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Chapter 1

Slope Deflection Method

Structural Analysis Lab.
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1.0 Comparison of Flexibility Method and Stiffness Method

Flexibility Method
— p
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e Remove redundancy (Equilibrium)

e Compatibility
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Stiffness Method
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Flexibility Method
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e Remove redundancy (Equilibrium)
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A LErEA
e Compatibility
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Stiffness Method
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Compatibility
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e

e

Equilibrium
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Flexibility Method

- L1111}

e o o

1. Release all redundancies.

2. Calculate displacements induced by external loads at the released
redundancies.

3. Apply unit loads and calculate displacements at the released
redundancies.

4. Construct the flexibility equation by superposing the displacement
based on the compatibility conditions.

5. Solve the flexibility equation.

6. Calculate reactions and other quantities as needed.

Stiffness Method

Fix all Degrees of Freedom.

Calculate fixed end forces induced by external loads at the fixed
DOF.

Apply unit displacements and calculate member end forces at the
DOFs.

Construct the stiffness equation by superposing the member end
forces based on the equilibrium equations.

Solve the stiffness equation.

Calculate reactions and other quantities as needed.

Structural Analysis Lab.
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1.1 Analysis of Fundamental System

1.1.1 End Rotation

A B
7
O,
e Flexibility Method
i) 0, =0
MA MB
L L
= M, +— M, =-0,
3E 6E M, 2By M, =B,
L L L L
=M, M, =0
6EI 3EI
i) 0, =0
2E 4]
Ma== 0 Mo =

e Sign Convention for M :Counterclockwise “+”

G )

e 0,#0, 6;=0

4El 2El
M A= TGA +TGB
2El 4El
Mo = 0wt %
1.1.2 Relative motion of joints
o
7 7
=
% %

T
3

-
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e Flexibility Method

L L A
—M,+—M;=——
— M, +—M; =—
6El 3EI L
or in the new sign convention : MA:GEA , Mg :GEA
L L L L
e Final Slope-Deflection Equation
MA=4EI OA+2EI eB+6EI A
L L L L
M, _ 2El eA+4EI eB+6EI A
L L L L
e In Case an One End is Hinged
MA=4E|6A+2EIOB+6EIA=O Zﬂe __Ee_BEA
L L L L L L L
MB=2EI 6A+4EI eB+6EI A _SEl eB+3’>EI A
L L L L L L L
1.1.3 Fixed End Force
e Both Ends Fixed
gL? 2
gk P
’§1§HH FRIEIIT PR *;—Lcﬂ%‘s | EET -
S )L
L {2 il’ Lo L ?\_F ’
2 2 I 2 ]
Pab? P Poh BEIA
3 & - .ﬁ“g? -;,TC' Et SEIA
Pt?(3a 4 by a5 h —\_§ l 1?
LU at b b o] Potiz + 38) AZEIA
5 e 13 * s L ! 12E14
. . q 2
Mbiza — & o Maldh — a4 gl .
i re ———— 2
g 1\1 & 2 PIG “”C‘§"£mﬂﬁﬁ§?b%
eru“fd—-a—)ﬂl-(—-b“—*——q —::r%"-— %?;.L.L' L H-[_zg_
q d, d
2 2 R, Fz4+3- R,
a“rgﬁ.ﬂaﬂ[tb&—t o2 (NIRRT Ny
= Le B LE
oL
4

b i y e—26)d? I (%5 = {b — 20147
L—*—*-f . leb® + g 13{:1.:! I i b LIF L

Sign convention: All loads and R, 5%[{2:: + LW+ " d?)
reactive forces are pasitive in : "
the directions shown. Ry = 251026 + Lla® — (52
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e One End Hinged

_I_
MA <;T l'> MA/2
3 3
=M =~
2L ° oL Ma

e Ex.: Uniform load case with a hinged left end

g g’ 3q® gl

M f = = =— y M ! = 0
B 12 24 24 8 A
1.1.4 Joint Equilibrium
A
Ffixed X_/
r‘ I:joint
¥\
XY
A
K/
I:member f\
7Y Joint i

- z I:fixed _z I:member + z I:joint =0

or

Z I:fixed +z I:member = Z I:joint

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.2 Analysis of Beams
1.2.1 A Fixed-fixed End Beam

>
NS

|
El =

Y
o))
v
A
O
\

[ ) DOF: GB ,AB

e Analysis
1) All fixed : No fixed end forces

i) 0,20 , A, =0 7 7
f"'/'}.:l v
2El 4E| 4E| 2El
M}AB: eB ) MéA:TeB ) Méc: 93 ) M(liB:TeB
6El 6El
VE:}LA:_V/:B_ 2 05 Véc :VclB =72 05
2El 4E| 4El| 2El
—0 —0 —0 —0
a B B b B b B

