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Chapter 1

Slope Deflection Method
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1.0 Comparison of Flexibility Method and Stiffness Method
Flexibility Method Stiffness Method
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Flexibility Method

Stiffness Method
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Flexibility Method

| [T}

e = e

1. Release all redundancies.

2. Calculate displacements induced by external loads at the released
redundancies.

3. Apply unit loads and calculate displacements at the released
redundancies.

4. Construct the flexibility equation by superposing the displacement
based on the compatibility conditions.

5. Solve the flexibility equation.

6. Calculate reactions and other quantities as needed.

Stiffness Method

P e 2

Fix all Degrees of Freedom.

Calculate fixed end forces induced by external loads at the fixed
DOF.

Apply unit displacements and calculate member end forces at the
DOFs.

Construct the stiffness equation by superposing the member end
forces based on the equilibrium equations.

Solve the stiffness equation.

Calculate reactions and other quantities as needed.
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1.1 Analysis of Fundamental System

1.1.1 End Rotation

A B
0
On
e Flexibility Method
i) 0,=0
MA MB
L L
= Muy+——M;=-0,
3EI 6EI M, =2y m,=2Ely,
L L L L
— M, +—M, =0
6ElI 3El
i) 6, =0
2ElI 4El

MA:—TOB, MB :TOB

e Sign Convention for M :Counterclockwise “+”

G )

4E| 2El
MA = TOA +T9B

e 0,#0, 05=0

2El 4E]|
Mo == 0t

1.1.2 Relative motion of joints
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e Flexibility Method

L L A
— M, +—M,=—=
3EI 6EI L_ym,-_SELA y _GEIA
L L A L L L L
— M, +—M;=—
6El 3El L
or in the new sign convention: M, _OElA , My _OElA
L L L L
e Final Slope-Deflection Equation
4ElI 2EI 6EI A
M, = 0,+ 0; + —
AL L P L L
M, _ 2El 9A+4EI OB+6EI A
L L L L
e In Case an One End is Hinged
M, -4Elg (2B BEIA o 2B, _ Elg 3EIA
L L L L L L L L
M, = 2El 9A+4EI eB+6EI A _3El eB+3EI A
L L L L L L L
1.1.3 Fixed End Force
e Both Ends Fixed
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Sign convention: All loads and R, 5%[{2:: + LW+ fd?)
reactive forces are positive in : "
the directions shown. R, = [(2b + L)a® — (F5d?)
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e One End Hinged

_I_
|\/lA <AT l'> MA/2
3 3
M >
7 R oL M

e EXx.: Uniform load case with a hinged left end

M __qLZ_qL2 __3qL2 gl

= = = Mf=0
° 12 24 24 g = A
1.1.4 Joint Equilibrium
A
Frixed R__
K/’ I:joint
¥ N\
'
A
R
I:member f\
7Y Joint i

- z l:fixed _Z I:member + Z I:joint =0

or

Z I:fixed +Z l:member = Z I:join’[
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1.2 Analysis of Beams
1.2.1 A Fixed-fixed End Beam

— |
e DOF: GB ,AB
e Analysis
i) All fixed : No fixed end forces
i) 0,0 , A;=0 7 %
2El 4EI 4EI 2El
M,lAB_TeB ! MéA_TeB ) MéC_TeB ! MéB_TeB
6El 6El
VBlA: V/iB:_zeBi VBlC :VClB__zeB
a b
2El 4EI 4EI 2El
—0 —0 —0 —0
a ° a ° b ° b °

i) 0,=0 , Ay#0

RS

6El 6El 6El 6El
MiBz?AB ' MéA:?AB , Mécz_FAB , MCZIB:_FAB
12EI 12EI
VBZA = _VAZB = —3AB y VBZC = —VCZB — —3AB
a b
6El 6El 6El 6EI
(— =)'« o)

T A T

12EI 12El 12El 12EI

= —A
a a pr e b* *
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e Construct the Stiffness Equation

DMy =0->My +My +ME, + M2 =0 4EI(§+%)GB+6EI(é—b—12)AB=O

Zv; =P Vi, +Va +VS, +VL =P > 6EI (%—b—lz)eB +12EI (%+b—13)AB =P

__(b—a)azbzp A= a’h®

s 2EII® © R BEIR
2El 6El ab®
MAB:Mi\B"'Mf\B: aes"'az B:|2 P,
2
MCB:MéB—I—MéB:%eB_%AB:_aI_ZbP

1.2.2 Analysis of a Two-span Continuous Beam (Approach 1)

q l oL
A 4 \ 4 B

>
NN
m
N
m
B

e DOF: 0, ,6¢c

e Analysis
1) Fix all DOFs and Calculate FEM.

gL’ qL’ gL’ gL’
Mo =g+ Men=my o+ Meo =g Ma ==
i) 0,20 , 0, =0
2El 4AE| 8EI 4E|
M,lAB:TeB , MéA:TeB ' MéC:TeB , MéB_TeB
i) 6,=0 , 6. %0
4AE| 8EI
Méc :Tec , MéB :Tec
e Construct the Stiffness Equation
2
DMy =0->Mg + Mg + Mg, + Mg +Mi =0 %+12E—L'93+4E—L'9C=0
2
dDME=0>ME+MgG+MEG =0 —%M%@Bw%eczo

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr


http://strana.snu.ac.kr/

Department of Civil & Environmental Eng., SNU 0

qL’ qL’
B = — , eC =
96EI 48EI
e Member End Forces
qL®> 2El 1
Mg = MA(B +M/1AB :E"'TQB :qu—z
qL>  4El 1
Mg, = MBfA+MéA :_E"'Tes z—quz
gql® 8El 4EI 1
Mg =Mge + M + M2 = st T 0g + i 0. =§qu
2
Mecs :Més +M(13B +M§B :_CIL +4EI B¢ ot 0. =0
8 L L
e Various Diagram
- Free Body Diagram
1
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—qL 16 8 —gL
16" (' ') g
v v
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—qL
16q
- Moment Diagram
1 2 17
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1.2.3 Analysis of a Two-span Continuous Beam (Approach I1)

e B
A ﬁ \ 4 \ 4 C
% El _é_ 2El _@_
[« L - L -
e DOF: 6,

e Analysis
1) Fix all DOFs and Calculate FEM.

L* qL? ql® 1ql* 3qL°
M f :q—, M f =——, M f = + — =
12 AT 12 8 28 16
i) 6;,#0
2El 4E]| 6El
M}\B:TOB’ MéA:TeB’ MéC:TOB

e Construct Stiffness Equation

ZMB:0—>M;A+M;C+MgA+M;C:o

2 2 3
JOE 3l 4By 6By —0g, -0t
12 16 L L 96E|

e Member End Forces

qu 2El 1
MAB:M£B+M}AB:E+THB:BQL2

qu 4E]| 1
MBA:MBfA+MéA:_E+TeB:_§qL2

3gL* 6EI 1
MBCZMch+Méc:F+TeB:§qLZ
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1.2.4 Analysis of a Beam with an Internal Hinge (4 DOFs System)

q
7 ¢ 7
A ﬁ y Vv B C I? D
% El El El 7
P
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e DOF: 0, , 65 , 0} ,Ac
e Analysis
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12 ql?
M ! _a- 9
A8 =5 BA 12
i) 6, %0
'==f A Y
7 7
0 H _
o
Mi\B :£95 ) MéA = Méo 4IEOB ) MéB ?03 ) VCIB %95
i) Oé #0 LI
7 AN ?
i
2El 4E]| 6El
Méc :Teé , MéB Teé , VcZB |_26(IE
iv) 08 =0
% 7
f’| x’
7 7
o £
4E| 2E| 6E|
MéD Z—GE ' Mgc eg VC3D |2 c
v) A.#0
% 7
7 /
6E| 6E| 12E|
Méc:MéB: Ac MéD_MéC Ac VC4D _Vc4|3 Ac

12 2 e
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e Construct Stiffness Equation

>M{=0-- ‘1'22+8E|le ) |I9°L +6%AC:O
ZM;=0—> 2%9B i%af +6%AC=0
;=0 \EI' o -85 A =0
2Vi=0- 6%68 +6%eg —6|—29C +22r\|ET'\AC =0

e Elimination of 6z and 6F
"d and 3" equation

El EI El El
ZI—GE ——(—9 |2 AC) f ZTGE :3I—2AC

- 1* equation

—%+8$OB +2$9§ +6*I5_2|AC =

—%Jrs%eB —(%9B " 3IIE—2|AC)+6IIE—2|AC 0 - ‘1'22 7%9 3|E2' Ac =0
- 4™ equation

6:5—2'68 +6'|E—z'eg —6'|5—2'e§ +24'|E—3'AC =

6|E—2'eB—3(IE2' 0, |E3I Ag)- 3(3 C)+24'|E—3'AC —03Ele, +6ELA, -0

|3

1.2.5 Analysis of a Beam with an Internal Hinge (2 DOFs System)

q
Z B C F
A ﬁr y y O .
7 El El El V"

e DOF: 0, ,Ac

e Analysis
i) All fixed
12 ql?
M f — q_ , M f —_1
AB 12 BA 12
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ii) 0, 0

7
_ , 23

SR

3El

Méc :_MEZ)C :I_zAC , VBZC :_VCZB ==

|3

e Construct the Stiffness Equation

i ql> _EI El
ZM1=0—>—E+7T93+3|—2AC=0
ZVZ‘ =0—> 3%03 +6%AC =0
3 4
eB: qI , AC:— qI
66El 132El
2El 3El, A 3A gl®
S PR = _ 2= (¢ pr=-="—¢ ___ 1
I |(|)_>°2| 88EI
L1 3A. ql® 3 g ql®
90 =AY T 5T = +— =
2 2 1 132El  2132El 264El
1.2.6 Beam with a Spring Support
q
o C s
A gr A A B N g
% El El . E 7
B
Al EA
[+ | ~|< | > | g
e Analysis
i) All fixed
12 12
M5+ M=
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i) ;=0
o,
? |
% Z
3El
Mi\B | 0s MéA T B Méc T B ! Véc_VclB E — 0
i) A, #0
Z 7
? .
% Z
3El
Méc :_MEZ)C :I_zAC .-5-;-;-;-5
3El 3ElI
VBZC :_VCZB:_I_?_AC 1 VCZD:_VDZCZI_ZAC 1 V32=kAC
e Construct the Stiffness Equation
i _ql* El
M, =0—> 7—6 +3—A. =0
Z ! 12 | 12 °
i El
DV, =0 3|—e (6 +Kk)A. =0
_ l+a  gP A - 1 ql* 6EI
® 1+14a/1166EI ' ¢ (1+14a/11)132El I3
e oa—0
ql’ al’
05 = 1 Bc T
66EI 132El
[ J o — o0
_ar _
° 84l ' €
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1.2.7 Support Settlement

e DOF: 0,
e Analysis .
%
e
i) All fixed G
i OELS . 3EIS
([ (I )
i) 6, %0
4EI 3El %
MéA_TeB 1 MéC:TeB ?
7

e Construct the Equilibrium Equation

3 Mi :oaa%?-s%%%%ea +3$eB —00, =32

1.2.8 Temperature Change

A B
e T, %
\r/ %

0, = a(T, _T1)| , 0, =_OL(T2 _T1)|
2h 2h
e Fixed End Moment
v, 4l (2Bl _a-T)g,
L L h
M, :%eﬁ%% _ M=) gy
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1.3 Analysis of Frames

1.3.1 A Portal Frame without Sidesway

«]|/2—» P

B Y C
El.
Ely Ely

e DOF: 6, , 0

e Analysis
i) All fixed
Mgcz%' | MgB:_%' C/\g
ii) 0, %0
M;B:@OB : Mgﬁ%eB
MgC:@eB | Méf%es > »
i) 0, #0 F\/
M =250, | Mg =250,
e Construct the Stiffness Equation e =
D My=0- %'+(4$'1+4$'2)98+2E|'296=0
S 0Pl g B MLy
1 PI?

e —
® "°  4El +2El, 8
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e Member End Forces

2El, 2EIl, Pl
M = B™ " 101 ol o
I 4El, +2El, 8
4EIl, 4EIl, PI
Mg, = B ™ " 101 o1 o
| 4El, +2EIl, 8
MBC=P—I+4EIZOB+2E|29C= 4EIl, P_l
8 | | 4El, + 2El, 8
MCB=—ﬂ+2EIZGB+4EIZOC=— 4EIl, P_l
8 I | 4El, + 2El, 8
4El 4El Pl
Mep = lec = . Y
I 4El, +2El, 8
M. = 2E|le 2El, P_l

| © " 4EI,+2El, 8

e Incase EIl, =El,

Pl Pl Pl Pl Pl

= = M, = = M =—
A 04 B 12 512 12 12

1.3.2 A Portal Frame without Sidesway — hinged supports

«—|/2—» P

B Y C
El,
Ell E|1
A O D
e DOF: 0, , 0
e Analysis
i) All fixed
Pl Pl
Mgczg ' MCOB:__
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ii) 0, 0

3El
MéA: | lea

_4El,

2El,

Méc eB , MCI:B:—GB

iii) 0, #0
_2El,

_4El,

2
IVlBC - I

eC ' MCZZB

eC

3El,
|

2 _
MCD_

Oc

e Construct the Stiffness Equation

3El

19

2

> My =0- %I+( |1+4$|2)GB+

Pl 2El 6, B,
8 | |

~ 1 PI?

