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Chapter 2

Approximation of Functions and

Variational Calculus
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Fundamental Considerations

o What is the best solution for a given problem ?

Needless to say, it is the exact solution...

e What is the exact solution?

The solution that satisfies the governing equations as well as boundary conditions if any.

o How many do the exact solutions exist?
Of course, one... In case several or infinite numbers of the exact solutions exist for a given
equation, we call the problem as an ill-posed problem, and have great difficulties in

determining a solution of the given problem...

o What if it is impossible to determine the exact solution for various reasons?

We need approximate solutions.

o What is an approximate solution?

Structural Analysis Lab.
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Fundamental Questions

- What is the best approximation?

How can we represent the best approximation?

A Good (or Robust or Well Formulated) Approximation Should

Yield the best approximation to the exact solution for a given degree of approximation.

Converge to the exact solution as higher degree of approximation is employed.

What is the Definition of the Best Approximation?

May be defined as the closest solution to the exact solution.

But, how close is “the closest”?

“Close or Far” implies the distance between two spatial points.

We should define some sort of ruler to measure the distance between two elements in a

function set...

Structural Analysis Lab.
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e Norms of Functions: A measure of a function set

A function set v is said to be a normed space if to every f v there is associated a

nonnegative real number | f|, called the norm of f, in a such way that

- |f[=0 ifandonlyif f=0

- |af| = a|| f| for any real number o.

- [f+al=]t]+lg|

Every normed space may be regarded as a metric space, in which the distance between any
two elements in the space is measured by the defined norm. Various types of norm can be

defined for a function space. Among them the following norms are important.

- Ly norm: le:ﬂf\dV
\/

- Lpnorm:  |f]_ = (] f2dv)"?
\Y

- Hinorm: |f],. = (J(f%+VE-Vi)dv)"?
\

Structural Analysis Lab.
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Discretization

- Representation of a continuously distributed quantities with some numbers.

n
f(X)=> a;0;(X) Vf(X)ev where g;are the basis functions of a function set, v.
i=1

- Set : Collection of some objectives with the same characteristics
- The basis functions should be linearly independent to each other.
n
> 8,0;(X)=0 ifandonly ifall a =0
i=1
- Taylor series, Fourier series, etc...

Approximations - Truncation
f(X)=>a,0,(X)~ f"(X)=> a0g,(X)ev" cv where m<n
i=1 i=1

m
Summation Notation: Repeated indices denote summation ) ab; = ab;.
i=1

Structural Analysis Lab.
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o General Ideas for the Best Approximation

Let’s find out a approximate function that is closest to the given function by use of a norm
defined in the function space. If this is the case, the characteristics of an approximation

method depend on those of the norm used in the approximation.

o Least Square Error Minimization
Error;: e=f — f"

Minimize H:lueuﬁz :%Hf - :%j(f _£h)2qv
Vv

h m
—_j(f“— f)af dv =j(f“— f)gdV = [g,> giadV - g, fdV
5ak vV V =1 \Y

_ngkgdva jgkde ZKk, —F, =0 for k=1---m orKa=F

=1y

If the basis functions are orthogonal, K becomes diagonal.

Structural Analysis Lab.
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e Variation of a function

- The variation of a function means a possible change in the function for the fixed x.

A

b

v

o Variation of a function
« Variational Calculus

. of
iff =a.g;, of =da.g; or of =—3da..
Igl Igl aa |

F(f):oF=F T g Fg
oa, of Oa; of

5(f +h)=8f +8h, s(fh)=heF + foh

5= 0 (Wysa, =9 (X gy =BT | fdx:ijfdxeSai =j@5aidx:j5fdx
dx Oa; dx dx 0a; dx 08, 0a;
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e Minimization by Variational Calculus

. 1!
Min H(fh)zég(f—fh)zdx
1I 1I |
SH(fh):éS(Eg(fh— f)zdx):ijé(fh— f)zdx:g(fh— f)&f "dx

| h
=j(fh—f)id xa, = L sa,
A oay

MinTI(f") = Ej(f — f")?dx < 8IT =0forall possible da,
0

o Euler Equation

Min TI(f) = jF(f ' x)dx:%—Oforallk
k

M _ 0 et fx)dx = j—d _j(

o0y ﬁak

oF of | OF o'y, 'I_F
of oa, af ’ 8ak i

of ¢ " axof

_OF |+'I(8F d oF
of " oK

0 O

gy )dx
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In case the basis functions vanish at the boundary, then

I
al IaF 4 OF ) gdx=0 forallk < -9 F _4
oF oF .. d oF
SIT() = [SF (. £/ x)dx = [ (= 6f + O s Yax 5f s 0 OF <\
- I ( ) j( o O f( o)

In case the variation vanishes at the boundaries, then

~dxof’ oa,

d o

oF
Sfdx =
dx of ’) I(

=
SIT = [(
G -

Therefore,

Min [T < 3l1=0
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e Example 1l

X2
Min TI(y) = [y1+(y")?dx subjectto y(x)=y;, Y(X;) =Y,
X1

OF doF  d . o

- =— 1+ =0
d ! ! - " / - ! 1 ! - N4
SV =y ()T Y DA () Yy

— y”(l-l- (yr)Z)—1/2(1_ (y’)2 ) _ y”(1+ (yr)Z)—B/Z -0
1+(y)’

y"=0—>y=ax+b. ByapplyingBC, y"=0—y=32"Yiy KeY17%)>
X2 =X Xy =X
e Example 2

MinH(u):'I[(%(u’)z—uf)dx subjectto u(0)=0, u(l)=0
0

oF_doF_ ¢ 9@ vy Syt 0w f=0
ou dxou dx ou’' 2 dx
Homework 1

Structural Analysis Lab.
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Cllapter 3

Eﬂiptic Differential Equations

In One Dimension

TR Ty §
- s dx dx '
cdg dg
SO [ E gy
'~_I dx(dx '
2 yax +817, |_|:‘i5 7+ %
dr dx dx dx
de _ de _ de _ _ de
ix-{ ix U+ j U _)dr +807_ | E—(E—U +
IS SN - SN +a 07 |‘ii{‘iitr 4
©odx dx d:
By e g qar, | e g
dx dx i i dx

d e
E trydr 48U
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3.1 Problems with Homogenous DisPlaCement BC

e Problem Definition

d?u
- 4

> +f=0 0<x<l, u(0)=u(l)=0

dx

o Approximation — Discretization

m
u" =Y ag; where u"(0)=u"(l)=0
i=1

o Residuals
Verbal Definition : Something left over, or resulting from subtraction...
2, h
Equation Residual : Rg = dd u2 +f=-0 O<x<l
X

Function Residual : Re =u—-u"#0 0<x<I|
e Error Estimator :
d?u"
dx?

" =IjRFRde=}(u—u“)( + f)dx
0 0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Least Square Error

2 I
——j( —u)(OI 4 f)dx =1 j(u— )( u' d‘j)d 1
1 du du du du du du du”
=, - "j( Cix dx)dX:_I(dx dx (i ™ @&

o Energy Functional — Total potential Energy

d2 h 1| dZUh d2uh
=—|(u—-u + f)dx== +uf —u" —u"f)dx
j( RGP [ )
l |
:1{j(uf—uhf)dx+udy( _du{; jdidid}
2 dX 0

I
j jdidid —ju fdx) = C +I1%°

e Minimization Problems

Min TI" < MinIT** < Min II™ wrt u" ev”

Structural Analysis Lab.
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e Min IT™: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

-1 Order Necessary Condition of Minimization Problem

RR
ol'l _J‘ d dU d _ de
oa, dak dx dx dak
mdg. " d ¢ d
—j—(z g')(Za —g')dx j—(zag)fdx
ak i=1 o k i=1

—Zjdgk dg'dxa jgkfdx ZKK, ~F, =0 for k=1--m—>Ka=F

i 10
SIT™" =0: Variational Principle or Principle of Virtual Work

I
SITFR = 5(1jdidid = [u" fo) = j—edidx j5u“fdx_ dou” du’
dx 5 dx ; dx dx

ml
99 991 4 _ [, fd
Zl'([ dx dx al _([gk X)

j8uhfdx

TMB i M3

(ZKK. -F)=0 —(3a)' (Ka-F)=0

Structural Analysis Lab.
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e Solution Space
|
- uev={u|u(@)=u()=0 , j(@)zdx«o}
5 dx
h

- LV =V : The exact solution
- v"=v  :Anapproximate solution

o Properties of K
. cdg; dg; dg; dg
- Symmetry :K;; = j—xd— _[ 'd x=K;
- Positive Definiteness :

I h
I(K) dx _jzdg' gJa dx =
0

Oll J

|
m m dg dgJ
a; : dxa; = aKj;a; —a'Ka>0
.Z EI dx dx .;,Z‘i

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Absolute Minimum Property of Total Potential Energy (u" =u —u®)
I

n" = IdeLd _I hfdlejd(u_ue)d(u_ue))dx—lj(u—ue)fdx
0

dx dx 5 2y dx dx
I I
1jd—Ud—ud I 1 du® du® du® du Iuefdx
5 dx dx 5 dx dx 5 dx dx

2

|
fd—Ud—ud —I ufdx + 1 du’ du’ X du fu OI—dx+ju fdx
5 dx dx 5 dx dx dxlg dx’
g2
1jd—“d—“d — [ufdy 1 d“ U7 gy fue @Y 4 f)ax
5 dx dx 9 dx o dx

_ _j( ) dx>TI" (Theequality sign holds only for u® = C)

Structural Analysis Lab.
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o Weighted Residual Method
d2 h

nk__j¢kR dx __j¢k —+ f)dx=0 for k=1

- If ¢, =g, : Galerkin Method

dau" du” Idgkdu

Ty = jd)k( o+ F)dx=g,—— dx |, 3 dx dx

dx+jgka

|
- jdgkd“ dx + jgkfdx_. j g'adxerjgkfdx

0 |1X

= Z;jdgk g'dxa +jgkfdx 0 fork=1---m —» Ka=F
i=10

- Identical result to the R.R. Method or Variational Principle
- if ¢, =9, : Petrov-Galerkin Method

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Weighted Residual vs. Variational Principle

m
=0 for k=1--.m < > m;8a =0 Vq

ZnéSa —ZSajg(

d2h

j6u ( + f)dx =

i=1
h

+—f)dx j}j&ag;( —+ f)dx =

o|_1

d6u du O jBu fdx) =0 forall possible su"

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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~d?u
o Example 1: d—2=—1, u(0)=u(@) =0
X

- Exact solution : u :—Ex2 +Ex

- Firsttrial : u" =a, +a,x+ayx*

h
Applying BCs: a, =0, a, :—awuh = a5 (—X+ X%), ddL:a3(—1+2x)

1 1
K = I(_1+2X)2dx =%, F = f1°(—x+ X% )dx = —%
0 0

1

“a, =—— —a, —-1 Therefore, u"=u
3 6 2

- Second trial: u" =a, +a,Xx+asx* +a,x°

Applying BCs: a, =0, a, =—a;—a, - U"=ay(—x+x?)+a,(-x+x°)
%/_J

01 g2

99 _ C1hon, 992 (L1430
dx dx

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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0

1
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p 4
[(-1+3x%)%dx ==
. 5

Ky = Kgy = [ (14 2X)(-1+3x?)dx = %

0

1 1

1 1

F, :jl-(—x+x2)dx:—6 , F, :jl-(—x+x3)dx:—Z
0 0

System Equation:

N RPWI| -

- . 1\
a;] | .

gOlBEN| -

6
1
d, _Z

J

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2

« Example 2: 3—g=—n25innx, u(0) =u() =0
X

- Exact Solution u =sin ntx

- First Trial u" =a, +a,x+a,x?