6El 6El 6El 6EI
a2 eB 2 eB b2 eB b2 eB
i) 6,=0, A;#0 ﬁl .
A
6El 6El 6El 6EI
Mia="7 80 « Mar="7 80 Mac=—57 40 Maa ==75As
12El 12El
Ver=Vie=""345 , Vec =V& ="75"4;
a b
6EI 6EI 6El 6El
[ )

T | T

12El
12El 12El A, 12El Ay -
a a3 b3 b

Ag
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e Construct the Stiffness Equation

DMy =0->Mg,+ Mg + M +Mi =0 4EI(§+%)GB+6EI(%—b—12)AB=O

ng =P >Vg, +Vae +VEH +Vi =P > 6El (é—biz)eB +12El ($+é)AB =P

_ (b-aa®’, &’

B 2EII° TR
2
MAB:Mi\B+Mf\B:2EI eB+6Ez' AB:aE P
a a |
2
Mcg =Mgg + Més =%9B _%AB :_ﬁ_sz

1.2.2 Analysis of a Two-span Continuous Beam (Approach 1)

B

>
SRR

e DOF: 0, ,0c

e Analysis
1) Fix all DOFs and Calculate FEM.

L2 L? L2 L2
Mi=g7 » Mi=—7 » Mic=Tg » M=
i) 60 , 6. =0
2El 4EI 8EI 4EI
M}AB:TOB ' MéA:TeB ) MéC:TeB ' MéB:TeB
i) 6,=0, 0. =0
4EI 8EI
Méc:Tec ' MéB:TeC
e Construct the Stiffness Equation
2
> Mg =0>M{, +Mge + Mg, + My + M2 =0 %+12%68+4%9C:0
2
DML =0>ME+MgG +M&G =0 —%+4EGB+8%6C:0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



Department of Civil & Environmental Eng., SNU

10

~ qL3 B qL3
B 96ElI = ¢ 48EI
e Member End Forces
ql? 2El 1
MAB:M/:B+M}AB:E+THB:EC1L2
> 4El 1
My, =M +Mm: == %5l g2
BA BA BA 12 L B 8q
ql® S8El 4E| 1
Mg =Mic + M + M2 = 8 + C 0, + 5 ec:§qL2
2
M, =M +ML + M2, =3 4Bl (8Ely g
8 L L
e Various Diagram
- Free Body Diagram
1
— gL 1
160 qu2
(g ) (V \ 4 \ 4 V) C
g I
9
qu EqL —qL
16 ( ')
v v
L
16

- Moment Diagram

3
—gL
8q

Structural Analysis Lab.
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1.2.3 Analysis of a Two-span Continuous Beam (Approach 1)

w B
A é A 4 \ 4 C
% El _@_ 2E| _@_
I: L :I: L :I
e DOF: 06,
® Analysis

1) Fix all DOFs and Calculate FEM.

L2 qL? ql®? 1ql® 3ql®
M f = q—’ M f =——, f = + — =
12 BAT 12 8 28 16
i) 0, #0
2El AEI 6EI

M}-\B:TGB’ MéA:TeB’ Méc:TOB

e Construct Stiffness Equation

ZMB =0>MJ, +MJ.+ML, +ML. =0

2 2 3
—£+%+4EQB +6Eo9B =0->6, =— aL
12 16 L L 96EI

e Member End Forces

> 2El 1
My=M/ +M: =35 2509 _ 2 q12
AB AB AB 12 L B 16q
qL® 4El 1
MBA:MéA+MéA=_E+TeB:_§qL2
3qL* 6El 1
MBC:MEIC_'_MéC: 16 +TOB:§qL2
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1.2.4 Analysis of a Beam with an Internal Hinge (4 DOFs System)

q
o C .
A ? , B 5 é S
7 =l El El 7
o
|<— | =||< I =i: |
e DOF: 0, , 05, 6 ,Ac
e Analysis
i) All fixed
|2 q|2
I\/If =q , I\/lf S
AB 12 BA 12
i) 0, =0
7 I .
A H ﬁ
77 27
2El 4El 2El 6EI
Mie =705 MéA:MéCZI_eB , Mg = Oy , VClel_zeB
iii) Og =
? 7
ﬁ 2
. v
L7
2El 4El 6El
Moo =06+ Moo =700 Voo =Ttk
iv) 0F =0
Ffl 7
_ 7
2 v
o
4EI 2EI 6E
MSDZTeg ’ MSC:TGE , VCED:_I_ZGIC_‘,
v) Ac#0
. [
ﬁ ﬁ
7 7
G 277
Méc:MéBZGEI AC ' MéD:MéC:_GEI AC ’ VC4D :VélezEl AC

12 1? 1?