¢ 3El,+2El, 8

> Me=0->-

B

e Member End Forces

M, =0
3EI, 3EI, P
Mgpn=——0g=—— =&
| 3El, +2El, 8

Pl 4El 2El,

4El,

3EI,

EI'Zeczo

~£)0 =0

Pl

MBC=E+ I 20, + I
_P_I+2EIZGB+4EI

8 | [
o __ S3EL Pl
| ° 3El, +2El, 8

Meg = Zec:—

e Incaseof El =El,

3
Mgy =-——

M, =0 |,
ne 40

Pl
Mp. =0

MBC:

T 3El +2El, 8

3ElL, Pl

3El, +2El, 8

ENTE

40 Mea

__3p

1 Mep =—Pl

40
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1.3.3 A Frame with a horizontal force

B

»
»

El

e DOF: 6, , A

e Analysis

i) All fixed : None fixed end moment

ii) 0, %0 /\

2| AEI 63
M}\BzTOB ) MéAZI_eB
Méczﬂea , V§A=£93
I |
FAWAY
i) A=0
6El 6El e
MiB :|_2A f MéAZI_ZA
12El
VBZA=I—3A
TR
e Construct the stiffness equation
D My=0-> (ﬂﬂf’lﬂ)eﬁ%ko
dV' =P GEIGB+123EIA:P
I I
2 3
0, :_PI A= 7PI
8EI 48El
e Member end forces
Mo 2500, 8Ly Sy g, 2L, BBy 3y, 3Ly Sy
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—
T
1.3.4 A Portal Frame with an Unsymmetrical Load
|<- a-»l P
B C
A B e
e DOF: 6, , 6. , A
e Analysis
i) Al fixed (/_\DQ
Pab® Pa’b
R
i) 6;#0
2El 4ElI
Mi\B :TOB ’ MéA :I_GB
AE| 2E| 6EI i i
Méc :I_GB ’ MtliB =—0; , VBlA :I_zeB
L]
i) 0, #0 \/
2ElI 4EI
Méc :Tec ’ MéB :Tec
4EI 2El 6El
MCZID ZTOC ' Méo =T6C ' VCZD =|_29c

Structural Analysis Lab.
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iv) A0

MiB :MSA:EA , MSD :Mgc :EA

)
2 |2

V83A :VCSD = 12£A

|3

e Construct the Stiffness Equation

S o

2 .
S ML =0- Pf‘zb +8IE' eB+2|E' 0, + 65'

zMi:0_>_Pab+2Ele +8E..I." , BEl
C B | c Iz

A=0

A=0

2 I

ZVi:O—> 6E|98+6E|9+24E|4=0

IZ IZ c |3

[
A :_Z(GB +ec)

2
Pab Bl g, +Elo —0
| 21 2l
2
JPab Bl 135 —o
| 21 21
_ 1 Pab (a+13b)
84 El |
1 Pab (13a+hb)
84 El |
1 Pab

A= =8
2% E O

B

c =

1.3.5 A Portal Frame with a Bracing (Vertical Load)

|<-a—>l P
C

B
| EI=0,EA#0
e DOF: 6, , 6. , A A , .0
e Analysis
i) All fixed
2 2
IvlgC:Pab ’MCOB:_Pab

2 2

Structural Analysis Lab.
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ii) 0, %0 /\m

Mi\B :Zlﬂea ' MéA:ArIEeB \\
N
4E| 2El N
Méc :I_QB , M(l:B :I_GB \\
\
6El N
VBlA :_293 \\
| = 7
ii) 0. %0
2El 4E|
Méc :Tec ' Més :Tec
4E]| 2El
MéD :Tec ' MSC :Tec
6El
VCZD zl_zec
iV)A =0
Mf\B = MSA ZGIEA'
A
MSD = Mgc :%A1 \/E
VBaA =VC3D :]-ZIéA
EA A EA A 1 EA A

Agp BTN (C) > Vg :ﬁﬁﬁ=vso =722

e Construct the Stiffness Equation

2
S ML -0 P;’:\Zb +8$"|'Qs+2|EI 9c+6|I§I
2 Mc=0- —P|azb+2|E| 6,+35g + SELAo

A

A=0

: 6El 6El 24E|

dVi=0-> 7 0ot Ot At a)A=0
11 EAI®
A=——"—(0,+6.) , o=
1+a4(B c) 48+2El
Solution for b=3a
__40+52a PI’ _16+28a PI’ _ 3 PI®
® 256(7+10a) EI © ¢ 256(7+100) EI ' 128(7 +10a) El

Fora wxh rectangular sectionand | =20h, o= 50+/2 .

2 2 3
05 =—0.0203l, 0. = 0.0109i A= O.3282><10“1ﬂ
El El El

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Performance

24

Response V(Vziigi(;;? W/(oabLagi)ng Ratio(%)
08 (xPI2/El) -0.0203 -0.0223 91.03
Oc (xPI%/El) 0.0109 0.0089 122.47
A (xPI*/El) 0.3282x10™ 0.0033 0.99
Mz (PI) -0.0404 -0.0248 162.90
Mp4 (Pl) -0.0810 -0.0694 116.71
Mcp (Pl) 0.0438 0.0554 79.06
Mpc (Pl) 0.0220 0.0376 58.51
My (PI) 0.1158 0.1216 95.23
Agp (P) 0.0788 - .
Prmax (Pan)™ 0.0720 0.0685 105.1
Pumax/Vol. 0.0163 0.0228 715
*P, =c,,Wh,M_  =P,h/6
6EI

Unbalanced shear force in the columns = (65 +6.)=0.0564P

|2

The bracing carries 99 % of the unbalanced shear force between the two columns.

1.3.6 A Portal Frame with a Bracing (Horizontal Load)

P 2 C
|_EI=0,EA#0
A e .-D

e DOF: 0, , 6., A

e Analysis
1) All fixed: No fixed end forces

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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ii)-iv) the same as the previous case

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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ZMiB 0 8EI 2El 6El
G + 6.+ A=0
2 O, + 0. + .(]..ia)A:P

e Construct the Stiffness Equation
IHB+ I 0, + B A=0
ML -0 2|I5| "81;:,1.,. ¥ 6||§|
Sviso, O 6IE| C 213?',

9) 5
GB =9C y A=—§GB| :—§6CI

e Solution

1 PI? A 5 PI®
(28+400) EI 3(28+400) El

For a :50\/5,

D
w
Il

2 3
0¢ :—0.3501x103% A= 0.5835x103%

e Performance

Response V(Vgiigaj;? W/(Oabiagi)ng Ratio(%)

08 (xPI?/El) —0.3501x10°° —0.3571x10" 0.98

Oc (xPI*/El) —0.3501x10°° —0.3571x10™" 0.98

A (xPI*/El) 0.5835x1073 0.5952x10™* 0.98
Mg (Pl) 0. 0.2801x107° 0.2857 0.98
Mpga (PI) 1. 0.2101x107 0.2143 0.98
Mcp (Pl) 0.2101x10? 0.2143 0.98
Mpc (PI) 0.2801x107° 0.2857 0.98
Asp (P) 1.4004 - _
Pmax(Pan)* 0.7141 0.0292 2448
Prmax/Vol. 0.1617 0.0097 1670

*) Governed by Agp for the structure with bracing, and by Mpc for the structure without

bracing. P,

= CaqWh, M,

=P,h/6

all

The bracing carries about 99% of the external horizontal load.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.7 A Portal Frame with a Spring

|<.a_>l P
C

B WY
G
A D
L TR,
e DOF: 6, , 6. , A
e Analysis { ]
iv) A=0
6El 6El
MiB=M§A=I—2A , MgDzMgc =|—2A ,
24EI
Vo, =V, =|—3A , V& =kA
e Construct the Stiffness Equation Jr.—. =
2.,
D Mp=0- Plazb +8||EI HB+2||EI 6c+6|EI A=0
S Mg=0-> - P;alzb+2I|EI €B+3IFT!.0C+6|EI A=0
SVi=0- ol g, + 25 g +22ELA - ka

12 R

6El G6EI 24El
2 0g + 2 0, +( E +k)A=0

e Deformed Shapes (% =0.41)

kA

ad

without a spring with a spring (k = 24%)

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.8 A Portal Frame Subject to Support Settlement

B C
A D
R T Tk
S
\4
i
e DOF: 0, , 6. , A
e Analysis
i) All fixed
6El
Mgc = MCOB :|_26
ii)-iv) the same as the previous problem
e Construct the Stiffness Equation
> My=0-> GE' 5+3E! 98+2E' 9C+6'f' A=0
I I I I
> Mg=0- 65' S+ Z:EI HB+8||EI 0, + 65' A=0
i 6El 6EI 24El
dVi=0-> 70t Ot = A=0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr


http://strana.snu.ac.kr/

Department of Civil & Environmental Eng., SNU 2

1.3.9 A Portal Frame with Unsymmetrical Supports

|12 —»lP
B C
A D
ok T
e DOF: 6, , 6. , A
e Analysis
i) All fixed
PI Pl
M§C=€ ' MCOB:_?
3El
MéAZI_eB
4ElI 2El
Méc:TQB ’ M(l:BZI_GB
3El
VBlAZI_ZeB
ii) 0. #0 -
2E 4EI T~
Méc:Tec ’ MéB:TeC
4ElI 2El
MéD :Tec ’ Méo :Tec
6El
VCZD :I_zec
iv) A=0 = >
3El
MgAzl_zA '
6EI
M& =MZ =|—2A '
3El 12El
VB3A:|_3A' VCSD: E A

)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the Stiffness Equation

ZMEZO% %I+7FI"~€B+2IIEI 90+3II§IA
ZM, _0o Pl 2EI 8EI 6El

I G + I'~.,§C+ 2 A

i 3El 6El , “15EI
SVi=0- E 0, + E 0, + =

0

0

A=0

A= —é(eB +20,)

1 PI? 1 9PI? 1 PP
0, = 0 J

B =—————

44 El ' ° 448 El ' T 176 EI

rrr

e Load Location that Causes No Sidesway
|<-— a —+1P
B

A D
@ T

A= —Ig(eB +20.)=0—> 0, =-26,
- Stiffness equation

2 2
S M, =0 Pf‘zb +7IE' eB+2| ML =0 Plazb ZIE' eB+8|E' 0, =0
2 2
Pab’ 1261, o _Pah 4El, g
1° I 1>
Pab*> _Pa’b

2 =3 2 —->b=3a

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.10 A Frame with a Skewed Member

A 2
e DOF: 6;,A
e Analysis
) Allfixed: Mg =Pl PL_3pp o 211
8 16 16 2 16
i) 0, 0
M}ABZZEGB:\/EEGB , MéAZZ\/EﬂeB , MéCZEeB ' VBlA:?’E_zIeB
V2l | | [ |
. 3J2El
Vo= G
3Bl 12 g2 Ely
| 2 2
El El 1 El
22 =0, +42—0,)——=3—0
L’ ( I B I B)\/EI |2 B
i) A=0
6EI A  3EI 3EI A 3J2 El El
M2, =M?2, = —2= A M2 =— - TNE A, VA =32 A
BA AB \/5' \/5' |2 BC I \/EI 2 |2 BA |3