- . ,h 2 du”
Applying BC: u" =a,(-x+x°), d—:aZ(_1+2X)
X

1 1
Ky = [ (-1+2x)dx =%, Fy, =7 [sin X (—x+ x)dx = —%
0 0

1a2 =—ﬁ—>a2 __12 Therefore, u" =—1—2(—x+x2)
3 T T T
u"(0.5) = 3_0955 Error=45%

T

- Second trial: u" =a, +a,X+a,x? +a,x>

Applying BCs : u" = a, (—x+ x?) + ag(—x + x°)
— M
g1 92

Structural Analysis Lab.
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1 1
F, == sin nx-(—x+x2)dx:—ﬂ, F, = n* [sinmx- (—x + x3)dx:—9
T 7T

0

System Equation:

NIFRPW| -
Ol -

m .
- Ingeneral: u"=>a;(~x+x")
=2

Function Error =

1

[ (sinmx—u")?dx

0

1
jsin 2 exdx
0

1/2

0

| ya,=-2 a0 7777
7T

Derivative Error =

1

[ (mcosmx — (u"))?dx

0

1
rczjcos2 nixdx
0

1/2

To evaluate numerator in the error expressions, the midpoint rule with 100 subintervals is

employed.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Raw Output

*k*k**x 2th-order Polynomial ****x*

a 2 = -0.3819719E+01
Errors for 2th-order polynomial
Function error = 0.2009211E+01 %/Derivative error = 0.6010036E+01 %

***** 3th-order Polynomial ****x*
a 2 = -0.3819719E+01
a 3 = 0.0000000E+00
Errors for 3th-order polynomial

Function error = 0.2009211E401 %/Derivative error = 0.6010036E+01 %

\

***k*x* 4th-order Polynomial ****%*
a 2 = 0.4193832E+00
a 3 = -0.7065170E+01
a 4 = 0.3532585E+01

Errors for 4th-order polynomial

\

Function error = 0.4048880E-01 %/Derivative error = 0.1956108E+00 %

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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***x* Sth-order Polynomial ****%*

a 2 = 0.4193832E+00
a 3 =-0.7065170E+01
a 4 = 0.3532585E+01

a 5 = 0.7833734E-12
Errors for 5th-order polynomial
Function error = 0.4048880E-01 %/Derivative error = 0.1956108E+00 %

\

***** 6th-order Polynomial ****%*

a 2 = -0.1405727E-01
a 3 = -0.5042448E+01
a 4 = -0.5128593E+00
a 5 = 0.3640900E+01
a 6 = -0.1213633E+01
Errors for o6th-order polynomial

Function error = 0.4444114E-03 %/Derivative error = 0.2944068E-02 %

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Result plots -
Function
0.6 ]
[ Y N \i—*
0| 04 7 Exact
10 2nd order
1 O\ O 4th order
0.2 ]
102
$ i 0
‘g \ 0 0.2 0.4 0.6 0.8 1
2 10" .
S . X-Coordinate

o ©  Function 37 Derivative
O Derivative
o\ e ¥ ) .
10°® T T T T T T T T 1]
2 3 4 5 6 7 8 9 10 11 L o
Order of polynomial i
Variation of Error 1 —— Bxact
B 2nd order
2 O 4th order
3]
Homework 2 ) - o
0 0.2 0.4 0.6 0.8 1

X-Coordinate

Structural Analysis Lab.
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3.2. Problems with Traction Bounclary Conditions

e Problem Definition.

2
- Differential Equation : d—g+ f=0 O0O<x<l

dx
L du — du —
- Boundary Conditions:at x=0u=0o0or —=T andat x=lu=0o0r —=T
dx dx
e Error Minimization: Error estimator

2" h |

—j( 0N D - =)

0
|
1 du” du du duh du 1 du duh
=—UuU-u))(———) -= — dx + ——
2( )( ) I( dx OIX) 2( )( )

)d _ HLS

__I(du du du

Structural Analysis Lab.
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o Energy Functional — Total Potential Energy
I

d2 " du du"
——j( (€ Dk u-u - )
X 0
| 2. h 2 h h |
—lj(uOI 4 uf - d U Fdx (U )(d—“—di)
dx®
I M I . h 4 h
—j(uf dx+—{u )‘/ + dx—u" +jdididx}
o od dx|, o dx dx

1, du d
+—(U—-u u
2" dx dx

1, _iy 1rdu"du" |
:E(gufdx+uT\0)+§jaad —ju“fdx—u“T\O
=C+IIMR

e Minimization Problems

Min TI" < MinIT*® < Min II™ wrt u" ev”

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Min IT™: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

- 1% Order Necessary Condition of Minimization Problem

RR h '
oIl _Id du” dud——fd _dLT
oa, dak dx o day da,

0

m I I

—j—(Z dg')&;a Dyax— ]2 ag) - >agT

akll o k|—1 k|1

0

m * dg, d _
:Zj J ?('dxa ngfdx ng‘o ZKk. —-F =0 for i=1--m—>Ka=F

SIT™R =0: Variational Principle or Principle of Virtual Work

1 du” du" cdsu” du” |l
SIT™R = j——d —ju fdx — uhT\) j—ad —jSuhfdx—SuhTO:

2

1

m|
Zfi 'dxa jgkfdx ng\O
i1=1p dx

i (ZKk. ~-F)=0 - (da)' (Ka-F)=0
k=1 i=1

Structural Analysis Lab.
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o Absolute Minimum Property of Total Potential Energy (u" =u —u®)

m 1jdldld Ju x|
dx dx 0 0
T & I B
:ljd(” u”)d(u-u )dx—j(u—ue)fdx—(u—ue)T\'
dx dx 0
| |
1jd—“d—“d x— [ufdx —uT], + 1jdidid —jd“ du Tl
cdxdx g 0 dx dx dx dx 0
2
1jd—”d—“d = [ufdx—uT]. + jdidid L 2 |
cdxdx g 0 dx dx dxjp 5 dx
L g2 |
1jd—“d—“d = [ufdx—uT. + 1jdldid sfue Yy e - 49
cdxdx g 0 dx dx y  dx dx
|
1jd—Ud—ud ~ [ufdx —uT], + 1 (du’ du’
cdxdx g 0 25 dx dx

=TI + —j( ) 2dx > TIF (The equality sign holds only foru® = C)

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Weighted Residual Method

| hbod 2, /h h
du du du du du
7, = gkRde+gk(———) k(7 + Fldx+ gy (- ——)
g g dx dx 0
|
du"|  Ldg, du du du" dg du”
=g, dx Id; " dx+jgkfdx+gk(—x—_)0_ j k dx+jgkfdx+ng\0

—_Zijdgk gldxai+jgkfdx+gkﬂ'0:o for k=1---m — Ka=F
015 .

o Weighted Residual vs. Variational Principle

m
=0 for k=1---,m < > m;da, =0 forall possible 5a;
i=1

m

L dg, du" | dsa, g, du”
ZSak( j gk o dx+jgkfdx+ng\0) z(j kgk i dx+j5akgkfdx+5akgkﬂo)_

| d6u du

0

d +j5u fdx+5u“T\ SR =0

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.3 Integ’ra]aility Condition

— Reg’ularity (Continuity) Requirement —
|

- Integration of functions with discontinuity j f (u(x))dx ??
A _I A

u

2%

1
m

c

e
c
+
m

4

»
»

»
»

f\\

K’L.

Original function u Function with tuzéf’nsition zone U

Ij f u())dx = lim Ij f (U (x))dx
—I 60",

(u for -1 <x<-—¢
+€ —& +€ —&
_ |ju™—u u™ +u _
where 0 = X + for —e<x<e¢ and u™ =u(e), u® =u(-e)
2¢€ 2
u for e <x<I

Structural Analysis Lab.
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I
- Can we integrate judx on what condition?
~

I —-€ € I
Judx = [udx+ [udx+ [udx
—I —I —-£ €

—&

e € u+8_u—8 u+8+u B
udx = X + dx=(Uu"®+u?)s¢
_Ig _fs( » 5 )dx = ( )

| —£ € | —€ |
Judx = Iirrg(fde+ Judx+ [udx) = Iirrg(Ide+ Judx+ (U™ +u™)e)
-1 20 —€ € 20 €

The last integral vanishes as far as u”and u™ are finite, and the integral becomes
0

I [
fudx = judx+ judx
e

—I 0

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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I
- Can we integrate [u“dx on what condition ?
—I

I —& € I

IUde: IUZdX+ IUde+IU2dx

- - —€ €

f-ut Ut U, ve | —e2 & | pode | _en2
X + dx=(WUu"*—-u —+(U™ +u

» 5 ) ( )6 ( )

3_2 B € u+ E

_jgu dx__jg( )

| - € I —& |

Ju?dx=lim(Judx+ [udx+ [u?dx) = lim( [a®dx+ [u®dx + (u** —u‘8)22+ (U™ + u‘S)Zg)
-1 -1 - € -1

e—0 e—0
€

The last integral vanishes as far as u™ and u™ are finite, and the integral becomes

I |
qudx = Tuzdx+ju2dx
b b 0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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|
— Can we integrate [ (%)de ??
—I

[ p— € €
[(gox= J(Gos I )d+j(—)d—j(d—“)d S e [
2

( +8 —8

= Ij(d—l:()zdx+ .

j (—) dx

+€ —£\2
j(d“) dx-nmj(—) dx—j(d“)d j( 2 i tim U

e—0 28

Therefore, the given definite integral has a finite value if and only if u is continuous.

limu(+¢€) = limu(-¢)

e—0 >0

From the physical point of view, the aforementioned continuity condition represents the
compatibility condition, which states that the displacement field in a continuum should be
uniquely determined, ie, defined by single valued function.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Can we integrate j u d—udx on what condition ?

5 dx
I - —€ € I
j 7 9% = [u dudx+J'u dx+ju—dx
5 dx 5 dx dx
¢ u C+ut Ut —ut ve ey (UTEHUTE)
u—d = dx=(@Uu"-u or
) I( 5 ) > Jx = ( ) 5
ud—de:—Zg (do _dx—>j—udx_—(u (6)—u?(—g)) = (u™ —u ) U +U )
°.dx —e - dX A 2
I. du € I
u—dx:lim(ju—dx+ju dx+ju—dx)

b dx e—0 dx

. Edo ¢ du e ey (U HUTE)
=lim(|U0—dx+|U—dx+(Uu"™ —u
im( o, U U ) )
9 du . du u+u’) % du
= lu—dx+|u—dx+Uu" —-u)———1% —dx + u—dx+ ul (u
J‘l dx g dx ( ) 2 _j, dx I Ul @

Therefore, the given definite integral has a unique & finite value even if u is discontinuous.

Homework 3
Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.4. The other side of Virtual Work

o Physical Viewpoint
If a deformable body is in equilibrium under a Q-force system and remains in equilibrium
while it is subjected a small virtual deformation, the external virtual work done by external Q
forces acting on the body is equal to the internal virtual work of deformation done by the
internal Q-stresses.

oou, 86Uj)

jé}u Q.dS = f&; c;dV where g ——(
j i

o Mathematical Viewpoint - Continuous Problem

If A(u) =0 should hold for a given system, then the following statement should hold. Here,
u e v, and the order of A should be the same as u.