Structural Analysis Lab.
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e Construct Stiffness Equation

2
ZMi=o—>—T2 +8E|L0 +2 I'eL +6%AC=O
> My=0- 2T0 +4’E‘I\'¢9L +6'|52' =0
> M;=0- 4"%'5 6|E2'A =0
SV, =0 6%98+6%eg—6i’e 24\IIETlA =0
e Elimination of 05 and 6}
"d and 3" equation
2%95 :—(%98+3'|5—:AC) , 2%92 =3[|E—2|AC
- 1" equation
ql> EI El . _El
——+8—0;,+2—0.+6—A. =
72 U T L
2 2
S Bl —(Elo, + 3B A )+6E A, —0 - 7By 43ElA o
12| | | |2 12| |
- 4™ equation
6%98+6%eg—6$'9 24|E3I
6%98—3(%68 IIEA) 3(3 A+ 24'|EI =0—>3%OB+6%AC:O

1.2.5 Analysis of a Beam with an Internal Hinge (2 DOFs System)

q
% B ¢ 7
A ﬁ! Y O |
7 El El El V"

=
< | < ol
~ I g | gh |

Y

[ DOF : GB ,Ac

e Analysis

1) All fixed

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i) 6,20
7 7
5 R |ﬁ
2 i
b2 27
2El 4E| 3ElI 3El
Mi\B_I_GB ) MéA:_eB ) Méc:_es ) VBlc:_VclB:_I_zeB
iii) Ac#0
’ %\X/ @
3El 3EI 3EI
Méc:_Méc: 2 Ac ) VI3‘2C_ VCZB_ |3 c ) VCZD_ Vch |3 c
e Construct the Stiffness Equation
: ql> _El El
ZM1:O—>—E+7TGB+3|—2AC:O
SVi=0- 3%03 GIIESIA 0
3 4
YL N
66EI 132ElI
280 go SN Doy gp 30 A
| 2 1 88EI
g Ly 38 _ a® 3.9’ _ o
©c 2% 2 132EI  2132El 264El
1.2.6 Beam with a Spring Support
q
# C i
A f‘: Y\ B I I?
% El El . El 7
T
P
%: | :I: | > | :I
® Analysis
i) All fixed

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i) 0,%0
=
] ;
| ,g
3El
Mi\B | B ) MéA T B Méc — B ) Vslc_VclB 12 eEs
iii) A.#0
7 [
7 7
3El
Méc:_Méczl_zAc ﬂ/ﬂ
3El 3El
VBZC:_VCZB:_I_zAC ) VCZD:_VDZCZI_ZAC ) VszzkAc
e Construct the Stiffness Equation
2
>Mi=0- L LN Y LN,
12 I |2
i El
SV, =0 35 6 (6 +k)A, =0
3 4
0 = lra gl , Ac=— L q where k = OLGE
1+140./11 66EI (1+140/11) 132EI |3
e o—0
gl® __ g
® B6EI ' ©  132EI
[ o, —> o
gl® _
® g4l T €

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.2.7 Support Settlement

e DOF: 6,
e Analysis .
ﬁ
o
i) All fixed e,
6El & 3El
Mo = M=
i) 6;#0
4EI 3El i
MéA:TeB ' Méc:TOB ﬁl
7
o
e Construct the Equilibrium Equation
> M, =0—>6$|§—3$|§+4$es +3$eB =0 >0, =—%§

1.2.8 Temperature Change

A B
o T, %
\r/ %
9A=M| , ng_M|
2h 2h

e Fixed End Moment
4EI 2El a(rz_Tl)El

M,= 0, + 0y =
A L A L B h
MBZEQA_,_EQBZ_MH
L L h

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3 Analysis of Frames

1.3.1 A Portal Frame without Sidesway

«]|/2—» P

B A 4 C
El,
El; El,
A L as D
e DOF: 0, , 9C
e Analysis
i) All fixed C/\q
Pl PI
Mgc:? ) MgB:_E N
i) 0, %0
2El 4E|
MllAB:TleB ) MéA:TleB
4E| 2El
MéC:TzeB y MéB:TzeB 7. L
i) 6 #0 F\/
2El 4E]|
Méc:Tzec ) MSB:TZGC

4E| 2El
MéD:Tlec ) Méczl—lec

e Construct the Stiffness Equation wE el

Sy -0 Pl g 28,

SML=0- 1 2ElLg | AElL | 4E]
8 | | |

n 1 PI2

® ¢ 4El +2El, 8

29, =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Member End Forces
2El 2EI,  PI
Mp=—"F0g=—"— ==
I 4El +2EIl, 8
4EI, 4El,  PI
Mg, = B~ 11 Lol o
[ 4El, +2EI, 8
M, :EI+ 4El, 0, + 2El, 0, 4El,  PI
8 I I 4El, + 2EIl, 8
MCB:—E+2EIZGB+4EI26C:—LE
8 I I 4El, + 2EIl, 8
4El, 4El; Pl
Mep = c= ry
| 4El, +2El, 8
M= 2EI, 6, 2EI,  PI
I 4El, + 2EIl, 8
e Incase EIl =El,
Pl Pl Pl Pl Pl Pl
MABz_ﬁ : BAZ_E ’ BCZE ' MCBZ_E ' CD=E ’ bc = oq