, 3EI

NJ2El,11 3El

3IXE AT =2 A
2 127142 21

El

El 1 El
4.—/ el el =,
k (3I2 A+3|2 A)\EI—&/Z |39

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the stiffness equation

ZM;=0—>(2J§+3) (3—3*2/— IIEZIA :—%PI
- _3 myEl 3 EI _211
SVi=0- (3 2\/_ 5 +(3V2+ T

5.8284 EII 0, +0.8787 IIEI A =-0.1875PI

0.8787 IIEI 0, +5.7426 IIEI A =0.4861P

2 3
0, =—0. 0460i , A= 00917ﬂ
El El

e Results

- Deformed shape

- Moment diagram

- Shear force diagram

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 2

Iterative Solution Method
&
Moment Distribution Method

% l % l éi«imb&»bé
F—3% &t —1%

-168.75 13350 -1533560 450.00
1511 20.14

49331 «— -18661 -13996

3989 6332 —b> 26 66
-162 < -1623 -11.43

3.26 435 > 218
062 < -1.24 093

Step: 6 11039 -297.68

SLIDE RESET SETTING aurm

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.1 Solution Method for Linear Algebraic Equations
2.1.1 Direct Method — Gauss Elimination

a X, +a, X, ++a; X, +--+a,X,=b
ay X, +ayX, ++ ay X +--+a,, X, =h,

— > a;X; =b, fori=1--n
au X, +a,X, ++a; X, +--+a,X, =b =i

a X, +a,X, +--+a,; X, +--+a,X, =b,
or in a matrix form

[AI(X) = (b)

By multiplying A to the first equation and subtracting the resulting equation from the i-th

11
equation for 2 <i<n, the first unknown X; is eliminated from the second equation as fol-

lows.

a X, +a,X, -+ a; X, +-+a,X, =b
adX, +--+alX +---+a?x =bl?

a?x, +---+aPX, +---+a?x =b?
a@x, +---+a®@X, +---+a®x =b?

a,a,;
where a(® =a; ——.

i Again, the second unknown X; is eliminated from the third equa-

all

©)
a'i2

B)
a‘22

tion by multiplying to the second equation and subtracting the resulting equation from

the i-th equation for 3<i<n. The aforementioned procedures are repeated until the last

unknown remains in the last equation.

a X, +a,X, -+ a X, +--+a,X, =b
adX, +---+aPX +---+aPXx_ =b?

(i) (i) _ KM
a’ X, +---+a,/ X, =b,

(n) _KhMm
ann Xn - bn

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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(k=1) 4 (k-1)
iy Ay .. .
where al® =a{? ——"= k<i, j<n,and aj =a;. Once the system matrix is tri-
ak—l,k—l
angularized, the solution of the given system is easily obtained by the back-substitution.
b(n)
My _pM _
a, X, =b" — X =—5
ann
h(D _ gDy
(n-1) (n-1) _ Rh(n-1 _ n-l n-1,n“*n
an—l,n—lxn—l + a‘n—l,n Xn - bn—l - Xn—l - n-2
a'n—1,n—l
. i+1 _
bi(l) _Zai(kl)xk
ai(il)xi+...+ai(lgxn:bi(l)_) xi: k=in1 for 1<i<n-1
, NE

2.1.2 lterative Method — Gauss-Jordan Method

A system of linear algebraic equations may be solved by iterative method. For this purpose,

the given system is rearranged as follows.

_ bl_(alZXZ +"'+a1nxn)

. ay
X, = b, —(ay X, +a, X, +--+a,,X,)
axn
o by — (@ Xy +- 48, Xy +8,;, X +--+3,X,)
| a;i
_ b, — (@ X, +-+a,, 4, X, ;)
n a

Suppose we substitute an approximate solution (X), , into the right-hand side of the above

equation, a new approximate solution (X),, which is not the same as (X), ,, is obtained.

This procedure is repeated until the solution converges.

(X)), =%(bi —iaij(xj)k—l)

ii
i#]

where the subscript k denotes the iterational count.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.1.3 lterative Method — Gauss-Siedal Method

When we calculate a new X; value in the k-th iteration of Gauss-Jordan iteration, the values of

X,,-++, X, , are already updated, and we can utilize the updated values to accelerate conver-

gence rate, which leads to the Gauss-Siedal Method.

bl _(alz(xz)k—l +“'+a‘1n(xn)k—1)

(X =
1)k a,
_ bz _(a21(xl)k + aZSXS)k—l et (aZan)k—l)
(X =
Ay
(X)), = b — (@ (X)) +- 4@, (X)) + 80 (X)) + + 35, (X))
i/k aii
(Xn)k _ bn _(anl(xl)k +“'+an,n—l(xn—1)k)
ann
1 i-1 n
(Xi)k :_(bi _Zaij(xj)k - Zaij(xj)k—l)
a;; _j:11 _j:ri+1
2.1.4 Example
l 30 135.6 AKIf
A B c | D
ﬁréﬂ El ﬁé 1.5El é’é, El o))
. 3@30=90 )

e Stiffness Equation

6EI 3El
)0+

—-133.3+ 450.0+3|EOB + (@+3|ﬂ)9C =0

—-168.7 +133.3 + (3IIEI +

For the simplicity of derivation, %68 — 05, %6% — 0. The stiffness equation becomes

~35.4+90, +30, =0
316.7+30, +90, =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Gauss-Jordan lteration

1

(93 ) kK — 5 (35-4 - 3(6c )

1

36

1)

(¢9C )k = 5 (-316.7 - 3(‘93 )k—l)

Gauss-Siedal Iteration

(@), ==

©0.), =%(—316.7 _y

=5 (354-3(0) 1)

)

Gauss-Seidal

Gauss-Jordan

GAUSS-SIEDAL

*xKIXxXx

*xKIXxXx

R R

*xKkXxXx

*xKhXxXx

ITERATION GAUSS

-Jordan ITERATION

*Kxkhkkx*x

Iteration 1*****
X(1) = 0.3933334E+01
X(2) = -0.3650000E+02
ERROR 0.1000000E+01
Iteration 2*****
X(1) = 0.1610000E+02
X(2) = -0.4055556E+02
ERROR 0.2939146E+00
Iteration 3*****
X(1) = 0.1745185E+02
X(2) = -0.4100617E+02
ERROR 0.3197497E-01
Iteration 4*****
X(1) = 0.1760206E+02
X(2) = -0.4105624E+02
ERROR 0.3544420E-02
Iteration 5*****
X(1) = 0.1761875E+02
X(2) = -0.4106181E+02
ERROR 0.3937214E-03

*xkhkx*x

R R = =

*xkhkkx*x

E R R T

Iteration 1*****
X(1) = 0.3933334E+01
X(2) = -0.3518889E+02
ERROR 0.1000000E+01
Iteration 2*****
X(1) = 0.1566296E+02
X(2) = -0.3650000E+02
ERROR 0.2971564E+00
Iteration 3*****
X(1) = 0.1610000E+02
X(2) = -0.4040988E+02
ERROR = 0.9044394E-01
Iteration 4*****
X(1) = 0.1740329E+02
X(2) = -0.4055556E+02
ERROR 0.2971564E-01
Iteration 5*****
X(1) = 0.1745185E+02
X(2) = -0.4098999E+02
ERROR 0.9812154E-02

MBA =-115.84375 MBA =-116.34444
MBC = 115.82707 MBC = 115.04115
MCB =-326.81460 MCB =-326.88437
MCD = 326.81458 MCD = 327.03004

Prof. Hae Sung Lee, http://st
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2.2 Moment Distribution Method

l 30 135.6 AKIf

A B C | D
JA El é 1.5E1 @ El &3
|< 3@30=90 .

e Atthe JointB

- Moment distribution

4AE

3EI I M
M — AB BC e — M 1 M 1 e — B
B ( LAB + LBC ) B BA + BC - B 3EIAB +4EIBC
LAB LBC
3El 4
3EI L
Ml = AB e = AB M = D M
BA LAB B 3EIAB . 4EIBC B BA B
LAB LBC
4El 5.
4EIl L
ML = BC g — BC M. =D..M
BC LBC B 3EIAB . 4EIBC B BC B
LAB LBC
. . 2Elg 1
- Moment carry over to joint C: M, = 0g :EDBCMB
BC
e AttheJointC
- Moment distribution
4El 3El M
M — BC CD 9 — M 2 M 2 9 — C
C ( LBC + LCD ) C CB + CD - Cc 4EIBC +3EICD
LBC LCD
4El g
4El L
M& = €0, = B¢ M. =DM
B O = ZE0,, R
LBC LCD
3El
3El L
M 2 — CD — CD M — D M
P Ly T P
LBC LCD
- ., 2Elg 1
- Moment carry over to joint B: Mg, = 0. =EDCBMC

BC

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Stiffness Equation in terms of Moment at Joints

1
-354+Mg +=DzM. =0 M, = 35,4—1DCBMc
2 2
1 ” 1
316.7+EDBCMB+MC:O M. = -316.7—§DBCMB
- Gauss-Seidal Approach

1
(M B)k =35'4_§DCB(MC)k—1

1
(Mc)k :_316'7_§DBC(MB)k

- Gauss-Jordan Approach
1
(M B)k = 35'4_§DCB(MC)k—l
1
M C)k =-316.7 _E Dgc Mg)s

e For the given structure

1 2
DBA:DCDZE ) DBC:DCB:§

e Incremental form for the Gauss-Seidal Method
-For k=1

(M), =(M_), =0 because we assume all degrees of freedom are fixed for step 0.

(M), =354-7Deg (M), =36.4 > (AM,,), =354

(M), =-316.7 —% Dee (M), =-316.7 —%%35.4 > (AM ), =-328.5

-For k>1

1 1 1
(M B)k =35'4_§DCB(Mc)k—1 =35'4_EDCB(Mc)k—2 _EDCB(AMc)k—l

1 1
=(Mg)i _EDCB(AMc)k—l — (AMy), = _EDCB (AM ), 4

1 1 1
(Mc)k = _316'7_§DBC(MB)k = _316'7_EDBC (M B)k—l _EDBC (AMB)k

1 1
=(M¢)sy _EDBC(AMB)k — (AM¢), :_EDBC (AM ),

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Iteration 1
(MB)O =0, (Mc)o =0

(MB)l :35'4_%DCB(MC)O =354—)(AMB)1 =354

(M), =M/, +D,,(AM ), =—-168.7+0.33x35.4 = —168.7 +11.8 — (AM ), =11.8
(M), =ML + Dy (AM,), =133.3+0.67x35.4=133.3+23.6 — (AM ;. ), = 23.6

(M.), =-316.7 —% Doc (AM ), =-316.7 —%%35.4 =-3285— (AM,), =-3285

(M), =ML +%DBC (AM ), + Dz (AM ), = -133.3+11.8-219.0 —»

(AM, ), =11.8—219.0
(Mep), =M { + Dy (AM ), = 450 —0.33x 328.5 = 450 —109.5 — (AM ., ), = —109.5

- Iteration 2
(AMg,), = Dga(AMg), =36.5
1 1
(AMy), = 5 Des (AM,), =109.5 — S (AM g ), = > Des (AM ), + Dgc (AMy),
=-109.5+73.0

1
1 (AMCB)Z:EDBC(AMB)2+DCB(AMC)2
AM =——D..(AM =-365—>
( C)Z 2 BC( B)Z :36.5_24.3

(AM¢p), = Dep (AM ), =-12.2

- Iteration 3
(AM ), = Dor (AM, ), = 4.1
(AM,). =—%DCB (AM.), =12.2 | (AM 5¢), =%DCB (AM.), + Dy (AM ),
122482
(aM.), =—%DBC (AML), _4.1_){(AMCB)3 =%DBC (AM, ), + Deg (AM ), =4.1-2.7
(AM gp), = Do (AM ), = 1.4

- Final Moments

Mg, =Mg, + D (AMy,), =-168.7+11.8+36.5+4.1=-116.3
k

Mg =Mgc + ) (AMy.), =133.3+23.6+(-109.5+73.0) + (-12.2+8.2) =116.4
k

Mg =M&G + > (AM ), =-133.3+(11.8-219.0) + (36.5- 24.3) + (4.1- 2.7) = -326.9
k

Mo =M+ (AM ), =450.0-109.5-12.2-1.4 = 326.9
k

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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0.33 __ 0.66 0.67 0.33
2 5
-168.7w%=  133.3 -133.3 %% 450.0 e
11.8 236 ———*> 1138
-109.5 <+—— -219.0 | -109.5
36.5 73.0 —> 365
-122 €«—— -243 | -12.2
4.1 82 — 41
14 — 2.7 -1.4
0.5 0.9 -326.9 ' 326.9
-115.8 115.9

e Incremental form for the Gauss-Jordan Method
-For k=1

(Mg), =(M_), =0 because we assume all degrees of freedom are fixed for step 0.