[ou-A(u)dv =0 Vdueuv (v:A proper Function space)

Example : Beam problem

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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d*w
Eld?—qzo
d*w d2sw _. d°w
OW(El — —-qg)dx=0— El —dx = | dwgdx
J ( dx* 9 dez dx? qu

If 6w is the displacement induced by the unit load applied load at x;, the expression for the

principle of virtual work becomes as follows.

JMMMQ

= dx:géwqu:Jv'WS(x—xj)dx:w(xj)

Vv

where M" is the moment induced by the unit load applied at x; and o6(x—X;) Is a delac delta

function applied at ;.

o Mathematical Viewpoint - Discrete Problem
ou-A(u)=0ou; - A(u)=0 Youev (v: A proper vector space)

- Example : Truss problem

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i i

<A m(i) «—0— F
L i e X'
X VV-

Y | &
- Equilibrium Equations at joints
m(i) m@) .
ZH' +X'=0, ZV' +Y'=0 for i=1--,n
=1 j=1
- Virtual Work Expression

n m(i) m(i)

Z((ZH' + X"Hau' +(ZV +YHav') =0

i=

n m(l) m(i)

(G ZF cose' + XHou' + (- ZF sme' +Y")v') =0
i=1 j=1

n ~m(i) “m(i)

> (3u' > F; cos6, +dv' ZF'SII’IG ) = Z(X 'su' +Y'8v')
i=1 j=1 j=

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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nmb . _ ) _ _ _

> (F'cos8;(8uy —8u;) + F'sin6;(8vy —8v;)) =

i=1

nmb ) _ _ _

S F((ul, — 8ul) cos8; + (8vh —8v)sin ;) =

i=1

nmb . nmb M n

ZF'AlL:ZF'(EA _Z(X SU +Y 6V) Z(XIU +YIVI)
i=1 i=1

If u force system constists of an unit load applied at k-th joint in arbitrary direction, then

bE ! :
XU+ Y,V =X lu]cos6 = u|cosb = Z (8V, —dvy)sin 6,

= (EA)
(du, —du,)cos Gi\ (8v, —dv;)

N

A

v

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.5. Finite Element Discretization

e Domain Discretization

node . ]
<o x AT e
U1 U2 U3 U4 Un+1
|
dou” du” jf6uhdx 8uhT‘ = jdﬂdid - jf&iuhdx—éuh'lTI
; dx dx e1| dx dx 1,e 0
dSU dU h hee|! .. h
iju dx — Su T‘O —0 forall admissible du
|

E|e

o Interpolation of the Displacement Field in an Element.

CJ R

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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NL:Xe+1_X:Xe+1_X NR X=X :X_Xe

e ! e
Xor1 — Xo |, Xorp — X I

e Discretized Form of Variational Statement

dug _dNg o dNT e _ dNg dN { j -
(5]
e

dx dx ¢  dx °© (dx

dx dx

h L
dou, dNe Su- dNe Suf =B OU, _B-5u,
dx  dx dx Sug
SIT = ddu” du” Z | f8uhdx—6uhT_‘:)
I

_ Z j(dsu T dd“;h dx -y j (Bu)T fdx — (U T (1) — du, (0)T (0))
e g

uP (%) = NEub + NFuf = (N NE) Rj=N-ue, sul(x) = N - 3u,
X

=>"8ug [B"Bdxu, — Y 8ug [N' fdx —8u°T =" 8ug K,u, ZsuF SuPT =0
° e

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Compatibility Condition — Continuity Requirement

L

Ug =Ugy =U° U =ug, =U™"
Ul
L e
u 0 0O --- 0| U
Ur.|+1

o Global System Equation — Global Stiffness Equation

S =Y 8U'C;K,CU->8U'CIF, -8U'C;T=8U" (O C;K.,C,)U-8U" (O C.F,—C;T)

' (S e € €
=8U"(KU-F)=0 forall admissible U

KU=F

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Rayleigh-Ritz Interpretation of FEM

01 Oi1 Ois1 On+1
u" =gV, br
Ul Ui—l Ui Ui+1 Un+1
I n+1 n+1l X2
dou” du” o S5, Zjdg' gjd U, =5U, [99 0y 99 ygy
5 dx dx =l -1y d dx dx dx

Xj—1
8U| 4 dg| 1(dg| 2UI 2 dgl 1UI 1)dX+6U| ) J‘ dg|—1 (dg|—1uI 1_I_dngU )dX+

Xj-2 dx Xj—1
Xj+1
8U J‘ dgl (dgl 1U dgl Ui)dX +8U dgl (dgl U dg|+1 U|+1)dx+
Xy " x dx dx dx

i gy, g, dg
SU n+1 n U n+l1 U d
n+1 dX ( dX dX n+1) X

Xn

n Xi+1 d dg; d . d i d . Xj+1
=Y [ 6y, 9 U.., gxl)(diui+ gxlum)dx:ze;ésug [B"BdxU,

i=1 i X

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Finite Element Procedure

1. Governing equations in the domain, boundary conditions on the boundary.
2.
3

. Descretize the given domain and boundary with finite elements.

Derive weak form of the G.E. and B.C. by the variational principle or equivalent.

V=viuv?u...uv", s=5tus?u...uSM

. Assume the displacement field by shape functions and nodal values within an element.

ue — NeUe

. Calculate the element stiffness matrix and assemble it according to the compatibility.

K®=[B'DBdV ,K=YK°®

1€ €

. Calculate the equivalent nodal force and assemble it according to the compatibility.

e (T 7= _ e
F _IjeN fdV + N T\O , F—%:F

. Apply the displacement boundary conditions and solve the stiffness equation.

. Calculate strain, stress and reaction force.

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Example —with three elements and four nodes

X1.=O

U, U, U,

|1 X2 |2 X3
. .

X

- Shape Function Matrix
ul(x)=Nius + NFu?

X X X

NeL: e+l — N _ Netl ’NeR: e :X_Xe
Xe1 — Xe Ie Xer1 — Xe Ie
dN, dNR

B, =( e)——{ 1,1]

dx

- Element Stiffness Matrix

1(-1\1 11 1 -1
Kl.=[=| " |=[-1, 1dx==
[ \;[Ie( :Jle[ 1o Ie |:_1 1:|

C o X
NN

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Compatibility Matrix

U, U,
L 1 0 0 O|U L 01 0 O|U
ul: ujl-:l = 2 :C].U’ u2: UZR = 2 :CZU
Uy 0 1 0 0fUy, U, 0 0 1 0fU,
U, U,
U1
L O 01 O|U
Ug 0 0 0 1}U,
U,
- Global Stiffness Matrix
1o
110 1 1 -1§1 0 0 O
K:%CQKECe=CIchl+C£KZCZ+C§K3c:3:EO O{—l 1}{0 L o o}
_O O_

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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0
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1
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47

S
“1J0 1 0 0] 1]/0 ©
1}{0010}@10
_Ol_

0 0 00] [00 O

0 1 -10| 1/0 0 0

0 -1 1ol Llo o 1

0 0 o] |o o0 -1

1 -1j0 0 1 O
-1 10 0 0 1

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Force Term

1 0 0 0 0 0 l,
0 1|1 1 0|1 0 01 |, +1
F= ZCTF —CIF, +ClF, +ClF, =1 il Wb Lkl
210 O\1) 2|0 1\1 1 0[\1) 2(L,+1;
0 0 0 0 0 1 5
- System Equation
1 _1 0 0 u?l |_1
Il Il 2
N = VL3 I
O —l l—I—i —l U3 I_2_|_I_3
L, 1, 1 B 2| 2
1 1 3
0 0 -= = =
I , g u* 2

Structural Analysis Lab.
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1 du(l)
- Casel: I,=l, =1, == u(0)=0, —==0
1 2 3 3 () dX
1 21 0 ol U? I
J L 2
S oz (kL] T2 -1 o)y’ 1
b b , 12 2|51 2 —afut=d
o L1111k N
|2 |2 |3 |3 U 2I 2 i 0 -1 1_ U 0.5
1 3
0 o -= = Py
L |3 |3_ U4 2
5 8 9
U,=—,U,=—, U, =—
718" 7% 18" T 18
Displacement ' Strain (or Stress)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Case 2 |1=|2=|3=% u(0)=0, u)=0
1 1 0 ol U? I,
J L 2
1 1 1 1 |
-= T+ = == ofu?| |h b 3
L L , 272 {2 1}[u J_lﬁ
S S S Y O Y e T2 (VDA
L L, 2I 2
1 1 3
0 0o -= = o
L |3 |3_ U4 2
1 1
U,==,U;==
2 9 3 9
Displacement Strain (or Stress)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr



51

Dept. of Civil and Environmental Eng., SNU

3.6. Finite Difference Discretization

o Differential Equation

2 .
3—g+ f=0 —D%'+f =0 where D?is a 2"-order finite difference operator.
X
Ui+1 Ui+1
—_—
[} - ) @ — <
o Finite Difference Operator (central Difference)
- Suppose u is approximated by a 2"%-order parabola, ie, u~ax®+bx+c
U, =al?,—bl_ +c
-1 -1 -1 1 1 1 1 1
Uj=c r>a= (—Uig-G—+ U +-Upy)
i+ 1k iy i i l;
2

Structural Analysis Lab.
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2 1 1 1 1
- ~ Dzu- =2a= ( Ui_l_(|—+|_)Ui +_Ui+1)
i1

2 i
dx i+ kg i—1 I

o Finite Difference Equations for Interior Nodes
1 i +1,

R S U U = A
ey 2

|
o Finite Difference Equations for Boundary Nodes with Displacement BCs
In case that a displacement BC is specified at a boundary node, the finite difference equations
need to be set up for only interior nodes. The BC can be applied to the finite difference

equation for the node adjacent to the boundary nodes.

- Example (Case 2)
_/%61+(E+E)U2 _1U3 btk f,
1

_£U2+(£+1)U3_Jl/d :|2+|3 f3
|2 |2 |3 3 2

Structural Analysis Lab.
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o Finite Difference Equations for Boundary Nodes with Traction BCs
In case that a traction BC is specified at a boundary nodes, a special treatment for boundary

condition such as a ghost node is introduced.

o @ ® ® . * @ iiinnn o
Xn—l X

- The finite difference equation at the node n+1 :

—IlUn+(|£+

1 1 [+
—)Un+1_—Un+2 = 2n+1 fn+1

I In+1

n n n+1

- Approximation of the traction BC by the finite difference operator.

u,,-U
d_u ~ 2 n:O_)Un+2:un
dX x=I In+1+|n

- Substitution of the FD traction BC into FD equations for the boundary node.

