,
Traction Boundary Condition - T-T=0 on S,
Cauchy’s Relation on the Boundary : T=o-n on S

e \Weak statement.

[3, (0, +b)aV + [ 2,z —%(ui,j up )V - [0, (T, T)dS = 0% 4, ev, & ev,

v v 5,

_[Gi (Gij,j +b;)dv +j§ij Dija (ey _%(Um +U;,))dv __[Gi (T, _-Fi)ds =0V ev, g ev,
Y2 \Y S

aa. A = . 1 . .
Ja—xjcudv —Jui b,dV —é[uiTidS +Jgij Dy (8 —E(ukJ +u, )V =0 Vi, ev, & ev,

aa. R = . 1 R .
ngijk,skldv —Jui b,dV —SjuiTids +Jsij Dy (e = Uy +u, AV =0 ¥, €v, & ev,

\ ]

e Interpolations
ue =NeUe 86 =NeEe
o Finite element discretization

Z(OQ)T(jBTDNdVEe —jNdev —jNTTdr)+
e Ve V

I

>(E) (INTDNdVEe —J.NTDBdVUe) =0 forall admissible U® and E®
e Ve \

TE-F , ME-QU=0 0 -Q"[fuU)_(-F T™MQU=F
QE=F  ME-QU-0 - | (|- ; |>Q'M™QuU-

Structural Analysis Lab.
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e Important Question
What are the admissible function spaces for the displacement field and the strain field??
Can we choose the interpolation shape functions for the displacement and the strain inde-
pendently ??  Unfortunately, the answer is “No”. In case we choose the function spac-
es arbitrarily, the solutions of the mixed formulation become very unstable, which is
caused by so called “function space interlocking”. The Babuzuka-Brezzi condition (BB
condition) states the required relationship between the individual function spaces. This

issue is out of scope for this class.
Please be very careful when you use the FEM based on the mixed formulation!!!

® Possible choices of function spaces

1. G eH', g eH’

~

2. 0, eH', g el,

A

el, , g

3. G

elL,

Which one do you like? Can you give a proper explanation for your choice?

Structural Analysis Lab.
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