(My), =354-2 Dy (M), =35.4 > (aM,), =354

(MC)1 = —316.7—%DBC(|\/| B)0 =-316.7 > (AMC)1 =-316.7
-For k>1
1 1 1
(MB)k :35'4_§DCB (Mc)k—l :35'4_EDCB(Mc)k—2 _EDCB(AMc)k—l
1 1
:(MB)k—l_EDCB(AMC)k—l — (AMy), :_EDCB(AMC)k—l
1 1 1
(Mc)k :_316'7_EDBC(M B)k—l = _316'7_EDBC(M B)k—2 _EDBC (AM B)k—l
1 1
:(Mc)k—l_EDBC (AMg), . — (AM (), :_EDBC (AM )4
- Iteration 1
(MB)O =0, (Mc)o =0

(M3), :35'4_%DCB(MC)O =354 (AM;), =354

(Mg), =M, +D,,(M,), =—168.7 +0.33x35.4=—-168.7 +11.8 > (AM ), =11.8
(Mg), =M + Dy (M), =133.3+0.67x 354 =133.3+ 23.6 > (AM ;. ), = 23.6

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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(M,), =-316.7 —%DBC (M,), =—316.7=-316.7 —> (AM,), =—316.7
(M), =M + Deg (M), =—133.3-0.67x316.7 = —133.3— 212.2 —
(AM ), = —212.2
(M), =M +Dep (M), =450 —0.33x316.7 = 450 —104.5 — (AM ), = —104.5

- Iteration 2
(AMg,), = ?BA(AM g)2 =35.0
1
(AM B)z = _E DcB (AM c)l =106.1— (AM BC)Z = E DCB (AMc)l + DBC (AM B)Z
=-106.1+71.1
1
1 (AMCB)Z ZEDBC(AMB)1+DCB(AMC)2

AM.), === Dy (AM), =-11.8
(AMc)s =75 Dac (AMa): ” =11.8-7.9

(AM¢p), =Dep(AM), =-3.9

- Iteration 3
(AMg,); = Dga(AMg); =1.3

1 1
(AM ), =—EDCB(AMC)2 =4.0>{(AMg.), :EDCB(AMC)Z + D (AM ),
=-40+27
1

1

(AM ca)a = EDBC (AM B)3 + DCB (AMC)3
(AM.), = _EDBC (AMg), =-35.6 >

=35.6-23.9
(AMp); = Dep (AM ), =-11.7

033 0.66 067 0.33
s -168.7 33 1333 -133.3 38 450.0 fole)
B ETTRP= s
35.0 741“1) — 3752 -3.9
S P Ve B
e S
| o
0.5 0.9 0.1 0.1
1159 | 1159 -328.0 | 3282

Structural Analysis Lab.
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2.3 Example - MDM for a 4-span Continuous Beam

100
150
ZA B C D E
El, L

| é 1.5E1, L Q 15EI L éﬂ ElL L %
o s ] 4

D,, =4 EI/(4 415EI) 0.4, DBC_415EI/(4 415EI) 0.6, DCB_415LEI/(41.5LEI +41.5LEI):0.5’

Dq, :41.5EI/(41.5EI 4 15EI) 05, Dy, _41 5EI/(41.5EI +3E):0.67, D, _3EI/(41 SEI 35)2033
L L L L L L
e (Gauss-Siedal Approach
Z 0.4 0.6 05 05 0.67 0.33
0.0 0.0 %125 -125&‘ 0.0 0.0 %93.8 %
-25.0 <«—— -50.0 715  — -375
406 <«—— 813 81.3 —> 40.6
450 <+—— -90.0 -44.3

113 <«— 225 22.5 — 113
-104 <«— -20.8 -311 —» -156

39 —— 7.8 78 — 39
51 <«— -10.2 -5.0

13 <«— 2.6 26 —» 13
-11 — 21 -3.1 -0.9 -0.4
36.5 -12.9 72.9 -63.9 64.1 -44.0 44.1

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e (Gauss-Jordan Approach

Z 04 06 05 05 067 033
0.0 0.0 é 125 -125 @, 0.0 0.0 % 93.8 é

.50 75 625 | 62.5 -62.8 -31.0
250 313 ‘><‘-37.5 314 ‘><‘31.3

125 | -18.8 345 | 345 -21.0 -10.3
63 «— 173 =~ 04 | 105 <« — 173

69 | -104 100 | 100 -116 57
35 50 ><-5.2 58 — 50

2.0 -3.0 55 55 3.4 1.6
10 - s T 15 | 1 = g

1.1 17 16 16 19 -0.9
-0.6 — - 08 == 209 1.0 — = 08

-0.3 0.5 1.0 1.0 0.5 -0.3
-36.4 728 | 728 644 | 647 -44.0 44.0

Structural Analysis Lab.
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2.4 Direct Solution Scheme by Partitioning

20

L3 s
B

v C

A D
[ e

e Slope deflection (Stiffness) Equation

[8ElI 2EI

L L ' L |e 88.8
21 8EI | BEl | " | | ., :O_{[Kee] (Kad (@), ((P))_,
I R N N M2 () PR (K, K A 0
BEI" BEI | 24EI || A 0.0 A an
L L ' L

[Kgpl(®) =—(P) - (K, )A — (©) = _[Kee]_l(P) _[Kee]_l(KeA)A =(©)" +(©)"

(KAG)(®)P + (KAe)(®)A +K,A=0

e Direct Solution Procedure by Partitioning

Assume A = 0 and calculate (®)".

. — A —
Assume an arbitrary A =— and calculate (®)".
(04

A
By linearity, (©)" = ©)

Calculate o by the second equationby A and (®)".

__ (Kp®)
|<AAZ + (KAO)(@)A

Obtain (@) by (©) = (©)° +a(®)".

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.5 Moment Distribution Method for Frames

e Solution Procedure
- Assume there is no sideway and do the MDM.
- Perform the MDM again for an assumed sidesway.
- Adjust the Moment obtained by the second MDM to satisfy the second equation.
- Add the adjusted moment to the moment by the first MDM.

e First MDM - with no Sidesway

|<_ L/3 20

Bos 05¢ 47
o[ ss8 444 | Z
444 | -44.4 222 7
166 < 333 | 333
83| 83 > 42
11 < 2.1 2.1
06 | 06 > 03
533 | 533 0.2 0.2
355 | 355
= w D

Mag =-53.3/2 = -26.7, Mpc = -35.5/2 = 17.8, Vag = 2.67, Ve = -1.78, V© = 0.89

e Second MDM —with an Arbitrary Sidesway

B C
! |
10.0 | 100
50| ) > 25 !
]
19 « 38 38
/
10| /10 > 05 N
L /
/.02 < 03 | 703
/ Vi
01|, o1 59 |/ 59
61| -60 !
I
" 2 "

Mag = 10 —3.9/2.0 = 8.1, Mpc = 10 — 4.1/2.0 = 7.9, Vag =-0.47, Vpc = -0.46, V> =-0.93

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Shear Equilibrium Condition (the 2" equation)

No Sidesway (1 MDM) Sidesway Only (2" MDM)
. 089 » 0.93
— - 6.1 >
53.3 ¥\ 355 TEN 7
2.67 1.78 0.47 0.46
| | < <
26 7\_/ A 17.8 8.1\} A 7.9

o = -0.89/(-0.93) = 0.97

Total Moment = 1% Moment + o, 2™ Moment

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 3

Buckling of Structures

U
| e
?ﬁﬁ’%ﬁ

Gy

lJWWL

-“& R

Structural Analysis Lab.
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3.0 Stability of Structures

_A_PLW Pl

e Stable state
KOLxL>POL > KL>P

The structure would return its original equilibrium position for a small perturbation in 6.

O

KOLxL=Q0L -» KL =P

O

e Critical state

e Unstable state
KOLx L <Q6L - KL< P

The structure would not return its original equilibrium position for a small perturbation in

9‘ o

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.1 Governing Equation for a Beam with Axial Force

M [ M+dM
/1 A
N Vo w '
P
V V+dV » 'y d
\ 4__de
\ /D X
v v " P

e Equilibrium for vertical force

V+adv)-V +qu:0—>?j—v:—q
X

e Equilibrium for moment

(M +dM)-M —de+qu%— Pd—de:0—>d—M— Pd—W:V
2 dx dx dx
e Elimination of shear force
d*M d’w
—-P =_
dx? dx? a
e Strain-displacement relation
d’w_ du
dx* *  dx
e Stress-strain relation (Hooke law)
2
o=Ee=—EQ \Q/y+Ed—u
dx dx
e Definition of Moment
d’w du d’w
M = jcydA=jEsydA= —j(E ~ y?— B NdA=—El—
A A A
e Beam Equation with Axial Force
d'w _d?w
El P =
X a

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.2 Homogeneous Solutions

Characteristic Equation for P >0

w=e"
e (W + BA2) =0 — A = +Bi, 0

Homogeneous solution

w=AeM™ +BeP*+Cx+D

Exponential Function with Complex Variable

=2 =3 =4 -5 -6
e =1+iXx+ =X+ =X+ =X+ =X+ =X+
2! 3 4 51 6!

(i) o () e G s (D

\2
e X =1—ix+ (1) X% +
2!

3 4 5! 6!
e 4e™ = 2(1—£x2 s iy Ly +---) = 2C0SX
2! 4 6!
e —e ™ = 2(ix—Lx3 e Ly +---) = 2isinx
3 5! 7

e =cosx+isinx , e™ =cosx—isinx

Homogeneous solution

where B* = %

6_|_...

w = A(cosBx +isin Bx) + B(cosBx —isin Bx) + Cx+ D

=(A+B)cospx+i(A—-B)sinpfx+Cx+D

= AcosPx+ BsinpBx+Cx+D

Characteristic Equation for P <0

W= ekx
where B? = ‘i‘
e —BN)=0—>A=1B, 0 El
Homogeneous solution for P <0
w=Ae™ +Be ™ +Cx+D
X o X _ q-Bx
—(A+ B)%HA— B)%+Cx+ D

= Acoshpx + BsinhBx+Cx+ D

Structural Analysis Lab.
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52

Department of Civil & Environmental Eng., SNU

e Simple Beam

— Boundary Condition

w(0)=A+D=0, w(0)=-Ap’=0—>A=0
w(L) =BsinBL+CL=0, w'(L)=-Bp’sinpfL=0—->B=C =0

— Characteristic Equation

A=B=C=D=0—->w=0 (trivial solution) or
n?m?El
L2

BL=nt —> P =

n=123.--

w = Bsinpx = BsinnTnx

e Fixed-Fixed Beam

—P

A 4
i)

e

— Boundary Condition
w(0)=A+D=0
w'(0)=pB+C =0
w(L) = AcosBL+BsinpL+CL+D =0
w'(L) =—ABsinBL+ BpcospL+C =0

— Characteristic Equation

1 0 0 1|(A 0 1 0 01
0 1 0|B 0 1 0
.B = — Det( _B )=0
cospL sinpL L 1|C 0 cospL sinpL L 1
—BsinpL PcospL 1 O0\D 0 —BsinBL PcospL 1 O
1 0 01 B 10 0 B 1
0 B 1 0 . .
i =|sinBL L 1]—| cosBL sinL L
cospL sinpL L 1 i
i BcospL 1 O] |-BsinBL PcospL 1
—BsinBL PcospL 1 O