1 1 1 | +1
I—)Un +(|_+|—)U n+1 :nTnJrl 1:n+1

n+1 n n+1

_(Il_|_

n

Structural Analysis Lab.
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Since the location of the ghost node is arbitrary, 1., =1.can be assumed without loss of

n+1
generality. The final equation for the boundary node becomes

1 1 |
_I_Un +|—Un+1 ZEn

f

n+1

n n

- Example (Case 1)

/T% +(— —)Uz—iug_I ;sz

1 L, +1,

_TU, 4+ (—+ ). ——U, = f,
|22(2|3)3|34 >
1 1 |
~~U;+-U,=2f
L, 2t
Homework 4

Structural Analysis Lab.
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Chapter 4

Multidimensional Problems
— Elasticity Problems —

A e

ok

Prof. Hae Sung Lee, http://strana.snu.ac.kr

D 3 dV—!r(ui —uf)bidf/'—i!(z

D o —dV = | ufb,dV - (ufTdT)

> —| By Oyl — | 8,dl — |1y fyal
—> V ¥ T
—> e
. _ I 5'(1; - ;') a':u.t_us;:'
—> A A
_> &
L, | aukdff—ll & D Ort — - —
- 2 Bx Bx_; 2% 9%, ax_;
—> - | (4 — 1 )bidV_ [(Hi i :'T:‘ﬂ_'
L5 [ T
—p 3“;-, .

o — V= |y Bl — | g Tcz!T+—

— 2' oz, Pu x; l T rl I
o
—

Structural Analysis Lab.
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4.1. Problem Definition _ /'T

o Governing Equations and Boundary Conditions

Equilibrium Equation . V-o+b=0
Constitutive Law . 0=D:g

. 1 :
Strain-Displacement Rel. . £= E(Vu +(Vu)') inV
Displacement BC u-u=0 on S,
Traction BC : T-T=0 on S,
Cauchy’s Relation T=0-n on S

e Strain Energy

. OU; . OuU;
l(%Jr_J):EJ'E(%JF_J)GUdV:_
2°0%; 0% 2,2 0X; OX 2

1.0y
J

1
Hint ZE\J/.SUGUdV < 8'j = ngV

i
VR

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr



57

Dept. of Civil and Environmental Eng., SNU

4.2,. Error Minimization

e Error Estimator

" ZI(Ui _uih)(GirJ],j +b;)dV +I(Ui —u")(T -T,")dS
v S

o Least Square Error

I~ =%J.(Ui _uih)(G!},j —oj,;)dV +%I(Ui —u)(T -T;")dS
Y, S
= _%j(ui,j _uir,]j)(cir} —oj)dV +%I(Ui _uih)(Gir} —0;;)n;dS +%I(Ui —u)(T =T;")dS
, S S

— =)y o)AV = ~ul) T =TS + (U —ul)(T ~T)ds
Vv S S

1. 1
=5 (Ui _uir,]j)(Gij _G!})dv :Ej(ui,j _uir?j)DijkI(gkl _8E|)dV
v Y
1.
=5 (Ui ; _uir?j)Dijkl(uk,l _UEJ)dV ="
Y,

Structural Analysis Lab.
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o Energy Functional — Total Potential Energy

_J'(al__)( Gjj —O )dV_—j—G dV—% 2U' hd
X v X
L gy oL Qg gy L1 gy
2 OX; 2\,8xJ X, 2 OX;
Lp g gy LW gy LA gy
2 ax 2, OX; OX| 2 OX;
——j—c,dv Lpau o v L% (6, —ohyav
2, OX; 2 OX;
ou;
—I—G dv + I—G dv — I ~o;dV
ox;,
v X

j
au

Zax

ydV + js GV — ju“bdv ju“Tds C+I1%

Prof. Hae Sung Lee, http://strana.snu.ac.kr

-~ aTI(G —o3;)dV
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e Minimization Problems
Min 17 < MinII"® < Min 1™ wrt u evl

Min T1™: Rayleigh-Ritz Method or Principle of Minimum Potential Energy

Find u" ev" such that minimize 1™

du; du
where uev ={uju=00nS, , |[-="Dy,——dV| <o}
v dX; dx,
- v"=v  :Theexact solution.
- v"=v  :Anapproximate solution.

o OII™ =0: Variational Principle or Principle of Virtual Work

ST =5 [lahdV — [ulhdV — [u'TdS) = j (65j0} +chooRav - [aulay - J 5T dS
v 5,

= %J‘(SS:} Dijk|8E| + 8 Uk|88k|)dV J‘Sth dV J‘SU hT dS
\Y

= [ 8¢ Dy epdV - jSu“bdv jSu“Tds jsg Gdv — jSuhbdv jSu“Tds 0

t t

Structural Analysis Lab.
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« Absolute Minimum Property of the Total Potential Energy: u' =u, —u?

1
Hh:EJS cjdV — ju“bdv ju“Tds

:Ejé(ui —u

- o(u
, I)Dijkl ( k
V

Uk)
o, - dVv — j(u —uf)bdV — j(u —u®)T.dS

t

: ou u, ouy ou? ouy
Dljkl —& dv __J. Dljk| —x dv + I Dljkl —x dv

OX OX 2y OX; OX

1 o0u, ou
== [=L D, dv - =
ZIax- ikl o, J

OX I8x
—j(u —uf)bdV — j(u —ud)T.dS

St

1.0u ou, ou —

D\ —<dV — [u. bdV — |u. T.dS — U D M gv — [uehdV — [ucT.dS
ZIaX ijkl 8X| _[ .[ (j ijkl 5X| \.[ i SJ; P )

j U p gy
gox; Max
e e
_ —ja“' Dy e v — ([ 6,0V - [ugbidV — [ueTds)
X; OX, v OXi v 5,

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e
Nk gy = 0 iff

n;ds — jubdv ju T,dS)

St

6uf=0

1.0u’ ouy ou’ _
=TI + W D,Jk.akdv—(ja—'cijdv—jufbidv—jufTidS)
v X X v X v S,
e 1.0u’ ouy
=TI +2 8xl Dy o dv — (- ju G Jo|V+ju G,
au ouy _ _
_mE gl 8“' D,Jk,a“k dv +(ju 5, 4V +ju9de)
2V OX; oX
= - j ouy Dy Zuk dv + j uf (o, ; +by)dVv
Xj X
e L gy
2, 0x; < ox,
e e
If Djjiq Is positive definite, ol Dij —— ou >0 vaiio nd J%Dum
OX | OX, OX; v X

OX| OXj

I1" >TIF ( The equality sign holdsonly foru =u, +??.)

Structural Analysis Lab.
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4.3. Principle of Virtual Work

o If the following inequality is valid for all real number a, the principle of virtual work holds.

I U, +av,) 2T U)Wy, ev

o(u; +av;) D. o(uy

g(a) =TT (u, +avi)=%j +avk)dV—j(ui +av; )hdV — [ (U; +av; )TdS

kl
v OX ! X, 3
=2 Dija =~ W ay + “f "Dy Mgy +La j(av' Dy - Ni gy
2 aX OX X J OX X 2 V@XJ 8X|
— [ (U +av; )dV - j(ui +av; )T,dS
V S,
v 5XJ 5X| Vv S, v 8)(] axl

9'(0) = j 'D,,kla“kdv jvbdv jv T.dS=0 Vv. ev(foralladmissiblev; )

X; OX, 5,

Structural Analysis Lab.
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If the principle of virtual work holds, then the principle of minimum potential energy holds
because the boxed equation of the total potential energy vanishes identically. The

approximate version of the principle of virtual work is

. N

[ojdVv - [vihdV — [W'T,dS =0 forall admissible v/
OX

V=7 v S,

e Equivalence to the PDE

- Exact form

ijthi=0,T, =T,

\Y

I
- Approximate form

.[Vih(Ui?.j +b;)dV — jvih(Tih ~T)dS=0 vy eo" - G+ #0, Ty £T;
\Y I

since [V, (oj j+b)dV — [v, (" -T)dS =0 Vv, ev.
% I}

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr



Dept. of Civil and Environmental Eng., SNU o

« Equivalence to the Weighted Residual Method: v'=38a, g, , u'=a,g,
jfia,kgk(c,J [ +b)dV = jéia,kgk(Th —T,)dS for possible 8a,, —

St

Jgk(G.,,+b)dV [g (" =T,)ds for all k

St
o Uniqueness of solution

If two solutions satisfy the principle of virtual work, then

j—cs,JdV jv bdV — jv T.dS =0 forall admissible v.
J St

j—cs,JdV jv bdV — jv T.dS =0 forall admissible v.
J St

By subtracting two equations, j L (oj -

J

o;)dV =0 forall admissible v, — o} —o; =0

U 8uk) 0 ou Guk
oX,  OX oX,  OX

ukl( =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Discretization
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Rayleig}l-Ritz Type Discretization

e Approximation

h d L agp agp
Ul =Ciy0; +CipGy ++ +Culy = D ,— >c,
| i1d1 +Ci»0> indn < ipJp x, = ip X, Cip X,

e Principle of Minimum Potential Energy

h

Min Hh:;j ngukaq Do gy jc,pg bdV — Ic,pg T.dS or M _0 forallm,r

“ip OX; X, S OC,,

aih:ljg

a9 g a9 a9 —
acmr m|8rp axp Dljk| kg ox Iq dVv + J.C X:) D|Jkl8mk8 8x? dv _\J;Smigrbidv _ J.SmingidS

St

og gq 1 gp og —
J r ijk, @ o dVv += > J o ox Dimi ax,r dv — J g:bndV - [ g, T,,dS

Sy

0 g _
j Ir ijklckpa—xpdv —j g,b,dV j g,T.dS
I

Iégr Dk g'ochkIo fg b, dV — jg TndS = KiCip — frn =0 forall rand m

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Principle of Virtual Work

[dejofdV - [dubdV — [duTdV =0
\Y \Y% \%

g o9 _
31" = [ 3¢, — " DjjCiq 5, dV - [8c,0,bdV - [&¢;,0,T;dS
Y, OX; X, v S,

a9 og _
=oc, (=2 D;,,—dVc,, — [ g bdV — (g, T:dS
|p(\_[ an ijkl 5X| kq \_[gp i é[tgp i )

0 0 _

KpikgCkq — fpi =0 forall pandi

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Matrix Form — Virtual Work Expression
&;ﬂc{}dv =

Vv
fra.h _h h _h h _h h _h h _h h _h h _h h _h h _h

| (8€110711 + 883,07, + 833033 + 881,07, + 8€;,0,1 + 013013 + 0€3103; + 8€530 73 + 883,03, )dV =
Vv
Vv

: (8e11071 +€5,0Y, + 8835035 + Y1207, + BY13015 + 8Y53075)dV = ISShT .oV
v v
[8e"-c"dv = [5u"-b dV + [su" - Tds

Y, \ St

* Displacement

Ci1

C21

w) g, 0 0 g, 0 07 cy
u"={u) [ ={0 g O 0 g, Of : |=Nc

i) [0 0 g 0 0 g,

Can

Can

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Virtual Strain

69

odu;
0%
odus
OX4
odu;
OXg

aauf_kaaug
Xy  OX
88uf_F68u2

OXg  OX
86u24_88u2

OXg  OX,

Structural Analysis Lab.
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e Virtual Strain — Matrix Form

Mg 0 % o o
0% 0%
5e" 0o & g o P o [
e
oh 0 0 % 0 0 Zg—” o
(8e") = 8313 == SRS 1 ¢ |=Bsc
Syl a9 99 Gn G0
8¢y
S'Yh % 0 % agn 0 agn 802”
2 O%q % O, ox, | 8¢y,
o % 9% o % 9
i OXg  OX, OX3  OXy |

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Stress-strain (displacement) Relation

(o

1 v Y 0 0
1-v 1-v
h _X_ 1 _X_ 0 0
Gﬁl 1—v 1—v
022 v Vo 0 0
_|owm|_ E@-v)  |1-v 1-v
ol @+va-2v) | 0 o o =%
o 2(1-v)
13 —
" 0O 0 0 0 1-2v
C)3 2(1-v)
0 0 0 0
— De" = DBc