1.3.2 A Portal Frame without Sidesway — hinged supports

«|/2—» P

B A 4 C
El,

Ell El]_

A O D

e DOF: 0, , 6

® Analysis
i) All fixed
Pl Pl
M gc = g MgB = _E

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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i) 0, #0

3El
MéA: | “0g

4E| 2El
Méc=T293 ) MclzsszeB

i) 0, #0

2El 4E|
Méc:Tzec ) MéB:Tzec

3El
MéD = | 0.

e Construct the Stiffness Equation

ML =0 ﬂ+(3EI1+ 2El
8 8 |

26, =0

4If|2)95+

M o P 2B, (3El 4E
8 | | |
1 PP

T 3El +2El, 8

2)9, =0

B

e Member End Forces

M,;=0
MBA=3EI193=— 3ElL, Pl
| 3El, +2EI, 8
Pl A4ElI 2El
MBC=€+ |295+ |2
_PI 2Bl  4El
8 I I
3ElL, PI

0. =
| 3El, +2El, 8

_ 3ElL, PI

© " 3El +2El, 8
3EIL, P

3El, +2El, 8

MCB =

2902_

e Incaseof El =El,

MBA=—1PI , Mg 3

M,.=0 |,
A8 40 40

Mpe =0

19

=" Pl , Mg=

Structural Analysis Lab.
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1.3.3 A Frame with a horizontal force

B

P > &

El

A 7

e DOF: 6, , A

e Analysis

i) All fixed : None fixed end moment

ii) 0, %0 /\

i, -2, |, iz, - 4EL, £
Mic =200, , Vi, =200, A A
iii) A20
MiB:%A : M§A=6%A o
VEfA:lZI#A
s

e Construct the stiffness equation

> My =0- (4lﬂ+3$)98+6%A:0

DV =P fj%eﬁlz%A:P
2 3
eB:_PI ’A:7PI
8EI 48EI

e Member end forces

Moo= 2E g, OB Sy g, 9 OB, Bpy L, 3y

|2

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.4 A Portal Frame with an Unsymmetrical Load

e DOF: 6, , 0, , A

e Analysis
i) All fixed
w3, = P2
i) 0, %0
Mis =250,
Mic =200,
iii) 0 #0
M =20,
M, =250,

—_——
|<— a~>l P
B C
A D
o ]
Pa’b
) MCOB = Iz
4E|
MéA:TeB
2F 6EI = =
M(1:B :I_OB ) VéAZI_zeB
I__l"\/
4E|
MéB :Tec
2El 6El
Méc =Tec ) cho =|_29c

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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iv) A=0
6El 6El
MiB_MgA |2 A, MgD_Mgc |2 A,
12El
VBBA_VSD |3 —A
e Construct the Stiffness Equation
) . o’ -
D My=0- Pazb +8'EI OB+2EI 0, + 6EIA:0
I .. I I
SME =0 Pﬁb 2|E'98+8'|:*~~'..9C + 6|E|A=O
dVi=0- GIE' eB+6I'§' 9C+24|”3E' A=0
I
A:—Z(GB+OC)
2
Pazb+13E| 93+Eec=0
I 2l 21
2
_Pazb +EGB 13E|e 0
I 2l 2l
1 Pab (a+13b)
° 84 E |
_ 1 Pab (13a+b)
T s El |
1 Pab
A= —=(b-
28 El (b-a)

1.3.5 A Portal Frame with a Bracing (Vertical Load)

<-a—>l P
C

B I
=0,EA#0
e DOF: 6, , 0, , A A L
® Analysis
i) All fixed
2 2
T L.