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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—B—(—pcosPL) — (—B(cosBL +BLsIinBL) +B) =pP(2cospL —2+PLsinBL) =0
2cosPL—2+BLsinpL = 2(cospL —1) +BLsinpL =

—4sin? L, 2BLsin &cos& =
2 2 2

sin&(&cos&—sin&) :Oasin&:O or &cos&—sinﬁzo
2 2 2 2 2 2
— Eigenvalues

Symmetric modes

2_2
sinﬁzo —>&:nn—>P:4n TCZEI
2 2 L

w(0)=A+D=0, w(0)=w(L)=pB+C =0, w(L)=A+CL+D=0

, N=123--

A—l—D:O—)A:—D—)W:A(COSZ—erX—l) for A=0

Anti-symmetric modes

2
B—LcosB—L—sinB—L:O—>B—L:tanB—L—> P=8'18L2EI
=
o
S
! |
/77 ZZ/{Z
7 L
%r 2
- LI .
A T

Structural Analysis Lab.
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e Cantilever Beam

P

»
>

A

b

— Boundary Condition
w(0)=A+D=0
w'(0)=BB+C =0
M (L) = —EIw"(L) = —-EI(-Ap” cospL — BR?sinfL) =0

3
vy =-e1dW pdv_g
dx dx
N2 2
p:(znj)#”a, n=123-..

e Beam-Columns - Simple Beams with a Uniform Load

A

\ 4

— Governing Equation

d‘w _d%w
El— +P—-=
dx* dx? a
— Particular Solution

w, (X) =y

2P
— General Solution
w(x) = AcosBx + Bsinpx+Cx+D +%X2
W'(X) = —AB’ cospx — BB sin px +%

— Boundary Conditions

_ _ " — _ 2 g: — q - _ q
W(0)=A+D=0, W(0)=-EI(-AB"+ 3)=0- A PBZ’D or?

2

; q q 2
L)=B L+CL L-1)+—L"=0
w(L) sinBL + +PB (cosp )+2P

M (L) = —~Elw"(L) = —EI (~AB? cosBL — B2 sin L +%) =0

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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—%COSBL— Bp? sinBL+%: 0> BR2sinpL = —%(cosBL—l)

BB®2sin %cos& = —q—(l— 2sin? &—1)

B L 9Pl o9

Bz P 2 2P

— Final Solution

q q BL . q q
W(X) = BZ_(COSBX_]') +Bz—Ptan 75”’] BX—Z—P LX+EX2

M (x) = —EIw"(x) = EI(q COSPX+ ?3 tanB sinBx— g —)

Displacement at the mid-span

W(E): ? &—1)+ 19 anPlginBl_9 -
2 2 B2P 2 2 8P
:Zi(cos&Han&sin&—l)—q—L2
B2P 2 27 2 8P
1 L2 2
_ 9 ( i p )
B cos™ "
_ 5qL* 384 n“El2 1 L n’ PLZ)
- 4 p2y4 T T 2
384El 51" P°L Sg L2P / c2El 8 n°El
2
_ 507884y —1—%Pi)
cosgdP/PCr or
2
=8t0.7884( 1 —1—Lt) (t:i)
g2 T 8 P
cosE\/f cr

Moment at the Mid-span

M (L) =El E(COSBL-F tan %sm&—l)

2
_a- 82 z EZI (cosB£+tanB—LsinB—L—1)
8 n° PL 2 2 2

w B8R 1y

2
w P cos;/P/PCr

1

_ M, 0.811%( 1)

T
cos_+/t
2\/_

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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10.0

8.0 7

6.0 7

8/5,,

4.0 7

2.0

OO ! T T T T T T T
0 0.2 0.4 0.6 0.8 1

P/ P,
Figure 1. Displacement at the mid-span

10.0

8.0 1

6.0 7

M/M,,

4.0 7

2.0 7

00 ' T T T T T T T T
0 0.2 0.4 0.6 0.8 1

P/P

cr

Figure 2. Moment at the mid-span

Structural Analysis Lab.
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3.3 Homogeneous and Particular solution

W =W, +W, = AcosPx + BsinBx+Cx+D +w,

d*(w, +w d?(w, +w 4 2 d*w d’w
g W) (W tWy) g diw, pdiw, g 4 W, 0,
dx dx dx dx dx dx
d“wp d2wp
= El ™ +P ™ =q

e Four Boundary Conditions for Simple Beams
w(0)=A+D+w,(0)=0, M(0)=-EIW"(0)=—EI(-AB?+Ww/(0))=0
w(L) = AcosBL +BsinL+CL+D+w,(L)=0
M (L) = —EIw"(L) = —EI (AP’ cospL — Bp*sinpL + w7 (L)) =0

1 0 0 1A} (w,(0)
—B° 0 0 0B w; (0

b _ + » ) =0>KX+F=0
cospL sinBL L 1|C Wp(L)
—p%cospL —B*sinfL 0 0| D) (wy(L)

The homogenous solution is for the boundary conditions, while the particular solution is for

the equilibrium.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 4

Energy Principles

Principle of Minimum Potential Energy and

Principle of Virtual Work

Mg

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Read Chapter 11 (pp.420~ 428) of Elementary Structural Analysis 4™ Edition by C .H. Norris
et al very carefully. In this note an overbarred variable denotes a virtual quantity. The virtual
displacement field should satisfy the displacement boundary conditions of supports if speci-
fied. For beam problems, displacement boundary conditions include boundary conditions for
rotational angle. Variables with superscript e denote the exact solution that satisfies the equili-

brium equation(s).

4.1 Spring-Force Systems

A

e Total Potential energy

The energy required to return a mechanical system to a reference status
0 A

e == k(A - u)du = k(A - u)du =2 kA" 1 =-PA
A 0

1

M, =0, +I1, :EkAZ ~PA

total int

e Equilibrium Equation
kA®=P

® Principle of Minimum Potential Energy for an arbitrary displacement A = A® + A.

I :%k(Ae +A)? —P(A° +A)

total

:%MNY+kNK+%MZY—PQ§+Z)

:%MNV—PN+%k@f+ZwN—P)

1 1, —
=Zk(A%)? = PA® + =k(A)?
> (&%) > (4)

=TI1¢

1 A e
total +Ek(A)2 2 Htotal
In the above equation, the equality sign holds if and only if A=0. Therefore the total
potential energy of the spring-force system becomes minimum when displacement of

spring satisfies the equilibrium equation.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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4.2 Beam Problems

RS

o ] i

any type of support any type of support

e Potential Energy of a Beam

:lj.Mzdx—l

ext — _Jf quX
0

IT

total int

|
=1II;, +11,, —1
20

e Equilibrium Equation

d’M*® _q or EId“we _q
dx? dx*

El

e Principle of Minimum Potential Energy for a virtual displacement w=w® +W .

lj'-(dz(we:v_v) £l dz(""ejw))dx—'j(we + W)adx
dx dx 5

:_J'( )dx Iw qdx +

‘W ‘W d?w dee
EI(WE'W)O‘HI(W ——)dx— jwqu

0 0

)dx jwqu

+jl\WMe

dx — I wqdx

0

for all virtual w

Since the equation in the box represents the total virtual work in a beam, the total potential energy
of a beam becomes minimum for all virtual displacement fields when the principle of vir-

tual work holds. In the above equation, the equality sign holds if and only if W =0.

Structural Analysis Lab.
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e Principle of Virtual Work
If a beam is in equilibrium, the principle of the virtual work holds for the beam,.

If_ d*w

w(

0 dx*

| q2 2 2 e] 3,0
[ g T g jqu+d—WE|dW ~wEl LW g
5 ox 0 dx dx? |, dx” |,
'd2W ' cMM®

I > dx jwqu j dx—jv‘qux:o

OdX 0 0 0

In case that there is no support settlement, the boundary terms in above equation vanishes
identically since either virtual displacement including virtual rotational angle or corres-
ponding forces (moment and shear) vanish at supports. The principle of virtual work

yields the displacement of an arbitrary point X in a beam by applying an unit load at X

and by using the reciprocal theorem.

va_v =JI' :IIWS(x—i)dx_w(x) IIMMe

0

e Approximation using the principle of minimum potential energy

- Approximation of displacement field

W:Zn:aigi
i=1

- Total potential energy by the assumed displacement field

—I(Za g")EI(Za g7)dx— JZa 9,qdx

o i=1

- The first-order Necessary Condition

ol aak( !(Zag’)El(Zag')dx jZaqux)

8ak o i=l

=—[jg EI(Za g")dx+j(2a g"Elg!dx] - jg qdx) or Ka=f

no |
:ZJ.gIZElgi”dxai _Jgkqu :ZKkiai - fk =0
0 0 i=1

i=1

Structural Analysis Lab.
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L

& &

e Example

i) with one unknown

w=ax(x—-1)=a(x*-Ix) > w"=2a

| | | 2 2
M, :lel(w")zdx—jPS(x—'—)wdx :ijEl(za)deaP'—:iEMazl rapl
29 ) 2 24 4 2 4
2
81_I$““':0—>4aEII+PI—:O—>a:—P—I—>W:—L|(x2—xl)
oa 4 16EI 16EI
I I
3 3 3 we () -w(,)
w2 P e 2P h0008PY ) Emor=— 20 27 g5
2" 64El 2" 48El El e/l
we ()
2
ii) with two unknowns
w = ax(x —I) +bx(x* —1?) - w" = 2a + 6bx
1 ' | 1 12 3
I, == |El(W)?*dx - | P§(x ——)wdx = = | El (2a + 6bx)*dx - P(~a— —b—
ou = 5 BV = [PO(c—pwax = [E1(2a.+ 6b)°dx— P(-a 7 —b=)
1 , |2 13 12 33
=—El(4a°l + 24ab—+36b" —)+ P(a—+b—)
2 2 3 4 8
H 2
Moo :0—>EI(4Ia+6I2b):—PII L Pl
oa Sa=———  b=0 (277
orl 31° 16 El

——l = 0 — EI(6l%a +121%0) = -P =~
ob |

iii) with three unknowns

w=ax(x—1) +bx(x* —=17) + cx(x* = 1°) > w" = 2a + 6bx +12cx”

I1

total

1| " 2 I I
_EgEl(w) dx—!PS(x—E)de
| 2 3 4
:EJ.EI(Za+6bx+120x2)2dx—P(—a——bi—cl)
24 4 "8 16
[° |2 3

3 4
_1g (4a’l +36b* I—+144c2 — +24ab—+ 48ac—+144bc|—) +
2 3 5 2 3 4

2 3 4
P(a|—+ bi+ cl)
4 8 16

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2
—an“"a' =0— El(4la+61°b+8l°c) =—P— a:ip—I
oa 4 64 El
M:o—>E|(6|2a+12|3b+18|4c)_—Pi Slp=—2F
ob 8 32 El
oIl 3 .. 144 . 7 S P
___toal _ - —_p_ C=———
~2L =0 EIB1"a+181"b +=—1°) =P s2 Ell
1 Pl S P 3 13
W=——X(X— ———x ——x(x" =1
64 El (x=1) (=19 + 64 Ell ( )
3 3 3
W(l):i(_il 5357 2 PP 46005°" | Error=0.0144
2 644 328 6416° 1024 EI El

iv) with one sin function

. T " Ty . T
W:asme:—>W :a(T) sml—x

1 ' | 1 Ty o T
I, ==|El(W")?dx— | P§(x ——)wdx = = | El (a(=)*sin—x)*dx — aP
o = [ B0 [ PO (- 2w = [EI(a()sin 1)
1 2 T 4I - 2TI: 1 2 T 4|
=—Ela“(~) jsm —xdx+aP ==Ela“(—)" =+aP
2 TS 2 17 2
3 3
61_[$‘@“':0—>EIa(E)“l—P:0—>a:£l—>w:iism£
oa 1" 2 n* El ' El |
3 3
w(l)z L PP : we(l—)z Pl , Error=0.0145
2" 48.7045 EI 2" A48EI

v) with two sin function

W:asinIEx+bsin3|—nx:—>W _a( ) S|n|—x+b(—) sm?’I—nx

I1

total

1 ' |
== El(W")?dx — | P8&(x — —)wdx
2! (W) j (x=2)

|
=%jEl(a(lﬁ)zsinlﬁx+b(3|—“)zsin3l—“x)2dx—ap+bP
0

| |
:%Elaz(ﬁ)“jsin2 IEXdX +EIab(|E)2(:gl—n)z.[sinlﬁsing’l—nxdx+
0

EElb( )jsm T xdx —aP +bP

1 | |
e @l e @Myl _ap e
2 (I) 2 2 ( x 2
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3
al_Itotal =O—>Ela(£)4|——P=0—>a=%i
oa 17 2 " El
3
aHtotal =O—)E|b(3—n)4|—+P=0—>b=—L41
ob I~ 2 (3m)" El
2 PP, . n_ 1. 3n
W=———(sin—X——-sin—x)
" El I 81 I
I PI® PI® o/ | PI®
w(-) = 0.0205(1+0.0123) — =0.0208 — , w°(<) =0.0208—— , Error =0
2 El El 2 El