0
0 8?1
0 SEZ
€33
0 Y1s
Y?s
Yg3
1-2v
2(1-v) |

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Final System Equation

[3ehobdv = [8e" s"dV = 5c" [BTDBdVe
Vv \ \

[3ulbdV = [8u" bdV = 3¢" [NTbdV
V \Y

\Y

[8uTdr = _'SuhT Tdr =5¢" [NTTdr

I Iy L

5¢' (JBTDBdVc — [N"bdV — [NTTdI') =0 forall admissible 5c or
, Y, T,

Kc=f

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Y,V

By the elementary beam solution, the displacement field of the structure is assumed as

0

2

3

2

X X X
u=a(~ —Ix)y, v=b( - I
(5 =00y . v=b( =)

(x=1y
B= 0

X2

— —1Ix

2

0

0

X2

— —1Ix
2

1 v O

v 1 O

0 o 1V
2

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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_ , r
Lh1|(x=Dy 0 X?—Ix v
17 2 v
0-h0l 0 0 -E;—Jx 0 0
i 2.2 1-v X° 2
| h1 (X—I) y +T(?—IX)
A e
0-ho0 (——|X)2
i 2 2
33 1 _
s e 2
5 2 15
l—V£|5(2h) 1—\/3
L 2 15 2 15
I2y 0 _ 0 3
Y 0
2 Pde=—L
1° || 5 3P
0 ——|\2h
3

1°(2h)

1°(2h)

dzdydx

Structural Analysis Lab.
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| |3h3 1-v 2 5 1-v 2 5
2——+=——2152h) == =1%(2h 3
E "33 2 15 AN e :_'_[Oj
L-vi 1oV 2Zisony 12V 250 3\P
2 15 2 15 |
2 2 4,2
a=31"Vip 17V po g2 1 DItV
2 Eh El 31-v'I” 7 El
1-v% _ x° 5 1 hodl-v?_ x3 x°
u= P —IX)y , v=—(1+=-—"—(— P ——1
El (2 )Y ( 31—v(l)) El (6 2 )
P(x—I M
XX ( )y:_y
| |
M
ny:VI—y
5 ho,l,x?
== ()" ~(=—-x)P
Ty 6(I) (2 )
Homework 5

Structural Analysis Lab.
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Finite Element Discretization

e Domain Discretization

V=viuv?u...oV", T=rtur?uvu...urm

[3eMa"dV = [su" b dV + [su" Tdr — Y [8e" 6"dv = ¥ [su" b dV + Y [su" b dS
\Y \ I

t e Ve € Ve € Ste

e The displacement field in an element

Uiy

U1

u; (N, 0 O N, 0 0 ]ug
u®*=lus | ={0 N, 0---0 N, O

) 10 0 N 0 0 N,u,

Uzn

Usn

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Structural Analysis Lab.
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o The virtual strain field in an element

odu;

ON.

0% Suﬂ'éij

oou; oN.

8¢5, ox, U2 oy,

58 Se5; | _ OXq 3 oXq
8'Y§2 asu:f n @BUS 6U1, aN 6 2| aN
Sy X,  OX OX, 0%
f13 2e 1e ON, 8N

8Y53 00Uy 4 00U, SUy; —+ - + Uy — -

Xy OX 8)|<|3 al)\(ll

asus oS | | Uy S+ Suy
+ " X, ' ox,
X3 0%, 3 2

Structural Analysis Lab.
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e The virtual strain field in an element — Matrix Form

Se’

N g g
0%
o Mg
OX
OX3
oN; ON; 0
OXy,  OXq
N, N
OXg 0%
0 ON; ON,
OX3  OX,

oN, 0 0
0%

0 Ny 0
OX

0 0 ON |,

OX3

oN, ON, 0
OX, 0%

ON, 0 ON |,

OXg 0%

0 ON, ON,

OX3  OXy

OUy 4
OU,q
OU3;

OUy,
OU,,
OUs,

= BsU°®

Structural Analysis Lab.
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e The stress field in an element

1 v 0 0 0
1-v 1-v
e v 1 v 0 0 0 e
G:ell 1-v 1—v 8:1
Oz v vV 0 0 o e
ot =| % | Ed-v) |1-v 1-v 1_9 EE
o, | A+v)A-2v)| 0 0 eV 0 0 Y12
e 2(1_ V) e
O13 1—2v Y13
¢ 0 0 0 0 0 e
23 21-v) Y23
0 0 0 0 1-2v
i 2(1-v) |

= De® = DBU®
o Stiffness equation
>'5U¢" [BTDBAVU® - Y '5U°" [N"bdV - Y 8U°¢" [NTTdS =0
e Ve e

Ve e s¢

$sU° KeU® - Y 8U° £ =0
e e

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Compatibility conditions

U=T°U , §U°=TeU
SUTS T KeTeU - 5UT S T¢ £¢ = 0 for all admissible 5U
e €

KU-f=0

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Finite Element Procedure

1. Governing equations in the domain, boundary conditions on the boundary.
2. Derive weak form of the G.E. and B.C. by the variational principle or equivalent.
3. Descretize the given domain and boundary with finite elements.
V=Vtuviu.-.uVv" |, s=stus?u-..uS"
4. Assume the displacement field by shape functions and nodal values within an element.
u® = N°U°®
5. Calculate the element stiffness matrix and assemble it according to the computability.
K®= [B'DBdV, K=)K®
Ve €
6. Calculate the equivalent nodal force and assemble it according to the computability.
f¢= [N'bdV + [N'TdS , f=)f°
A S¢ e
7. Apply the displacement boundary conditions and solve the stiffness equation.

8. Calculate strain, stress and reaction force.

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Finite Element Programming
(Linear Static case)

Input

- Assemble Nodal Load Vector

- Cal. of Destination Array Preprocessin
_ Cal. of Band width P ’

Loop over all elements

<
<

Calculation of
Element stiffness matrix and Load Vector

A 4

Assembling E.S.M and E.L.V.

>
»
\

Global Stiffness Matrix
and Load Vector

y

Solve Global SE |+ Gauss Elimination
Band solver
Decomposition, etc

Cal. Strain & Stress Y
Cal of Reaction Force — | Post-processing
Display

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Data Structure

- Control Data : # of nodes, # of elements, # of support, # of forces applied at nodes ...

- Geometry Data : Nodal Coordinates & Element information (Type, Material Properties,

Incidencies)
- Material Properties
- Boundary Condition : Traction BC & Displacement BC

- Miscellaneous options

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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I Strong form

Differential Equation & Boundary Condi

tions

l Weak form |

Principle of Minimum Potential Energy

n:lj g,0,dV — ju bdV - ju T,dS for all admissible u,
2

\Y

J' 85U

Principle of Virtual Work

oydV - [u,bdV — [8u, T,dS =0 for all admissible u,
\Y S

3

A\ 4

§

Minimization of Error

m,. —= | (M Nyt . )dV for all admissible v,
2y 0% 0X;

jv (oy,; +b)dV +Iv (T, =T,)dS =0 for all admissible v,

Weighted Residual Method (Galerkin Method)

[

X Exact Solution

Rayleigh-Ritz type Discretization

l Approximate Solution

Principle of Minimum Potential Energy

—IS., ohdV - ju av - ju“Tdeorauadmuss.bleu

J~ 65U

Principle of Virtual Work

ojdV - [u/b,dV - [u/T,dS =0 for all admissible du;
\Y% S,

Finite Element Discretization

Principle of Minimum Potential Energy

> e e S{

=%UT -K-U-UT -f for all admissible U > K-U-f=0

Z(jg” ondV - ju dV - [ul'T,dS) for all admissible u

Z(I 88u_

e ye

SUT - K-U-38U" -f=0 forall admissible 83U > K-U-f =0

Principle of Virtual Work

ofdV — [dulb,dV - [u/T.dS)=0 for all admissible du;
ve s¢

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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C}lapter 6.

Two-dimensional Elasticity Problems

y

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Plane Stress

Stress @ 033 =033=0G,3=0

: v
Strain :833:—1—V(811+822), Y13 =0, 723=0

Modified Stress-strain Relation

EL-vV) Y E

Oqq = g1 +— (g, +¢ =— (g, +Ve
11 (l+v)(1—2v)(11 1—\/( 22 +€33)) 1_\/2(11 22)
Gy =— —(VE; +€) , O __E
22 12 11 T €22) 1 O12 2(14_\))\/12

C11 - 1 0 | &
o =| o5 [=—|V 0 | &5, |=Dsg°

e 1-v 1-v e

G2 0 S Y12

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Interpolation of Displacement :

o Strain-Displacement Relation

8\/6

ou®
e OX
€11
e e ave
& =|€2 |= oy
e
Y12 ou®
o+
oy

e Principle of Virtual work

ox

88

u —
N,
OX
0o M

oy
oN; ON;
oy OX

oN

— NeUe

=BU°

j (8er 00 +0eh,0h, + Oy iLom, JtdA = j (5u"b, +3v"b, )tdA + j (5u"T, +v"T, )tdS

> [B"-D-BtdAU Z [NT-btdA+>" | NT TtdS

e gt

e A

e A

Structural Analysis Lab.
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Plane Strain

e Strain €3=0, v13=0, 7v,3=0
o Stress : o;3=0,3=0 033=—V(0y;+0,)

e Stress-strain Relation

e 1 1VV O e
O11 - €11
o’ =| 0y |= Ed-=v) M 1 0 g5, | = Dg®
. Q+v)Q-2v)|1-vV .
c _
12 0 0 1-2v [\ Y12
! 2(1-v) |
e Interpolation of Displacement
u
Vi
ut = u® _ Nl 0 |\In 0 — NeU®
Ve 0 N; 0 N,
un
Vv

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Strain-Displacement Relation

. ] _
ou” Ny Ny o [(w °
€n aa\;(e OX OX Vi
e =|en|=| — |=| 0 N, 0 N, =BU®
e oy oy oy
"2) |awe v | |ON; N, ON, oN, | Yn
oy Toax ) Loy ox oy x|\

e Principle of Virtual work

[ (Bey07; +3e5,0%, + ypropy )tdA = [ (Su"b, +8v"b, JtdA+ [(3u"T, +3v"T, )tdS
A A S

t

> [BT-D-BtdAU =) [N’ -btdA+) [N'-TtdS

e A® e A® e g€

Structural Analysis Lab.
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Axisymmetry
Strain :¢ _ou g _ v S _6_u+@
T a7 g T r’er 0z oOr
Yro = 0, Y0 = 0
o Stress: o,y=0,=0
e Stress-strain Relation
) 1 v v 0 i
1-v 1-v
Gle’r vV 1 vV O 8?[’
ot = ng _ E(]-_V) 1-v -V 832 _ D¢
oy | @+V)A-2v)| VY v 1 0 £,
Ge 1-v 1-v ,Ye
Iz — Iz
0 0 0 1-2v
i 2(1-v) |

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Interpolation of Displacement

Uy
Vi
Ue — ut _ N, O N, 0. _NEU®
v 0 N, 0 N,||
un
Vn
o Strain-Displacement Relation
e _ .
ou” oN, N,
or — 0 0y, Y
e e or r 1
Err oV oN, oN, | v
||| @ N B T
g =| ¥ |= = : =BU
€09 u N Mg
Ye r r r n
rz aue ave aNl aNl aNn 8Nn Vn
—+—| Loz or 0z or _
oz or

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr



93

Dept. of Civil and Environmental Eng., SNU
o Principle of Virtual work

[ (Ben oy, +0e),0p, +8e5y00n + BYa0rg) 2nrdA = [ (3u"D, +3v"b, )2nrdA+ [ (Su"T, +3v'T, )2xrdsS
A A S,