12 |2

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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ii) 0, = 0 C/\DQ

2El 4E|
M/lABZI_eB ) MéA:TeB \\
N
4E| 2El S
MéczTeB ) MéB=I_eB \\\
6El S
VéAZI_ZeB \\
bt b4
i) 9c¢0
2El 4E|
Méc:Tec ) MéB:TeC
4EI| 2El
MéD:TeC ) Méczl_ec
6El
VCZDZI_zec
IV)A =0
6El
Mf\B:MgAzl_zA’
6El lL
MgD:Mgczl_zA1 ‘/E
12 El
V;A:VSD: E A
EA A EA A 1 EA A
=—— (C) sV;p=———=V,, =———
M=o O Ve n Bm R

e Construct the Stiffness Equation

2
D> Mp=0- P;azb +8IIE'~I.QE§+2|IEI<90+6|EIA 0

2
ZM::ZO—) —P§b+2ElﬁB+8El"9 +6EIA:O

C.,
| TRENE

2 2 c 8
I I I°

1 1 EAI®
A=————(0.+0.) , o=
(0 +6c) 48/2El

1+OLZ
e Solution for b=3a

40 +520  PI? 16 +28a.  PI? A 3 PI3

5 286(7+10q) El © © 256(7+10a) El " 128(7 +100) El

Fora wxh rectangular sectionand |1=20h, a= 504/2 .

2 2 3
0; = —0.0203ﬂ, 0. = 0.0109ﬂ A= 0.3282><10_‘1ﬂ
El El El

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Performance

24

Response v(v:;h:igac\/lzr? w/(oabiagi)n g Ratio(%)
0s (xPI/El) -0.0203 -0.0223 91.03
Oc (xPI?/El) 0.0109 0.0089 122.47
A(xPI*/EI) 0.3282x10™ 0.0033 0.99
M,z (P) -0.0404 -0.0248 162.90
Mg, (Pl) -0.0810 -0.0694 116.71
Mco (Pl) 0.0438 0.0554 79.06
Mpc (Pl) 0.0220 0.0376 58.51
Mp (P1) 0.1158 0.1216 95.23
Asp (P) 0.0788 - _
Prmax (Pan)* 0.0720 0.0685 105.1
Pmax/Vol. 0.0163 0.0228 715
P, =c,wh,M_=P,h/6
6EI

Unbalanced shear force in the columns = (65 +6.)=0.0564 P

|2

The bracing carries 99 % of the unbalanced shear force between the two columns.

1.3.6 A Portal Frame with a Bracing (Horizontal Load)

P i C
| EI=0,EA%0
A S .-D

e DOF: 0, , 6. , A

e Analysis
1) All fixed: No fixed end forces

ii)-iv) the same as the previous case

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the Stiffness Equation
8EI 2El 6El

> My=0- I-.QB+ | 0, + ? A=0
SML=0-> ZIE' 0, +8f'-~-eﬁ._+ 65' A=0
i 6El  6El . J4El
dVi=0- z 0, + i 0, + e “(Lra)A=P
5 5
0o =0c . A=-26,1=—20cl
e Solution
2 3
oo - L PP, 5 P
(28+400,) El 3(28+400.) El
For o=50v2,
0. = s PI° 3P_|3
=

0. =-0.3501x10"— , A= 0.5835x10"
El E

e Performance

Response V(Vzii:)a\(/:;? W/(oabLagi)ng Ratio(%)
0 (xPI1%/El) —0.3501x10°® —0.3571x10" 0.98
Oc (xPI?/El) —0.3501x10°° —0.3571x10" 0.98
A(xPI*/EIl) 0.5835x10°° 0.5952x10™" 0.98
Myp (PI) 0. 0.2801x10°* 0.2857 0.98
Mz, (Pl) 1. 0.2101x107? 0.2143 0.98
Mco (PI) 0.2101x107° 0.2143 0.98
Mpc (P1) 0.2801x10°* 0.2857 0.98
Asp (P) 1.4004 - _
Pmax(Pan)* 0.7141 0.0292 2448
Pmax/vol. 0.1617 0.0097 1670

*) Governed by Agp for the structure with bracing, and by Mp¢ for the structure without

bracing. P, =o,,wh,M_,

a

=P,h/6

all

The bracing carries about 99% of the external horizontal load.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.7 A Portal Frame with a Spring

|<_a$l P
C

B WY
7
A D
o T
DOF: 6, , 6;, , A kA
Analysis Ll —%E
iv) A#0
6EI 6El
MiB:MgAZI_zA ) MgD:MSCZI_zA )
V=V =T Vi =k
e Construct the Stiffness Equation .Ja 75
2.,
> My =0- P;zb +8|]_E!03+2||E|90+6|E|A:0
S ML=0-> —Pﬁb+2'|5'93+3'|7:,,'.90+6|E'A=0
i 6El  BEl . “-.24El
dVi=0- 7 0e 7 0 g A= kA
SE1 6, +6EL 0.+ (4EL 1 ia -0

|2

Deformed Shapes (% =0.41)

without a spring with a spring (k = 24 %)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.8 A Portal Frame Subject to Support Settlement