4.3 Truss problems

@X‘_q) & xi—vl Y

Yl
e Potential Energy &
1 nmb (F)2| njn
==y ———, I, =- X.u; Yy,
int 2 — EAI t IZ];(

., =11 +1I —lgl‘:(lz‘)zli —nzjn:(x u, +Y,v,)
total — int ext 2 EA. - i ivi
i=1 1=

where nmb and njn denotes the total number of members and the total numbers of joints

in a truss.

e Equilibrium Equations

mi) ) m@) )
- H;+X'=0, =>V/+Y'=0 for i=1--,njn
=1 j=1

2 J
J
where m(i), H}and Vji are the number of member connected to joint i, the horizontal

component and the vertical component of the bar force of j-th member connected to joint

i, respectively.

Structural Analysis Lab.
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e Principle of Minimum Potential Energy

My =+ f(F”F il nz’"’,(x (U, +0) +Y, (v, +7,))

%(F )l i(xiui+Y V) 4= %(F )l %Fi;i d _i(xim +Yiv,
;nmb—(F )l —i(Xu +Ylv,)+§(F ! I
nmb(F ) |

=T11° + Z >T1° forall virtual displacement fields

where F° and IfI are the bar force of i-th member induced by the real displacement of joints
and virtual displacement induced by the virtual displacement of joints. Since the equation in the
box represents the total virtual work in a truss, the total potential energy of a truss becomes
minimum for all virtual displacement fields when the principle of virtual work holds. In
the above equation, the equality sign holds if and only if the virtual displacements at all

joints are zero.

e Virtual Work Expression
If a truss is in equilibrium, the principle of the virtual work holds for the truss,.

njn m(i) m(i)

2 H XD + (- Vi +Y')V') =0

(V, —=V;)sin©,

(U, —u,)coso,

N ;/

v

Structural Analysis Lab.
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njn m(i) m(i)

> ZF coso; + X0, +(ZF sind, +Y,)v;) =0
i=1

njn m(|) m(i) njn

D (@'Y Fjcosd, +V ZF sing,;) = Z(X U +Y.V)
i-1 =1

%(F cos@ (U> —u')+ F°sing (v: —v')) = i(x,u +Y.,V,)

i=1 i=l

nmb . L, ) P nmb - nmb . Ifl Ii nmb Fielfi Ii
D Ff(cosO, (U7 —T') +sin 6, (V' —v)) = > FAl, =) F, =
= = o (EA) T (EA)

nmb Fielfi Ii _ n B _
|Z_1:—(EA.) _g(xiui+Yi Vi)

The principle of virtual work yields the displacement of a joint k in a truss by applying an
unit load at a joint k in an arbitrary direction and by using the reciprocal theorem.

_ _ nmb F_elf |
X, +Y, v =X Joos o =[u fooser = 3.7t
i=1 i

Since o represnts the angle between the applied unit load and the displacement vector,

|luy |cosa are the displacement of the joint k in the direction of the applied unit load.

4.4. Buckling Problems

e Total Potential Energy

A
\ 4
o

<
<

=
e 7

1!
2

|
—dx PA — j wqdx
0

0

L-A

L-A
r 1 r
ds = ! 1+ (W)2dx ~ ! (1+E(w)2)dx

Il
(=R

L—Al L—Al 1L
L=L-A+ j—(w’)zdx—>A= j—(w')ZdXz—j(w')zdx for A<<L
0 2 0 2 2O

1pd3w
szldx El—d ——Pj

dw dw

i dx —dx — jwqu

Structural Analysis Lab.
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Principle of the Minimum Potential Energy

I 42 e | o7 2 e | o7 | e | o7 e | o7
thlfd (W 2+w) oy 47w 2+W)dx_1jd(w +W) L AW +W)
2 dx dx 2

0 o dx dx
d2We dzwe dw® d dw _dw
=_ - dx — | wéqdx +
~([( ? dx2 dx ) J- | I( dx2 dx
_ ' dw dw _ dw
[wac I
0 29 dx dx
| 2. ¢ |
dw 1 dw dw _ dw
s fue Foae 16
0 dx 27 °d dx  dx
e ij d*w dW dw _ dw
2 d dx dx

The principle of minimum potential energy holds if and only if

d w —d—WPd—W)dx > 0 for all possible w

dx dx dx

The principle of the minimum potential energy is not valid for the following cases.

j( dw dw _ dw
dx? dx dx

0

The critical status of a structure is defined as

d’w dw dw _ dw

|
g(dx dx  dx

Approximation

— Approximation of displacement: W = Zaigi
— Critical Status

J(Ca0Er a0 Pl (X ag)(Xa0)x-

i=1 0

|
a,J' 'Elg/dxa; —ZZa Pjg g’ dxa; —ZZaK a —ZZa Kia, =

i=l j=1 ¢ i=1 j=1 i=1 j=1 i=1 j=1

()" (K —K®)(@)" =0 —> Det(K —K®)=0

n n

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Example - Simple Beam

P
— with a parabola: w=ax(x—-1)—>g;=2x-1, g/=2
| |
[ 9/Elgidx = [ 2E12dx = 4Ell
0 0
| | | 4 1
jg;E|g;dx=j(2x—|)2dx=j(4x2—4x|+|2)dx=(——2+1)|3 ==
0 0 0 3 3
2
Det(4EIll - P%P) =0->P, = 12|2E| (exact: TEIEI :9.86:5—2', error = 22%)
. . . TIX , T ™, My . TIX
— with one sine curve: w:asmT—>glzl—cos|—, gl:(l_) smT
| |
[grEtgiax = E1()* [sin? T dx = E1()* !
5 1”9 I I© 2
' .o X Ty |
'Elg/dx = (-)?| cos® —=dx = (—)* =
{g. gidx = () j Six= ()72
2
Det(EI (M) L p(®y? Ly —o P = “—ZE'(exact)
1”2 |~ 2 I
e Example — Cantilever Beam
P _
5 < P
,ﬁ <
— with one unknown:
w=ax’ —>g,=2x, g/=2
| | | |
[ 9/Elg/dx = [ 2E12dx = 4E1l jg;Elg;dx=j4x2dx:f|3
0 0 0 0 3
2
Det(4EIl - P%I:“):O—) P, :% (exact: ”45' :2.46:5—2', error = 22%)

Structural Analysis Lab.
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— with two unknowns:
w=ax’+bx® - g, =2x,9,=3x*, g/=2, g =6X

| | |
G _ 2 _4 3 G _ G _ 3 _6 4 G _ 4 _9 5
KM_P£4X dx=—PI, K12—K21—P_([6x dx=PI", KZZ—P'([QX dx =PI

| | |
Ky = [4dx=41, K;, =K,, = [12xdx =6, K,, = [36x*dx=12I°
0 0 0

4 — 401« 61% — 451« 0 1 P

4] |2 401° 4514
perel| 4 O Jp L0t AL 4l - a0l 6 —ASl e
6l —451°a 121° —=541°« 30 El

612 121° 30|45 541°

(41 — 401°a)(121° — 541°cr) — (61° — 451*@)® =0 — 41* —521°q + 451%a* =0

6 4 2112 12 +
o= 2017 %426 " 18017 _26x2227 00829 10727 5 _ 5 487El or 321815
45| 45| | | ! !
Poact = 2.49|E—2I (error = 1.2%) or P, = 22.19|E—2I (error = 45%)

e Beam-Columns - Simple Beams with a Uniform Load

f

A\

— with one sine curve:

™

. TX , T X v T2 .
w:asmT—>glz—cos—, gl:(T) sin I

Jl.g”EIg"dx— El(f)“jsinzﬁdx— El(f)“'_ j‘g’g’dx _ (E)chogﬁdx_ - 2 |
T 173 [ |72 3T 1”4 |

I 2

| |
J.giqu:q'[sinﬁdx:ZqL
5 5 | Vs
. 1 Tl , 1_ m,l , I
MinlT=—-El(—-)"—-a"—-=P(—)"—a“-2q9—a

2 (I) 2 2 (I) 2 qn ”
oIl g | T |
—=EI(-)*-a-P(+)*-a-2q—=0
oa (I) 2 (I) 2 qn

Aq/m _ 491 4q/n 591 384x4 1 1.0038

'\
— = =35
=) 384El 5z° 1-P/P, " 1-t

EI(IE)4_P(IE)2 n Bl = 1_EPI(7I-C)2

Structural Analysis Lab.
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Exact Solution

® Energy Method with one sine function

P/P

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 5

Matrix Structural Analysis

Mr. Force & Ms. Displacement

Matchmaker: Stiffness Matrix

Structural Analysis Lab.
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5.1 Truss Problems

5.1.1 Member Stiffness Matrix

e Force — Displacement relation at Member ends

X

£ =-=2(-8))

X

(- 268

fl=f"=0

y

e Member Stiffness Matrix in Local Coordinate System

oY 10 -1 0]8")

fyL _E 00 00O 6;

fr L{-1 0 1 0f8&F

fyR 00 00O 85

(f)° =[KI°(8)°

e Transformation Matrix
A

Vy VY

v

®

V, =cos¢v, —sindv, N2 _[cosq) —sinq)} v,
V, =sin¢v, +cos¢v, Vv, “|sing  cosd v,

(V) =IT" (V) > (v) =[¥I(V)

Structural Analysis Lab.
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e Member End Force

F1)° [cos¢ —sing O 0 fr
F sing cos¢p O 0o | f, . .
Fy2 | o 0 cosd —sing fyR - (B =17

X

F/ 0 0 sing cos¢ | f;

e Member End Displacement

st cos¢ sing 0 0 A

S, —sing cos¢ O 0 | A . .
Sé | o 0 cos¢ sind Azy %w
87 0 0 —sing cos¢ | A,

e Member Stiffness Matrix in Global Coordinate
(F)* =[CT (F)* = [T [KI°(8)° =[I'T [KI*[T](A)*
(F)° =[KI*(A)°

cos? ¢ sinecosd)i —cos? ¢ —sinhcosd
(K]- = EA|_ sin6cos¢ _  sin¢,-singcosy _ -sin"¢ ;[[Kur [Knr}
L —Cos® ¢ —sinecosd)_i cos’¢ singcosd| |[K, 1 [K,]
—singcosd  —sin®, sindpcoso sin® ¢

5.1.2 Global Stiffness Equation
_ (Fl)m(3)
e Nodal qu.“llbrlum _ (FZ)m(Z) _ (FZ)m(4)

n-th joint
—-(FH"Y < > (FHy"®

Pm

m-th joint p"

i-th member

nm(m)
(P)m — (Fl)m(l) +(F2)m(2) _I_(Fl)m(S) +(F2)m(4) +(Fl)m(5) — Z(FlorZ)m(k)
k=1

Structural Analysis Lab.
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‘\Pn n-th joint / (F%)!