> [B"-D-B2rnrdAU =) [N' -b2nrdA+) [N’ -T2xrdS

e A e A e g¢

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Cllapter 1

Various Types of Elements

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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Constant Strain Triang’le (CST) Element

V3
| (XssY3)T Us
Vi
u 1 \T/Z
(X, Y1) — Uy
(X2, Y2)

US(X,Y) = oy +ouX+asy , VE(XY)=0, +0sX+agy

e
U™ (X1, Y1) = Uy = 0y + 0pXg + 0lg Yy u) (1 % vy |foy

e
U™ (Xp,Y5) =Uy =0ty + 00X +asy, = Uy (=1 X, Y, | oy

US(Xg,Y3) =Us = Ol + 0L, Xg + 0lgys  \Uz) [1 X3 Y3 ]l

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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0Ly 1 x5 % Uy 1 a ad; az| U
a, (=11 X, Y, U :ﬂ b, b, by|u,
as) |1 X3 Ya3| (Ug G G G |\Us

where & =Xj¥m —XnYjs B =Yj—Ym, G =Xy —X;
U (X,y) = — + @ 1b L a,+b
Y) = Z(al +bx+ ¢ y)u ﬂ(az +0,X+ Cy)u, "‘5(33 + 03X + C3y)Us

1 1 1
VE(X,y) = ﬂ(al +oX+cy)v + oA (8, + b X+ Cyy)Vv, + Z(as +03X +C3Y)V,

e

ou® Uy

Ay _ |V

&5, g\fe [0 b 0by 0 ul

e=|e,|=| — |==—|0 ¢ 0 ¢c, 0 ¢ | | =BU

e 8}/ 2A Vo

Y12 out oyt 1 b C b, g by U

S T — 3

oy  OX Vs

K® = jBT .D-BtdAU =B'" -D-BtA®
Ae

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Homework 6
- Cantilever Beam with three load cases -

Implement your own finite element program for 2-D elasticity problems using CST element. When you build your program,
consider expandability so that you can easily add other types of elements to your program for next homeworks.

1

A
[EEN

10 >

a) Discuss how to simulate two boundary conditions given in the Timoshenkos’s book (equation(k) and (1) in page 44).

b) For end shear load case, solve the problem for both boundary conditions with 40 CST elements.

c) For other load cases, use one boundary condition of your choice with 40 CST elements

d) Perform the convergence test with at least 5 different mesh layouts for the end shear load case. Use the boundary
condition of your choice.

e) Discuss local effects, St-Venant effect, Poisson effect stress concentration, etc. Present suitable plots and tables of
displacement and stress to justfy or clearfy your discussions.

f) Comparision of your results with other solutions such as analytic solutions, one-dimensional solutions is strongly

recommended for your discussion . Assume E = 1.0, v=0.3.

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Isoparametric Formulation

o Interpolation of Geometry

X = Ny (& )%+ -+ Ny (G = 7 Ny (&)
i=1

y=Ni(En)y,+--+Np(EM)Yn =iﬁi(é,n)yi
i=1

=Y

Cartesian map

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Interpolation of Displacement in a Parent Element

u —[u:] =N°(gn)U°
Vv

o Derivatives of the Displacement Shape Functions

oN; _ oN; 8x ON; oy | oN;) [ox oy oN,
o 6><8& ﬁyﬁiH 05 |_|0& & | ox |
ON; _ ON; x _ oN; oy ON; || ox oy | ON;

o axon oy on on) [on on %

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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-1

oNy ) [ox ayT(aN) (N

ox | _| 0 o0& | | & |_ 44| 0§ _ 3y N

N, |Tlax ay | | oN, =J %orVXN,—J ViN;

oy on on| \ oOn on
o o] [N PN ] AN N, N, T %%

_| o8 ai__lai' zlaé | oE & % | X Y2 |_g.

Tl TN, BN, TN N, TN, | TS
| on on] [T on § =15T] | n On M Xy Vi |

m>n N=N . Superparametric element
m=n N=N . Isoparametric element
m<n N=N . Subparametric element

jBT D-BtdA= HBT(g n)-D-B(E,n)t|J | d&dn

-1-1

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Bilinear Isoparametric Element

\ _ \n:—OS ... ............ _ ..... ' n=—0.5

o Shape functions in the parent coordinate system.

U(X(&:m), Y(E:n)) = oy + o€ + agn + 0N

V(X(E,n), Y(E M) = a5 + agE + aym + agEM
Up =U(Xy, Y1) =u(X(&y,me), V(€ ) = 0y + 00€; + agmy + ag&ymy =0 — 0, — 0Ly + 0y
U, =U(Xp, Y,) =U(X(E5,M2), Y(E2.12)) = 04 + 01,8, + gy + 0EaM, = 04y + 0Ly — 0Ly — Ol
Us = U(X3, Y3) =U(X(E3,M3), Y(E5:M3)) = Oty + 01,E5 + g + 0LuEgMz = 0y + 0y + 0Ly + 0y
Uy = U(Xg, Ys) =U(X(E4Ma), Y(EsiM4)) = 04y + 084 + OgNy + 0uEM, = 0y — Oy + 0Ly — Ol

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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u) 1 -1 -1 1
u, | |1 1 -1 -1{a,
u; | (101 1 1o
u, ) 11 -1 1 -1|a,

Ue(X,y) = Nyu' + Nou® + Nau® + Nu®, ve(x, y) = NVt + Nov2 + Nov° + Nv*

N, = 0=, Ny =5 @O, Ny=, @A+, Ny=, =BT+

T[T LTI

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Hig’her Order Rectangular Element
-Lagrange Family-

o Shape function of m-th order for k-th node in one dimension

m (&—ﬁl)“'(i—ik—1)(§—§k+1)'“(§—§m+1)
I — (0, m) (I n {n. m :
‘ (a) (‘:k - &1) Tt (&k - ik—l)(‘:k - &k+1) o (F;k - §m+l) ® ) t-_

|&“(n) _ M=—n) M=) M= Ms) - M= Nmsa)
(M =M1) (M = M) M = M) (M = Ninaa)

Ni :NIJ :Ilm(g)XI\;n(n) (0, 0) I S (;1.0]

_J

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Q9 Element

o Total number of nodes in an element : (m+1)(m+1)

(m+2)(m+1)

e Total number of terms in m-th order polynomials :

 Total number of the parasitic terms : (m=+5m

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o The Pascal Polynomials

Complete Polynomial @ N ”

A 4

Parasitic Term

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.



106

Dept. of Civil and Environmental Eng., SNU

Hig‘her Order Rectang’ular Element
-Seren(lipity Family-

e Q8 Element

&1 1
-1 NN, =N, —=N. - =N
N1=Z(1—§)(1—n) R R

05
Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Triang’ular Isoparametric Element

o Total number of nodes on sides of a triangle element for
m-th order S.F.: 3m

e Total number of terms in m-th order polynomials :
(m+2)(m+1)
2
o Total number of internal nodes :
(m+2)(m+1) a3y = (m-2)(m-1)

o The Pascal Polynomials 1

o
QIS
o e
Q .
Q .
Q .
.
o .
.
o .,
g .
5 .
5 ey
o .
o .
5 .
o cy
5 .
K
o .
o cy
o .
o .
o .
B .
N cy
o .
o .
o .
5 .
o .
N .
o cy
o .
o ey
o .
o .
0 * *,
Q *
K . ,

:::." L . ‘w»““‘
ém M. im’]’] ................ E-,’r]m ............ nm

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Area Coordinate System

o, constant line

“ —ai; constant line

v

alz%, azz%, 0c3=§, oy +a,+og=1
o Shape functions
- CST Element
N;=0; , Ny=a, , Ny=o04
- LST Element

N3 = 0i3(205 1)

N5 - 4&2(13 N6 - 4(11(13

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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o Interpolation of Geometry

n n
X = Nj(oy,00,,03)X = Z; N; (o, 00p) X;
i=

i=1
n n _

y =2 Ni(oy,0p,05)y; = 2 Ni(ag, ),
i=1 i=1

e

X1
e -~ ot yl
ocy=| X | =[N 2N O R
y o N, 0 N
Xm
Ym

o Interpolation of Displacement in a Parent Element

u°) = EteJ =[N (o, 05, 03)] (U°) = [N(al,az)]e(U )

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Derivatives of the Displacement Shape Functions

110

oN. 8N aN oy | 5_'\~|. T X oy 5_“.
oN; oN, ox LN oy ON; | | OXx 0y | ON;
oa, OX da, Oy da,] \Oa,) [00p o, |\ Oy
o) [ TR (o,
oN 7| o oy | o\ ol |
OI’ VXNI =J_1Vaﬂi
x oy [QoN ia_ﬂiy_“ oN, N,  oN, | %%
ox oy m ON, iaNi oN; oN,  oN. | ¢
— X — Y
aaz 6&2 _izlaaz i:150L2 ] _aaz 50(,2 aaz _Xm ym_
Homework 7

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Il
<
21
X

Structural Analysis Lab.
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Cllapter 3

Numerical Inte gration

MH“”””Mﬂﬂm

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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8.1. Gauss Quaclrature Rule

¢ One Dimension
1 n
[fEe)de~> W f(&)
-1 i=1

If the given function f (&) is a polynomial, it is possible to construct the quadrature rule that
yields the exact integration.

- f(&) isconstant: f (&) =a,
}f(&)dx:ZaO =aOZn:Wi — n=1l W, =2
-1 i=1

- f(&) isfirstorder: f(&)=a,+a& One pointrule is good enough.
- (&) issecond order: f(&)=a,+a+a,&’

1 2 n n n
_[ f (&)= gaz +2ay =8, ) WE +3 ) WE +a,> W, —
| i=1 i-1 i—1

n 2 n n
i=1

i=1 i=1

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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n
1
DWE=0—>W, =W, , § =-E,
i=1

2 5 .
DWIET Wity +Waly = Mot = o - Wolp =

ZW =W, +W, =2W, =2 — W, =1— &, = J/1/3 = 0.57735 02691 89626

i=1

- (&) isthirdorder: f(&)=a,+at+a,E’+a&> Two point rule is enough.

- (&) isfourth order: f(&)=a,+af+a,t’ +a8’ +a,8’
1 n n n n n
_[ f(&)dE = §a4 + gaz +2ay =8, ) WE' +8; 0 WE +2, 0 WES +8, ) WE +a,> W, —
e i1 i1 i1 i1 i1

Zn:Wigill:%' Zn:WiﬁiBZO’Zn:Wiiizzé Zn:Wigi =0, Zn:Wi =2 > n=3
i=1 i=1 i1

i=1 i=1
SWE =0, SWE =0 W =W, , & =&, & =0
i=1

i=1

3 2 1
DWET =WhET +Waby = 2Wats = o — Wity = =
i=1

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2

& S
DWE =WiE[ +WaEs = WE; =
i=1

&3 =0.77459 66692 41483 , W; = 0.55555 55555 55555

3
SW, =W, +W, + W, = 2W, +W, =2 W, = g = 0.83888 83388 88888

i=1

- Because of the symmetry condition, we need to decide only n unknowns for n-points G.Q..

- We can integrate 2n-1-th polynomials exactly with n-points G.Q. Since for 2m-th order
polynomials we have 2m conditions for G.Q. -which means we can determine (m+1)-point G.Q..