B C
A D
TR v -
d
\4
AR
e DOF: 6, , 6., , A
e Analysis
i) All fixed
6El
Mgc = MgB = |_28
I1)-1v) the same as the previous problem
e Construct the Stiffness Equation
> My=0- 65' 5+8||E| 0, + ZIIEI 0, + 65' A=0
> Mg =0 65' S+ ZIIEI HB+8IIEI 0, + GIEI A=0
dVi=0- 65' 05+6'§' 6c+243E|A:0
I I I
Trr Far - -
Fir

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1.3.9 A Portal Frame with Unsymmetrical Supports

28

[«—172 —»lP
B
A
@ 77
e DOF: 6, , 0, , A
e Analysis
i) All fixed
Mic=2l MG =-T
i) 0, %0
M3 =200,
Mi =2lo, | ML =2l
vi, =220,
iii) 0, %0
Mi =220, M5 =TEo
e
v = 250
iv) A=0
MgAzf”%A ,
ME =M. =Cha
V=T, Vg = mA

1° I°

7

Fr

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the Stiffness Equation

ZM;=0—> %'+7’IE~'..,QB+2'IE' ec+3|'f' A=0
> Mg=0- —%I+ ZIIEI 08+8II'E'I..,§C +6IEI A=0
dVi=0-> SEl 498+6E' 7 +'15~~E' A=0

E 1z e

A:—'g(eB+2eC)
1 PI? 0 1 9PF Ao 1 PI®

B 44 El ' % 448 FEl 176 EI

rrr

e Load Location that Causes No Sidesway

|<— a —>1P
B C
A D
i @) R

A =—Ig(eB +20.)=0—>0, =-26,
- Stiffness equation

2
ZMQ:O—> P;zb +7||EI GB+2||E

Pab’ 12El
2

2
_Patb 2Bl BElg
| |

c =0
|

lo,=0 , SML=0->

2

06.=0 ,

2 2
Pab _3Pab

|2 12

—bh=3a

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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s |°
C

N 2,

1.3.10 A Frame with a Skewed Member

A 7
e DOF: 6,,A
e Analysis
) Allfixed: M2 =Ph Pl B e o 2115
8 16 16 2 16
i) 0,0
2EI El El 3El El
M}AB:ﬁeB:‘ETeB ' MéAZZﬁTGB ' Méc:Tes ' VBlA:3|_zeB
. 3J2El
Ve T (
3Elg, 12 V2 El,
I "1 2 "2
El El ., 1 _EI
2V2 =0, +J2=—0,)—=—=3—.0
U (2 O V20 g =37 %
iii) A=0
, .2 BEl A 3EI ., 3El A _ 3J2El » . = El
Mos=Mue=pr =17 d M= g = 2 it Ve Wefea

. _3E —~
VBC—2 ¥ A

El
4—/_ R - JE— _ B
K (3 2 A+3 2 A)\/il 32 E 0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Construct the stiffness equation

- 32, El A__ 3
ZMB—O—>(2«/2+3) (3—7) |2 = EPl

0 a3 7.3)El, Y211
dVi=0- (3 21/2) B eB+(3 2+ ) A= 5 16P

58284 | 6 +08787 | A =-0.1875PI
0.8787 2 6 +5. 7426 B A 0.4861P
2 3
0; =-0. 04601 , A= 009171
El El

e Results

- Deformed shape

- Moment diagram

- Shear force diagram

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 2

Iterative Solution Method
&
Moment Distribution Method

é l % l é«bwb«b#ié
F—3% &t —1%

-168.75 13350 -13360 450.00
1511 20.14

49331 «— -18661 -13896

3989 56332 —> 26 66
-162 « -1623 -11.43

3.26 4.3b > 218
062 < -1.24 093

Step: 6 11039 -297.68

SLIDE RESET SETTING aurm

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.1 Solution Method for Linear Algebraic Equations
2.1.1 Direct Method — Gauss Elimination

a X, +a,X, ++a; X, +-+a,X,=b
A X, +a,X, -+ au X +--+a,, X, =h,

=Y a;X;=b, fori=1-n
au X, +a,X, +-+a; X, +---+a,X, =b, =i

au X, +a, X, +--+a, X, +--+a,X, =b,
or in a matrix form

[AI(X) = (b)

N - ¢ . . . . . :
By multiplying —% to the first equation and subtracting the resulting equation from the i-th
11

equation for 2 <i<n, the first unknown X; is eliminated from the second equation as fol-

lows.

a X, + a,X, ++ a; X, +-+a,X, =b
adX, +---+al’X +---+alPX_ =b{?

a?X, +---+aPX, +---+a?X_ =b?
a?Xx, +---+a®Xx, +---+a®Xx_ =b?

CRE,

where al” =a; —
a11

Again, the second unknown X; is eliminated from the third equa-

(2)
: - ) . : . .
tion by multiplying % to the second equation and subtracting the resulting equation from
a22
the i-th equation for 3<i<n. The aforementioned procedures are repeated until the last
unknown remains in the last equation.
a X, + a,X, ++a X, +-+a,X,=b
adX, +-+a?X +--+allX, =b?