A

I-th member m-th joint

Pty F10r2 1(k) O _O O_
(P) kZ:;'( . : P ' meth row
e : p (.F:L)lp .',O(Fl)l . | |
(P) — (P)m — Z(Florz)m(k) — z = Z [(FZ)'J = z:[E]I (F)I = [E](F)
: k=1 f '?.%...(.F.Z.).i.. ...... Lo S th I’OWI:l
(P)q " Flor2 q(k) N
kzz;( ) 0 00]
(F)"

[E]1=[[E} - [E] - [E]"], (F)=| (F)

(F)°

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Compatibility Condition

Un

™ ol

(A%

A ) ™ D © Ty

i-th member

1Ni _ 2yi _ i_(Al)i—I O Un
(A") =u,, (A%) =u, —>(4) _{(AZ)J—L I}(un]
m-th column u,

l us

- (A" Jo e 0 01 :”‘ o
(A)‘((AZ)‘J{O i 0 e 1 . o [FETW

n-th column

@A) |ICT |[u
@)= = |=| ¢ | ¢ |=[ClW)
4)" ) |[CT° |y,

Compatiblity Matrix

e Contragradient
(P)' - (W) =(F)"-(A) > (P)" - (u) = (F)"[C](u) >
((P)" = (F)'[C])(u) =0 forall possible (u) — (P)" =(F)'[C]
(P)=I[CT" (F) =[EI(F) »> [CT" =[E]

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Unassembled Member Stiffness Equation

(F)"

(F)'

(F)°

'[K]l e 0 -~ 0 ] (A)!
=l 0 - [K] - 0 [(A) | = (F)=[K]a)
i 0 0 [K]P_ (A)p

Global Stiffness Equation

(P) =[CT (F) = [CI'[K](4) = [CT [K][C](u)
(P)=[K](u) where [K]=[C]'[K][C]

Direct Stiffness Method
KI* -~ o - 0 [I[Cl]
[K]=[CT'[KI[C] = [C] -+[C]” --[C]’ é :[@:: 9[@
o o . owrler)

=[CI" [KI'[CT* +---+[C]" [K][C] +--+[C]" [K]°[C]"

0

[C]" [KT'[C]' =

0

0 i i

;{[Kn]. [Klz]}[o i 1 e O e 0}

| K, [K,]']lO -+ 0 -« 1 - 0

0_

o

: m'thro{“"o 0 0 '0 0]

| . .

0 i i __'0"[K1_1]'|"0"[I|<13]'|'9“'
Al I L A A

! n-throvf'-o '[*‘le]J 9 ['Il%zz]l 0

: 0 0 0 jo o0

0] m-th column  n-th column

Structural Analysis Lab.
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5.1.3 Example

—cos’ ¢ —sindcoso

e Member Stiffness Matrix
cos’¢  sindcoso
[K]G—E sin ¢.cos sin®¢ —sindcosd
L —cos’ ¢ —sindcoso cos® ¢
—singcos¢p  —sin’¢  sinhcoso
- Member 1: ¢ = 45°
11
2 2
1 1
EA E E N
[K]' =—
Voo 11
2 2
11
L 2 2
- Member 2: ¢ = -45°
B
2 2
1 1
EA| o o
KIP=—| ¢ ¢
veo| 1 1
2 2
1
L 2 2

—sin?¢|
sin ¢ cos ¢
sin? ¢
1 1]
2 2
11
2 2
11
2 2
11
2 2
EY
2 2
11
2 2
11
2 2
11
2 2

[|<21]e [I‘<22]e

Structural Analysis Lab.
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- Member 3: ¢ = 180°

10 -10
00 00O
(K] = A
2L|-1 0 1 0
00 00O
e Equilibrium Equation ‘P
4
P
AT
PZ Pe
‘ Ps
P, ‘
_>O/_> < > :\O
FLY)
Fy
FZ
_(E1\L 233 e fmmmmm— o
h=(F)+(F) RY) [170 0010 0 0 F,
11 2373
P, =(F,) +(F,)) P,| [0 10 oi:o 00 F! ’
Py =(F) +(F)’ P,| |0 01 01100 F!
P, = (F2)! +(F])? P,| 0 00 110 10 F;
P5=(F2)2+(F1)3 P, :0 0 0 0::0 0 1 Fyz
X X 1 N 3
hoyey  (R) 000 0f0 001 2
T -
[E]" [E]* [E]° R
F’

(P)=IIEI' [E)* [ET1(F) =[E](F)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Compatibility Condition

Us
1770 ;
0010 O u
A? 000 0 1 0fu, icp [ U
A )| 00000 13y Ju,
ALY 000010% Ug
A1: 00000 1 \
A2 100 0 0 0 [CT?
x| lo1 0 0 0 ofe—icp

(A) =[C](u)
[E]'=[CT", [E*=I[C]*", [EF =ICF — [E]=[CI'

e Global Stiffness Matrix

[K]=[CI'[KI[C]=[C]"' [KI'[CT +[C]*' [KI’[C] +---+[CT*' [KJ*[CT’

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1 000
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1
O OdH|NH|NH|NH| N
| |

S O O o o o O Od|NH|NH|NH | N
1__ o o o - o ! _
O Od|laNH|NH|NH | N
O o o o o o _ _
O O O O o o O Od|lNH|NH|NH | N
| |
O 0O o o o o
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— o o o 1__ o
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1
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— o 4 o
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e Stiffness Equation

1442 11 11 ]
242 202 2Y2 22 2
1 1 1 1
Unknown—.P, — — 0 0 u
1 2\/5 2\/5 2\/5 2\/5 1 Known
Unknown—P, 1 1 1 1 1 | Y24— Known
Known—P, | EAl 22 242 2 242 242 || Ys4— Unknown
Known—P, L1t 1 0 A2 1 busd Unknown
Known—pP, 242 242 V2. 292 2420 u ] Gnknown
Unknown—yP, 21 0 _ 1 1 1++2 _ 1 Us4— Known
2 242 202 22 22
0 0 1 3 1 3 1 1
i 242 22 2J2 22
e Application of Support Conditions (Boundary Conditions)
1 ! 1
1+V2 4 1 1 1 3
"ZT"ZT '\7" T"" )
P 0 d u
: -—245-——21/_——245-——245-——————7—1
P, 1 1 U,
P |_EA zh/E 2h/§ JE 22| 2y2 | s
P, 11 N 1 1 1| u,
_ R LI N L
P, W2 2 V2o V2 | a2y,
b 11 ; 1 1 1+42| |,
e _ _
6 2 0 |22 22 22| 4|
¢) 1 11 -J\
11T TRz T T T TN T 2
e Final Stiffness Equation
- . - -1
S S 1]
P, V2 22 U, U, 2 242 P,
p[-EAl o L LAyl lulet o L L otp
o | L V2o 22 | .| EA V22 | g
5 11 1+42 N8 g 11 1442\
242 242 242 242 242 242

Prof. Hae Sung Lee, http://strana.snu
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5.2 Beam Problems
5.2.1 Member Stiffness Matrix

R R
fyL 8; fy SV
m- ot [ N m® of
@, O
e Force-Displacement Relation at Member Ends
ot 4E|e o 4 2E|e oF 4 G?E 5t - 6?9 5"
e 2l 4Bl g, OFL. 5 OFL.
M-+MPR BEI 6El 12El 12EI
L e e _ e oL e QR e oL e <R
f, = L = C + T 0" + B S, — E S,
M-+ ME 6El 6El 12El 12El
R e e _ e oL e OR e sl e <R
fy =- L BE 0" - B 0" - B o, + E o,
e Transformation Matrix is not required
f>F, m>M, §>A ,050
e Member Stiffness Matrix
e e
¥ (12 6 12 674
L L L L
YE 6 _6 o'
Ele L L e e e
=T 12 6 12 6 or (F)" =[K](A)
2 e | —— —— _ —-— 2
Fy 2 L L L[4
s L, _6
M 2 L L L, ] ©?

Structural Analysis Lab.
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5.2.2 Global Stiffness Matrix
e Nodal Equilibrium

e

- ) Y

(i-1)-th Member i-th Member

V= (Fyz)i—l +(Fy1)i

M'=(M?), +(M1)i} MR

P ) [(F)

P2 | | (AR +(F):
1 f (F),
P (PR, +(F)Y, :
P =N +Pr |=[EL -~ [E] -~ [EL] E®)|=EIF)
P (R +(F)is :

(F),

P* (F)pa+(F);
PP )P
0 [0 0]
i-th row ___(|:.)iL_ _:_.;_{.) GRE
(i+1)-throw _(F)_iR_ Lo -4 (F)F)_[E]i(F)i
o ) [o of

Compatibility

u..
Usiq 2i+1 U
u2i 2i+2

———= =2 7y

(i-1)-th Member i-th Member

(Aly)i =Uyi,

(®l)i:u2i L _ i R _ i+l i (A).L _ I 0 ui
(Azy)i = Uy, ~ B=dh @ =uT o) _((A)F] _|:O J(uiﬂ]
(®2)i = Uy

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i-th column L
u
~ (A)iL ~ o --- 10 - 0‘ u' _
(i+1)-th column uP

(A),) |[C] |[u
@)= = ¢ [+ [=[C)u)
(4), ) [[C], J\u™*

e Unassembled Member Stiffness Equation

(F)l _[K]l 0 0 | (A)l
(F) |=| 0 - [KL - 0 () [—» (F)=[K]A)
(F)p I 0 0 [K]p_ (A)p

e Global Stiffness Equation
(P) =[CT" (F) =[CT [K](A) = [CT [K][C](u)

(P)=[K](u) where [K]=[CT'[K]IC]

e Direct Stiffness Method

. ; JI . :
T et e
T — ' i .
[C]i [K]i[C]i - o .. '{KEEI}"{KEEZ' R Qt------ i+1-th row
00 0 0 0 o

i-th column i+1-th column

Structural Analysis Lab.
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5.2.3 Example
Vl Wl V2 W2 VS,W3 V4 W4
F Ml1el $M2,92 $M3’63 %64
e Equilibrium Equation
vi=Vt Mi=M/
VZ=VF4V,) M2=MR+M}
V3=VR+V, M3 =MJ+Ms
V4 =Vr M*=MF
V!
M/,
N N _ R
Vi) [T0T07070 07070107070 o] Vs
M* | o 1 0 0{i0 0 0 0/i0 0 0 O] M
Vi | o o1 0100 01i000 0V
M2| [0 0 0 110 1 0 00 0 0 O M:
(P) = = ¥ ¥ 2 [=[E1F)
vi | 0 000001 01 00 Ofyr
M®| [0 0 000 00 10 1 0 0jfy*
vé | [0 0 0 0110 0 0 00 0 1 0yt
| ! V! | 3
0 00 010 0 0 010 0 0 1
e B e SRl COEEE d My
T
[El, [E EL | me

e Compatibility Condition
Wlewl’eleel , W1R=W2,91R=92
wy, =w?, 0, =6° , w; =w’,6; =6°

wy =w,0; =60° , wi =w*, 08 =0*

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Wl T """""""""""" 1]
ol :100000005 [CL,
‘| fj0o1000000
1 1 1 1
Wlloo100000QW w
60 | 0.0 0 1.0 0 0 0f¢ o'
w, | 001000 0 Ofw ] w?
65 | [0 00 100 0 06 " e
A= . |=| L 1=CL |, [=ICIW)
wi| [0 000100 Ofw <1 |
of | [0.0.0.0 0.1 0 Ofge g2
2 | oY Rodo L VD Y’\
W ;oooo1ooa:w4 W
o- 500000100,94\94
3 1 1
'0000O0O0T1OQO
A | +— [C]s
;R 0.0.0.0.0.0.0_1 [CE
3

e Unassembled Member Stiffness Matrix
(F).) |[Kl, © 0 |(A)

F)=|(F),|=| 0 [K], 0 |(4),|=[KIA)
(F), 0 0 [K] J\(A),

e Global Stiffness Equation
(P) =[E](F) = [EI[K](u) = [C]" [K][C](u) = [K](u)

KL o0 o TIcl,
P =[cr ©ff ct] o K, o |[cl, |
0 0 [KL][Cl,

=[K](u) = ([C]; [KLIC], +[CL;[KIICI, +[CT; [KLIC] 5)(u)