- Stiffness Equation

[B"-D-BdV = [B' -D-BAdx = }BT (£)-D-B(&)AJ|dE = iWiBT (&)-D; -B(E)A
Ve x® -1 i=1

[NT-bdV =[N -bAdx =}NT (8)-bE)AI I dE = SWNT (5)-b(E)A | ;]
A x° -1 =1

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Two-Dimensional Case — Rectangular Elements

- Quadrature rule
Hf(& n)dédn ~ JZWf(in)dn WS WF(Em) = X W, f (Em))
—11 qi=1 j=1 =1 j=li=1

- Stiffness equation

jBT D-BtdA= jjB (&,m)-D-B(& mt |3 dedn =" WW,BT (&,,n,)- D, B, ., )ty 13, |

11 i=1 j=1

JNT-btdA= HN (&m)-bt|J |dedn = ZZWWN (&) byt 1351

[NT - TtdS = jNT(an ) Tt|K|dg= ZWN (&im,) Tty K,

| n
Se

o Two-Dimensional Case — Triangular Elements

11-04 . .
[B"-D-BtdA=| [B(0y,a,)-D-B(oy,0,)t|J | da,day = ZWBT(al,ocz) D; - B(ay, ab)t; | J; |
¢ 0 0 | =1

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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8.2. Reduced Integration

e Q8 element
U=a,+at+amn+aE’ +a,tn+amn’ +asn+aEn’
V=D, +bE+bm+ b3§2 +0,En+ b5n2 + baazn + bﬁanz
ou ov
5_§ =g + 285+ a,n+ 2a;En+ amz , 8_§ =by +20,€ + byn + 2bEn + b7112

g_u = a, +a,5+ 2a:n + a8’ + 2a.En ? =b, +b,& + 2bn +b&” + 2b,En
n n

e Terms in stiffness matrix
- From complete polynomials: 1,&,1,&2,&n, n?
- From parasitic terms: &n , E;Zn ,cinz,n3, <’§3,§2n2, cign ,§n3,n4, &4

o Reduced Integration

Reduce the integration order by one to eliminate the effect of parasitic terms in the stiffness matrix.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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I
[
!
|
!
f
{
!

k
|
\
i \

Load 0.24 per unit

B EBRE NN

RS

N\ 40

]
_,,l ha

N 2 X 2 Gauss points

1 M
20 ";‘ Exact average

shear stress

.lf !
Iz - —p—

£

o

"l—_

r.

Nodal valués extrapolated
from Gauss point

—
__b_.,.—*ll'
a—

|
!
¥
I
1
1
!
!

|

-0

—

!
/

f#
t"h.

i
~/ \C{T
“Gauss jpuint value by the

reduced integration

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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8.3. Spurious Zero Energy mode

o Independent displacement modes of a bilinear element

Rigid Body motion — zero energy mode

l

o+ ]

O ——

===

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Spurious zero energy mode
I

/

T

fa) {b) {e) (e}

\ /

WA

Hour glass mode

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Zero energy modes of Q9 element

o Near zero energy modes

L -

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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[HEN
N
[

8.4. Selective Integration

E1l-vV)

T @+v)1-2v)

1 v Y 0 0
1-v 1-v
LA T 0 0
-V -V
v .V 1 0 0
1-v 1-v
o o o LT& 0
2(1-v)
O 0 0 0 1-2v
2(1-v)
0O 0 0 0 0

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr



-
N
N

Dept. of Civil and Environmental Eng., SNU

1 Y0 0
1-v 1-v
1L 1 1L 0 0
-V -V
_ E1l-v) v v L0 o
L+v)A-2v)[1_v 1-v
0 0 0 0 0
0 0 0 0O O
0 0 0 00

[B"DBdV = [B(Dy +Dg)BdV =
v vY

+

o O O O

2(1+ V)

OO O O O o o
o O O O O o
oo O O O O O
O O r O O O

[B'DyBdV
Jw

.|_

[B'DsBdV
Ju

/

Full Integration

Homework 8

\

Reduced Integration

Prof. Hae Sung Lee, http://strana.snu.ac.kr

o b O O O O

R, O O O O O

Structural Analysis Lab.
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Chapter O

Convergence Criteria in the Isoparametric

Element

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 10

Miscellaneous Topics

N~ T o
Pl Padlig
e e o
(@] @) (@] @)
r'd A I°4 |

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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10.1.Stress Evaluation, Smoot}ling’ and Loulaig’nac Iteration

e Stress evaluation

- Stress components should be evaluated at the GP’s in each element, not at nodes.

- The stress field is not uniquely determined on inter-element boundaries.
o Stress smoothing at nodes

- Continuous stress field can be obtained by extrapolating stresses at the GP’s to nodes, and
averaging them.

- The bilinear shape function or the Q9 shape function may be AT
utilized for extrapolation of stress to nodes depending on the
integration schemes. L AL O
"o 2 o
- Mid-side nodes may be treated as either independent nodes or
dependent nodes for the stress field o oloe o
r4 N N

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Loubignac iteration

> [B'DBdVU® =" [N'bdV + > [N'TdI =F
e ye e e e 1ﬂte

> [B'DBdVU® =3 [B'odV =) [B' (G+Ac)dV =) [B'&dV + ) [B'DBdVAU

e ye e ye e ye e ye e ye

> [B'DBAVAU® =F -3 [B'&dV — KAU® = AF

e e e e

where & denotes the extrapolated and averaged stress field.

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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10.2. Incompati]ole Element - Q6

o Deformed shape of Bilinear Element for pure bending

_/

o Correct deformed shape in pure bending

—/

o Behaviors of Bilinear Element for Pure Bending

- Displacement field
U%(l—a)(l—m—U§(1+a)(1—n>+U%(1+a)<1+n)—u%(l—i)(un) —uen
0

u

Y

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Strain & Stress field

ou u_uay ov ou ov Uux
SX:—:n—_—’gy:—:O’yXy: —+ =

OX a ab oy oy ox ab

E U vE Uy E 0OXx
Ox = 2 0 Oy = 2 an O =

1-v© ab 1-v° ab 2(1+v) ab

- Strain Energy - Full Integration

ab ab —
1= [[(eiote,0, 41,0000 [ [ QU+ 5y () b
1 E
:gl—vz
- Strain Energy Selective Integration
E 2 E b

:_H1 V2 ab T oa+ )(ab))ydx_Sl—vza

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Real Behaviors for Pure Bending

- Strain & Stress field

Kk kv
o, =ky, Gy:0, ny:O—>8X:Ey, sy:—Ey, yxy:0

- Displacement field

k 1kV 2 k ' '
U=Exy+f(y) ,V=—§Ey+g(><) ,vxy=EX+f(y)+g(X)=0

g’(x)+%x:—f’(y):C—>g(x):—%éx2+Cx+Cl, f(y)=—Cy +C,

K 1 kv 1k
U=—Xxy—-Cy+C,, v=—"—"y*—-=—x*+Cx+C,

g 2E’ T2E
X=0—-u=-Cy+C,=0->C=C,=0
X=a,y=b—-u= u—>k—EE , C, = Arbitrary

a

u=—xX

ab y

luav , 11U Y DV .
V=T y? - —x*+C, =(1- —+(@1-(=)")— (in casev(a,b

>a0) " 2an ( ()) +( (b))2a ( (a,b)

=0)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Strain Energy- Exact Solution

1 ab ab Uy , 2 b .
I, =§_ja_jb(gxox 18,6, 7,0, )dydx == ”b () dydx="E 0

o Ratio of strain Energy for v=0.3

I 1 1-v a,, I, 1
= 1.1(1+0.35 b = ~1.1
I, 1—\/2( ( ) )~ LU G ) ) I, 1-v?

The effect of parasitic shear becomes disastrous as the aspect ratio of bilinear element is large.
e Q6 Incompatible Element

- Shape function
U= N2y, +a,(1-£2) +a,(1-n?)

V=Y NPy, +8,(1- &%) +a,-n?)

|
a1, Ay, as, a4 . Nodeless degrees of freedom

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Element Stiffnes Equation

|:Kbb Kbi}((u)J:((f)b)
Ki  Ki J\(a) (f)i

[KipJU) +[K;1(@) = (F)' > (@) =[Ki I ((F)' = [Kip 1))
([Kop] = [Kp K T K D) = (F)° = [K T (F)' = [K°I(u) = (F°°)

- Static Condensation

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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10.3. Static Condensation & Sul)structuring’

o Static Condensation - Eliminate some DOF prior to a main analysis.

uh PI‘

|:Kee Ker:|(uej _ (F’ej
Kre Krr ur Pr

Kerur + Keeue = Pe — ue = (Kee)_l(Pe _ Kerur)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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KU, + Kreue =P,

KUy + Kre(Kee)_l(Pe -Kguy) =P
(Krr - Kre(Kee)_lKer)ur = I:)r - Kre(Kee)_lF)e

From Gauss elimination point of view

|:Kee Ker :|[Llej :( Pe j
0 K- Kre(Kee)_lKer Uy P - Kre(Kee)_lpe

e Substructuring

// \
ug, Py \

uil Pi u21 PZ
Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Substructure 1

e )

(Kili - Kil(Kll)_l Ky)u; = P - Ki1(K11)_1P1

3 )-()

(Ki —Kip(Ky) KU =P =K, (K ) P,

- Substructure 2

- Assembling

(Ki +Ki — Ky (Kpp) 'Ky — Kip (Kpp) TKpug = P+ PP = K (K ) P = K (K ) P,

(Ki + K& — Ky (Ki) Ky — Kip (Kp) Koy =P =K (K) 7P = K (K ) Py

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Partial Substructuring

- Substructure 1

7
)
(
)
|

)

/

/
us, P; u\ P
Ui, P 2, P2

o <)

(Ki — Ky (K) 'Ky =P =K (Kyy) 'R

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Substructure 2

- Assembling

{Kzz Ky }(Uz _
Kiz Kﬁ"'Kili_Kil(Kll)_lKli U;

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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—
w
~

10.4 Symmetry of Structure

In plane displacement = 0

PELLL CLLTIeN
‘e
‘e
I *
0
‘e
0
. .
0
0
‘e
1 o
.
1
.

¢

Out of plane displacement =0

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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—
w
[e¢)

Anti-Symmetry

.....
“““““
. .
* ‘e
o .
S o

In plane displacement =0

Out of plane displacement =0

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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Non-Symmetric loacling'

e General loading

P
ey A
o Decomposition
l P/2 l P/2 l P/2 T P/2
; AN N
Symmetric Loading Anti-Symmetric Loading
5 5 5 KPS _P+Ph
AT 2

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Cyclic Symmetry

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.
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o Structural Resistance force in a segment

= Ky Ky Ky
F 1=Ky Ki Kij |y
F) Ky Ky Ky (U
U
o Compatibility
u 0 T
Ui :I 0
u,
u, 0 1]
o Equilibrium
F K
P =F PY o 1 o} | [o 1 o] *
T Y R L RN e PR

A

A
N
o =— O
-_— O

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Final Equation

|

P.

P,

J

{
{

-
S
N

01 0 Ky Kul+Kg, u
T Ki Kl +Kj,
r o 1 u,
Ky Kul'+Ky,,
Kii Kyl + Ky,

K, +K,, T''K, T+I'"K,+K,T+K,,

|

u.