(i) (i) _hO
i’ X, +--+a,/ X, =b

(n) N
ann Xn - bn

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2D g (D)

g bl . o
where al® =a{? -2 %L k<i j<n,and a;=a,. Once the system matrix is tri-
ak—l,k—l
angularized, the solution of the given system is easily obtained by the back-substitution.
b(n)
My _pM _h
a,’ X, =b" —> X ==
ann
p(D _ gDy
(n-1) (n-1) _ h(n-D _ n-1 n-1,n“*n
an—l,n—lxn—l + an—l,n Xn - bn—l - Xn—l - n-2
an—l,n—l
0 _ N5 A0
I I
_ ) ) bi _Zaik ><k
al’X, +--+allX, =b" - X, = ken for 1<i<n-1

a_i_—l
2.1.2 Iterative Method — Gauss-Jordan Method

A system of linear algebraic equations may be solved by iterative method. For this purpose,

the given system is rearranged as follows.

_ bl_(alZXZ +"'+a1nxn)

% a;
X, = b, —(a,, X, +8,,X; +---+a,,X,)
a
bi _(ailxl +"'+ai,i—1xi—l +ai,i+1xi—l +"'+ainxn)
- &
- b, — (@, X, +-+a,,,X,1)

n

a

nn

Suppose we substitute an approximate solution (X),_ , into the right-hand side of the above
equation, a new approximate solution (X),, which is not the same as (X),_,, is obtained.
This procedure is repeated until the solution converges.
1 n
(Xi)k :a_(bi _Zaij(xj)k—l)
ii j=1

i
i#]

where the subscript k denotes the iterational count.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.1.3 lterative Method — Gauss-Siedal Method

When we calculate a new X; value in the k-th iteration of Gauss-Jordan iteration, the values of

X,,---, X, are already updated, and we can utilize the updated values to accelerate conver-

gence rate, which leads to the Gauss-Siedal Method.

bl _(a12(xz)k—l +"'+a1n(xn)k—1)

(X1), =
1/k a,
(X,) _bz_(aZl(Xl)k +ayXg) o+ (35, X))
2)k =
a,,
(X-) _ bi _(ail(xl)k +"'+ai,i-1(xi—1)k +ai,i+1(xi+1)k—l +"'+ain(xn)k—1)
i/k aii
(X ) _ bn _(anl(xl)k +'“+an,n—1(xn—1)k)
n/k ann
1 i-1 n
(Xi)k :_(bi _Zaij(xj)k - Zaij(xj)k—l)
Qi ij>:11 ij<:[i+l
2.1.4 Example
30 35.6 4kIf
A B C l D
;.éq EI é;‘ 1.5E] é}éj EI Q0
. 3@30=90 >

e Stiffness Equation

6IIEI)eB N 3El

—133.3+450.0+‘Q’IﬂeB + (gﬁlﬂ)ec =0

—-168.7+133.3+ (3IIEI +

For the simplicity of derivation, %eB — 05, %ec — 0 . The stiffness equation becomes

—-354+90, +30. =0
316.7+30; +96. =0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Gauss-Jordan lteration

s), =§(35.4—3(0C)k_1)

0), =§(—316.7 ~3(05), 1)

e (Gauss-Siedal Iteration

@), =§(35.4—3(«9c)k_1)

(06), =§(—316.7—3(9B)k)

Gauss-Seidal Gauss-Jordan

GAUSS-SIEDAL ITERATION GAUSS-Jordan ITERATION

****x* Tteration 1****x ****x* Tteration 1****x

X(1) = 0.3933334E+01 X(1) = 0.3933334E+01

X(2) = -0.3650000E+02 X(2) = -0.3518889E+02

ERROR = 0.1000000E+01 ERROR = 0.1000000E+01
* % %k % % Iteration 2***** * % % % % Iteration 2*****

X(1) = 0.1610000E+02 X(1) = 0.1566296E+02

X(2) = -0.4055556E+02 X(2) = -0.3650000E+02

ERROR = 0.2939146E+00 ERROR = 0.2971564E+00
* %k %k k% Iteration 3***** * % % % % Iteration 3*****

X(1l) = 0.1745185E+02 X(1) = 0.1610000E+02

X(2) = -0.4100617E+02 X(2) = -0.4040988E+02

ERROR = 0.3197497E-01 ERROR = 0.9044394E-01
* % %k k% Iteration 4***** * % % % % Iteration 4*****

X(1) = 0.1760206E+02 X(1) = 0.1740329E+02

X(2) = -0.4105624E+02 X(2) = -0.4055556E+02

ERROR = 0.3544420E-02 ERROR = 0.2971564E-01
* % %k k% Iteration 5***** * % % % % Iteration 5*****

X(1) = 0.1761875E+02 X(1) = 0.1745185E+02

X(2) = -0.4106181E+02 X(2) = -0.4098999E+02

ERROR = 0.3937214E-03

*kkkkk MOMENT **x*xkk*

MBA =-115.84375
MBC = 115.82707
MCB =-326.81460
MCD = 326.81458

ERROR = 0.9812154E-02

*kkkkx MOMENT ***x*xx*

MBA =-116.34444
MBC = 115.04115
MCB =-326.88437
MCD = 327.03004

Structural Analysis Lab.