Structural Analysis Lab.
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Member 1

1 P
oo oo oo oo
oo oo oo oo
cloNeNe) OO O dH
OO0 oo O O - O
oo o« = NeNe)
oo +HOo — oo o
ol NeNe) ©cocoo
— o oo cooo
L = = L 1
I 1 T
- o I 6_22 6_24 o o o o o o
©| ] ©|_] o o o ©o oooo — —
| | o o o o o o
o o o o oooo
[N N |~ o 2_22 _ 22_22 _ ~ 6_ o~
JrelrylTelT o 6 o o ococoo 1_L6_L1L6_L co|_ « _L <+ o
| | |
o o o o oooo
G_Ll =~ 6_L1 N . 6_L2 & 6_L2 o Oﬂ_zl_ro_Lzﬂ_zzG_LzO
N | O\ | < QN |~ < — [a VR KR NN [N o~ _2
1_L6_L1_I16_L 1_L16_Lﬂ_216_L0000 N | fY|vro| g co|_f « 6_L NE=)
I 1 L _ 1
I 1
Oocoo-HOoOOOO 6_1 cOcocoocoodHAoOoO 2_22
o|_1 < 4 ~ ocoocoo oo | -t o] o
oOoo-HOOOOO [ Oo0oo0ooHO OO _
oOHdo0oo0oo0o0oo 2_21 ol eoNoR NoloNoNo) o o o o o o
W___z ©o|_r- ©| roococo
o oooooo _ OoHoo0oo0o0o oo o o o o o
— — o~ o~
— — —_ ~ — ~
m| Eflﬂ w |- w |-

Member 2
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- Member 3

0 0 0 0] % 6 _% 6

0 00 0l L; L, L3 L,

0000 6 6 L,fo0o001000
El,|0 0 0 O L, L, 00000O0T1O0 O
L,|1 000 12 6 12 6|000000 10|

0100 2 o, L 00000001

0 010 6 6

— 2 - 4

0 0 0 1__ L, L, _

0 000 O 0 0 0 ]

0000 O 0 0 0

0000 O 0 0 0

0000 O 0 0 0

booo 2 & 28
ﬂ Ls L3 Ls L3
L,|0 0 0O 5 4 _6 2

L3 L3
12 6 12 6
0000 -~ & o
3 3 3 3

0000 6 2 _6 4

L 3 L3 _
o Global Stiffness Matrix
[ 121 6l 121 6l ]
le :21 - le :; 0 0 0 0
1 1
6l 41 6l 21
T L T 0 0 o 0
121| 6i 121, 121 61, 6l 121 6l
Ll 1 1 2 Ll 2 2 2
ol, 21, 6l 6, 4, 4, 6l 2a,
L L L L L, L L L
E 1 1 2 1 2 2 2
0 0 121, _6l, 12|2+12|3 _6I2+6I3 _121, 6l
L L2 L L L2 L2 L L2
2 2 2 3 2 3 3 3
0 0 61, 21, _6I2+6I3 4|2+4|3 61, 2,
L3 L, I L, L L3 L,
o o0 o o 8, 6l
3 3 3 3
o o 0 0 8ly 2, 8l 4l
L L12'3 L3 LZZ% L3_

Structural Analysis Lab.
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e Application of support Conditions

91

[ 121, 6l 121, 6l, ! ]
e —L 0 0 0 0
B e —

1
B T S S 000 0
1 1
1
—@6_!;@#%—6—2”%—% _________ % _________ 0.___.0.
Ll: L‘ll I-‘1 ILZ —Ll LZ 2 1‘2
o 2h 6l 6l 4l 4, el 2,
4 oL oche oLy : 3
) A 121, _8l, 121,121, 6, 6l 121, 6l
B A B B Ea L
§ b ®. 2, eLiel 4, 4l 6l 21,
S Pt
1
o0 S e e
: 1 ! 13 3 3 3
b 0 g2, el 4l
: | ! I—é L3 Lg L3
B 1 I 1 1 a
Final Stiffness Equation
a4, 2, ]
LZ L2 LZ
M? 21, 41, 41, 61, 21, [©
+ - 3
M3 _E L2 I_2 L3 L?; L3 e
vt 0 Bl 121, 6l |y
M 4 L3 L L3 | ¢
o 2 6l 4l
L L3 L?S L3_

Structural Analysis Lab.
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5.3 Frame Problems
5.3.1 Member Stiffness Matrix

I £

92

ff,es;*[

eR

‘\mR,

. R R
o fx ’8x

J

e Force-Displacement Relation at Member Ends
- Beam action
mt = 4EIe o + ZEIe oF + BEZIe 5t GEZIe 5
R 2E|e oL + 4E|e oF + 6E§|e 5t - 6?9 ;
L R
. M! :Me _ elee oL + 652:9 o +12LE2I9 5t _12§|e 5"
L R
i __MeeM]_ BEL o GEL _12|§|9 5t +12|§|e 5"
Le Le Le Le Le
- Truss action
EA
fL —__ - SR_SL
ST -8)
EA
fR - 6R _8L
R G
VE=VR=0
e Member Stiffness Matrix
fl St
) A 0 0 -A 0 0 |
fy 121, 6l, 121, 61, |38,
0 2 0 T2
L; L, L L,
m* 2| 0 6L'e 4, 0 —6L'e 21, | o;
“Tl-A 6 0o A 0o o or (f)* =[kI'(8)
£ 121, 6l, 121, 6l |8 '
0 —-——F - 0 > -
Le Le Le Le
fy o Yo oo o 84 8
L Le Le _
m® 05

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Transformation Matrix

[ Vv Vy
y . .
@ N
M
\¢

V, =sin@v, +cosbv, r —|V, |=|sin® cos® OV,
M=m M 0 0 1](m

V) =01 (v) > (V) =[¥1(V)

e Member End Force

e

F! [cos®6 —sin6 0 O 0 ot
F, sin6 cos® 0 0 o off
E 0 0 1 0 0 O|m
= — (F)* =[IT (f)°
F? 0 0 0 cos® -sing Of f° )y =rr®
F’ 0 0 0 sin® coso Of )
M2) | 0 0 0 0 0 1]mf
e Member End Displacement
s-) [cos@ sing 0 0 0 oA
S, |-sin@ cos® 0 0 0 04,
o 0 0 1 0 0 0f¢
¢l = — (8)° =[I')(A)°
St 0 0 0 cos@® sing Of A &
Sy 0 0 0 —sing@ cosd 04,
%) | o 0 0 0 0 162

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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e Member Stiffness Matrix in Global Coordinate
(F)* =[IT (F)* = [T [KI°(8)° =[I'T [KI*[](A)"

[K,J [KH]E}

F)* =[K]°(A)® wh K] =
() ~IT@) where K] |:[K21]e [K, T

e Nodal Equilibrium & Compatibility
The same as the truss problems.
e Global Stiffness Matrix
(P)=I[CI' (F) =[CI'[K](4) =[CT [K][C](u)
(P) =[K](u) where [K]=[CT[K]IC]

e Direct Stiffness Method

The same as the truss problems.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.4 Buckling of Beams and Frames

e Homogeneous Solution of Beam

u2i—l“ Uziia o
2 /'-\U2i /"\uznz Q
i-th member
3,
_ ot
w' :N18; +N295+N38§+N4e? :(N1’N2’N3’N4) SZR =(N)(Ai)=(N)(Ai)
y
eR
3ax?  2x® 2x* x® 3ax?  2x° x2 X3
W N N st
e Total Potential Energy
b 1 ed?w _ dw P 1 tdw dw, b
In=>» = 'El—d— —Q|——1dx- w, Q. dx
,2_1:20 dx*  dx? EZQ! X dx ,Z_ll-([ .
b 15 d?w d2w P 1 b dw .o dw. P
=y = DT E| 'd— ~Q| ()" —dx - w;)" g;dx
%z!(dx) ~ ;2%( i gi( ),
b1 ¢ d2N b1 ! dN D !
=) =(A) dA AT T—dxA AN [(N)T g.dx
;2( ) !(dx X(A;) - ng( ) !(dx (A)- Z( ) !( ) q
1 P
EZ(A) (K{T-[KE (@A) - Z(A) (f)
i=1
1
2(U) Z[C] (K T-[KEDIC, I(u) - Z(U) [C.T ()
1
=E(U)TZ[Ci]T[Ki][Ci](U)—(U)TZ[Ci]T(fi)
i=1 i=1
1
= E(U)T [KI(u)—(u)" (P)
28 12 & 6 16 1]
L L L 5L 10 5L 10
5 4 _6 1 2L, 1L
o _EL] L L, 6 _ 10 15 10 30
Ll s 12 s N9 s 1 6 1
L2 L L L 5., 10 5L, 10
6 , _6 1L 12h
L L, ] 10 30 10 15

Structural Analysis Lab.
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.I:L

fL

fR

fR

96

Principle of Minimum Potential Energy for Q <Q,,

=—(U) [KI(u) - (u)' (P) == ZU ZK u; —ZU

i=1 j=1

n

n

13 4 18 au;
—= =D Kyup + ) u) Ky —
auk ZZﬁuk; 23 IJ]_ ou, le
1 1 n
ZZKkJ J+EzuiKik le L ZKk.U.
i= =1 Z
1< n
ZZKkJ J+ ZKkJ j ZKijj—Pk=0f0I’ k=1,---

j=1

Calculation of the Critical Load

Frame Members

A 0
121,

0 =5

o Bl

:(E Le
L|A O
121,

0 -5

o SOk

- Le

Det([K]) = Det([K°]-[K®]) =0

o

0 0 r
0 0
_ 121, 6l 6 1
6L§ L, 5L, 10
Ie
- 2L o L+ 2L
e -Q 10 15
0 0 0 0 0
12|e 6|e _i i
2 L 5., 10
[ [ 1 Le
_5l, 4] o = =
TR B AT
L R
P= EAESX —9,

Prof. Hae Sung Lee, http://strana.snu.ac.kr

N = [K](u) = (P)

0 0
_6 1
5L, 10

0 1L
10 30

0 ©
6 _1
5, 10

o -1 2L
10 15 |

Structural Analysis Lab.
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5.5 Nonlinear Analysis of Truss
fr 8y

fyL 5;

f)l(‘ﬁt—b ﬁ —beRS)Ff

e Force — Displacement relation at Member ends

X

fh=-SAr-ah)

A )

X

SR — &t
fyR:_fyL: yI nyR
e Member Stiffness Matrix
f-) 10 -10 0 00 ofsY
fyL _EA[| 0 0 O 0+5§_5§ 0 10 -1 6;
ff*1|{|-10 10 Il [0 00 8"
fyR 00 0O 0 -1 0 1 85

(F)° = ([KIs + £, [KI5)(®)° = (IK]; + p°[KI5)(8)°
e Equilibrium Analysis
(£)f = ([KI; + piTKI)();
(F)* =[TT () =[TT[KI(®)° =TT (K] + p{[KI)ICI(A)" =[KT (A)°
e  Successive substitution

(P = [CT (K15 + P [KIICIA)® = [KT7,(A)°

(P) = ([K], + [K(pi )]s (W),

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Newton-Raphson Method
(F)7 = (KL + piTKT,)@);
= ([KTs + (P + ApY)KIG) (87, + ASY)
= (IKTp + peaIKI5)8¢ , + (IKT5 + pr K1) AS: + ApFKI; (8¢, + AS])
~ (K + pialkIg)8, + (KI5 + pialKIg)AST + Ap[KI; 87,
= (F)is + ([KIs + palkg + K1) AS]

([KIo + pralk]y +[K15AS; = ()i — (F)y = (Af);

(K], +[K(p7 )]s +[KI,)Au = (AP),

0 0 0 o]
EA[0 1 0 -1{38,| AsR-As:
A e kea_e - y X X
P8 =0 o 0 05" |
0 -1 0 1)8&}
- i-1
0o Y AS-Y
EA| 8, -8} ASE
=— -101 0) )
1° 0 ( A8},
85 -8y ) S )
00 0 ofasty
:E(SR—SL)? 1 0 -1 0] A8,
2 70 0 0 0 AST
-1 0 1 0| AS8°

= [K]: A8°

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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