U,

|

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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10.5. Constraints in Discrete Problems

e Minimization Problem

Min I1 = % U'KU-U'P subjectto A(U)=0
u

U K K P
U:( f)’ K=|: ff fr:| P— f
Ur Krf Krr Pr
o 1% order Optimality condition

M _5 , KU-P=0
oU

o Usual homogenous support conditions
U, =0

I\L/JlinnzéquKfuf ~ULP, 5K U, =P,

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Non-homogenous support conditions (support Settlement)

U, =U,
H=%(UTfofo +U KU + UK U + UK U~ UGPe — U Py
1 . -
:E(UTfofo +2U KU, + UK, U,) - U{P U P,

KiUs =P =K U,

or
oIl oIl oIl oIl oIl

SMT="-8U=—"8U, +—8U, =—8U, =0 > ——=0
ou  ouU, ou, oU, oU,

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o General Non-homogenous Linear Constraints

ndof
AU)=RU-r, = 0—>Z,JJ o, ,i=1,...,ncon

RU=R,U, +R;U; =r, > U, =-R;'R;U; +R.'r, =CU; +C,
U:) (I 0
U, ) \C C,

1

= EUTf [Ky +KC+C'K,; +C'K, CJU; +U}(K;C,+C'K,,C,) +

H:%UTKU—UTP

CTK C,—UL(P; +C'P.)
2

[Ki +KyC+C'Ky +C'K,CJU¢ = (P; +C'P,) — (K (,Cy +C'K,Cp)

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Lagrange Multiplier

1 oI . oIl

MinTT=-U'KU-UP+A"(RU-1r,) 5~ =0, — =0
U 2 ouU oA

M _wu—p+a 2N iy _piaTr=0 .
VA
Z—l;sz(U):RU—rozo R0 JAJ) T

KU-P+R'A=05U=K*(P-R™)
RU-r,=RK*(P-R"A)-r,=0—>A=(RK'R")H(RK™'P-r,)

U=K*'P-R"(RK'R")(RK™'P-r,))
= (K'-K'R"(RK'RH'RKHP + KR (RK'R")r,

Structural Analysis Lab.
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10.6. Constraints in Continuous Problems

o Lagrange Multiplier
MinIT subjectto A(u)=0
u

where IT is the original functional derived from the minimization principle or equivalent, and
A(u) =0 denotes an additional set of constraints, which may be defined in some volume, on

some surface, or at some points. For the simplicity of derivation, only constraints specified

along a surface is considered in this note.

A(u)=Lu-r,=0 onS
Min TT(u;, 1) = TI(u) + [A(Lu —rg)dS
Ui, S

= I[ehhaV - [ubdV — [uPTdS + [A(Lu —r,)dS
2V Vv S S

t

Structural Analysis Lab.
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By discretizing A =NA® in an element and the displacement field in usual way,

(U, 1) ~ %UTKU _UTF+ Y (A9 [NTLNGSU® - ¥ (A%)" [N"r,ds
e S, e S,

:%UTKU ~UTf+ A" [NTLNdSU - A" [NTr,dS
S, Se

:%UTKU—UTf +ATRU-A'q

Therefore, the stationary condition for modified energy functional becomes

v <Y

—KU-f+R"A=0
b L,
o |
The solution procedure from this point is exactly the same as that of discrete problems. The last

“=RU-q=0
oA :

and the most important question is what kind of interpolation function has to be employed for the
Lagrange multiplier.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Penalty Function

Min TT(u) = IT(u) + % [AT(u)-Au)ds
u S

TT(U) ~ = [elahaV — [ubdV — [uMTidS + & [ (Lu - )T (Lu — 1)
2y v s, 23

:%UTKU _UTf+ %Z{(UE)T [(LN)TLNASU® - 2(U°)T [(LN) 1,dS + [rJ r,dS}
e Se Se Se

=%UTKU Ut +%(UTKRU _2UTq+C)

Minﬁ(u)aZ—E:Oa(KﬂxKR)U=f+aq
u

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Cllapter 11

Problems with Hig’her Continuity

Requirement — Beams

V* = 77

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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11.1 C'-Formulation

o Governing Equation

d*w
El e =

o Weak Form of the governing equation

| d*w
[W(EI F—q)dx =0 for all admissible W
0 X

o Integration by part twice

L . o b 2
g OW AW dowl pdtw £1 9% oy —jwqu 0
dx’|, dx o dx?| cdx® dx®
| 124 2 | | {24 2 |
d°w _. dw PL d°w_ d°w
El dx = | Wwgdx+wWV|. -6M| — El dx = | Wwgdx
g dx*  dx® g . . ‘0 ! dx*  dx® £ .

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Continuity Requirement

The second derivative of the displacement field has to be piecewise-continuous for the valid finite
element formulation. Therefore, not only w but also 6 =dw/dx should be continuous, which
can be achieved by defining nodal degrees of freedom for w and 6 and imposing continuity of
both DOF at each node. Based on the aforementioned discussions, the displacement field in an

element should be defined by displacements and rotational angles at the both ends of an element.

| 12.x
d“w d d W
d = dx
{ dx? Zj
i-th element
o O—LO - o
w., 0, W... 0

i+1? i+1

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Hermitian Shape Functions
w=N,w, + N,0, + N,w, + N,0,

where w* (0) =W, , dw =0, ’We(le) = Wiy ’dl =04
dx |, dx |
2 3 2 3
N, =1-37 425 N, =x-22 42
e Ie Ie Ie
2 3 2 3
2k T

The Hermitian shape functions are the four homogenous solutions of the beam equation.

12 6 12 6

L L L L
6 6
L d2N N Bl L YT 2
_ T _ e e e
K‘l(dxz) Bl dx = B s B s
2

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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11.2 C° Formulation

L

i 3 X :1_-:- H"'“‘\x
L TP
r7 : Li”‘r’

ASSUMED DEFORMATION-._ 1T MEUTRAL AXIS

NEUTRAL axls

e _ NORMAL 0 MIDSUREACE_— )
l AFTER DEFORMATION i

[a] THIN BEAM THECRY (B} THICK BEAM THEOQRY

o Displacement fields

w : total deflection
0 :total rotation — u, =-0y

e Strain fields

du do dw du, dw
e = X — = + =

bk -0
* dx dxy,y dx dy dx

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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| |
m=2 j (G048, + Ty ¥y )V — j wodx

—j( 2d9 (——O)G(——G))dV—_l[wqu

—(I—El—d j(——e)GAb(——e)dx)—ljwqu

Therefore the usual C° continuity is required for both w and 6.

w=> N'w =N"A;, =2 N/O, =N°A{, AL =(w, w, - w)", A;=(6, 6, - 6,)
do dN’ A,
= A, =B,A; =(0,B " 1=B,A°
dX dX 0 06—0 ( G)LASJ M )
dw dN" dw

Ae
= Al =B, A, >——-0=B A5 —N°AS =(B,,—N’)| " |=B.A°
dx  dx dx A

0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Ie Ie Ie

= %Z(AE)T (IB{A EIBde+IBgGAbBde)Ae —Z(Ae)Tqudx
e 0 0 € 0

SIS AYT (K KA = T (A (7)== (A) (K, +K)(A)—(A)'f
2 2

=%ATKA—ATf

M _KaA-TF=0
OA

e Continuous form

2
I _(Ide do . GAOI

1 I
IZJ(—— ><——e)dx)—£§dx

El 2 dx ax
2 2
= _GAl Ox I— for retangular beam.
El (1+ V) t*

As )\ — j (— — e)(— —0)dx — 0 to keep the total potential energy finite.

Structural Analysis Lab.
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« Difficulty in finite element method

M, 1,.—¢dodo, GAI*IZ¢ 1dw 1 dw twg
e == ——dé+ 2 (=—-0)(=—-0)dE) -1’ —d
El 2(;£dg dé . El |2!(|e dé )(le dé )de) Z! El .

2
In case O=dw/dg, the ratio :% should be the order of 1/A to keep total potential energy finite,
which means the length of an element should be approximately the same order of the height of a

beam.

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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11.3 Timoshenko Beam

o Governing Equation

2
199, GAO(——O) 0 GAU(d—W—@)_—
dx? dx?
e Week Form
2 |
jse(Eld 0 j@EI@d jSGGAO(——e)d x=0
dx?
| I
ja (GAb(d—W—@) IdﬂvGAD(——e)dx+I8wpdx=0
0
L d50_, do dow do| dw | !
—El—d N 50)G ——edx SOEI —| +SWGA,(— —0)| + [Swpdx
o g( A —6) i, *OWCA( —0) -+ [owp

dixea @d J’(dﬂv —30)GA, (— —0)dx = ISWde
0

Vobev, &Vowe v,

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Boundary Conditions

do dw
O=0o0or El—=0o0or w=0or GA(—-0)=0
dx Ab(dx )

o Elimination of the displacement — Beginning of Nightmare

Differentiation of the first equation and substitution of the second equation into the first equation

d°0
Bl e TP =0 (oh My God 111)

Unfortunately, we have an odd order differential equation, which does not have the minimum
characteristics, and thus is very difficult to solve. At this point, we have to consider the Petrov-

Galerkin method seriously !!

Structural Analysis Lab.
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Cllapter 12

Mixed Formulation

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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What is the mixed formulation???

Stress or strain fields are treated and interpolated independently!!!

o Governing Equations and Boundary Conditions

Equilibrium Equation . V-o+b=0 inV
Constitutive Law : o=D:¢g inV
Strain-Displacement Relationship L e= %(Vu +(Vu)") inV
Displacement Boundary condition ru-u=0 on S,
Traction Boundary Condition : T-T=0 on S,
Cauchy’s Relation on the Boundary : T=o:-n on S

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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o Weak statement.

3 1 - 3
[0 (o, +b)dV + [ & (g5 —E(ui,j +u;))dV - [ (T, -T)dC =0V G ev, § ev,
\Y \Y I

t

A 1 - 5
[0; (o, +b)dV + [ & Dy (e —E(ukJ +Up,))dV — [0 (T, -T)dC =0V ; ev, & ev,
\Y \Y I

t

ou. _ X 1 A
j—'cijdv —jai bdV — jai Tidr+jgij Dy (€ — = (U +Up, AV =0 V@, v, § ev,
V an V T V 2

t

ou. _ X 1 .
j &' DjigdV — j 0, b.dV — j g, T.dI" + j & Dij (8 —E(ukJ +U )NV =0 VU ev, & ev,
V T V

V J t

o Interpolations

ue — NEUG ae — NeEe

Structural Analysis Lab.
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o Finite element discretization

> (0%)" ([B'DNAVE® - [N"bdV — [NTTdI) + > (E®)" (| N'DNdVE® — [N'DBdVU®) =0
e Ve Vv I, e Ve %

for all admissible U® and E®

T —
QTEZF , ME—QUZO —)|:O(? _I\(i :|(LEJJZ( OFJ%QTM—lQU:F

e Important Question

What are the admissible function spaces for the displacement field and the strain field?? Can we
choose the interpolation shape functions for the displacement and the strain independently ??
Unfortunately, the answer is “No”. In case we choose the function spaces arbitrarily, the solutions
of the mixed formulation become very unstable, which is caused by so called “function space
interlocking”. The Babuzuka-Brezzi condition (BB condition) states the required relationship
between the individual function spaces. This issue is out of scope for this class.

You should be very careful when you use FEM based on the mixed formulation !!!

Structural Analysis Lab.
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o Possible choices of function spaces

1. 0, eH', & eH?
2.0 eH', & el
3. 0 el, , § el

Which one do you like ? Can you give a proper explanation for your choice ?

Prof. Hae Sung Lee, http://strana.snu.ac.kr

Structural Analysis Lab.