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.2 Moment Distribution Method

l 30 135.6 AKIf

A B C | D
,,é, EI ;A,@} 1.5EI ,é;;, EI 28,
|< 3@30=90 >

e Atthe JointB

- Moment distribution

4E

3EI | M
M — AB BC e — Ml Ml e — B
° ( LAB ’ LBC ) ® BA+ BC_) ° 3EIAB_|_4'EIBC
LAB LBC
3El 5
3EI L
ML = ABY. = AB M, =D, M
BA LAB B 3EIAB . 4EIBC B BA B
LAB LBC
4El .
4E| L
ML = BC g — BC M. =D..M
BC LBC B 3EIAB N 4EIBC B BC B
LAB LBC
.. 1 2El 5 1
- Moment carry over to joint C: M, = 0p :EDBCMB
BC
e Atthe JointC
- Moment distribution
4E| 3El M
M — BC CD e — M 2 M 2 e _ c
¢ ( LBC ’ LCD ) ¢ CB+ CD_> ¢ 4'EIBC_i_‘?’EICD
LBC LCD
4El ;.
4E| L
MZ — BC 0. = BC M.=D-..M
CB LBC C 4EIBC R 3EICD C CB C
LBC LCD
3El
3ElI L
M2, = Q. = cb M.=D..M
CD LCD C 4EIBC +3EICD C CcD C
LBC LCD
3 2El g 1

- Moment carry over to joint B: M. =

ec :EDCBMC

BC

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Stiffness Equation in terms of Moment at Joints

1
354+M, +>DMc =0| M, = 354-1D_M,
2 2
%
1 1

3167+, DocMg +Mc =0 | Mg = -3167—DycM,

- Gauss-Seidal Approach

1
(MB)k =35'4_§DCB (Mc)k—1

1
(Mc)k :_316'7_EDBC(MB)k

- Gauss-Jordan Approach
1
(M B)k :35-4_5 Des (Mc)k—l
1
(Mc)k :_316'7_5 DBC(M B)k—l

e For the given structure

1
D, =Dg, ==
BA CD 3
e Incremental form for the Gauss-Seidal Method
-For k=1
(M), =(M,), =0 because we assume all degrees of freedom are fixed for step 0.

(MB)l :35'4_%DCB(MC)0 =354 —> (AMB)l =354

(M,), =-316.7 —% Dee (M), =—316.7— %%35.4 —(AM,), =-3285

-For k>1

1 1 1
(M B)k :35'4_EDCB(Mc)k—l :35'4_EDCB(Mc)k—2 _EDCB (AMc)k—l

1 1
=(M3p) _EDCB (AM ), = (AMy), :_EDCB (AM ), 4

1 1 1
(Mc)k = _316'7_§DBC(MB)k :_316'7_§DBC(MB)k—1 _EDBC(AMB)k

1 1
=(M¢) s _EDBC(AMB)k - (AM ), =_EDBC(AMB)k

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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- Iteration 1
(MB)o 201 (Mc)o =0

(Mg), :35'4_%DCB(MC)O =354—->(AM;), =354
(M), =M, + Dg,(AM ), =—168.7+0.33x35.4 = -168.7 +11.8 - (AM ), =11.8
(M), =M/ + Doe (AM), =133.3+0.67 x35.4 =133.3+ 23.6 —> (AM ), = 23.6

(M.), =—316.7—%DBC (AM ), = —316.7—%%35.4 =-3285-(AM,), =—328.5

(M), =M/, +%DBC(AMB)1 +Deg (AM ), =—133.3+11.8—219.0 —

(AM ), =11.8-219.0
(M), =M + Doy (AM ), = 450 —0.33x328.5 = 450 —109.5 — (AM ), = —109.5

- Iteration 2
(AMg,), = Dga(AMg ), =36.5

1 1
(AMB)Z :_EDCB (AMc)l =109.5 - (AM BC)Z ZEDCB (AMc)l + DBC(AMB)Z

=-109.5+73.0
1
1 (AMCB)Z :EDBC(AMB)2+DCB(AMC)2
AM =——D..(AM =-36.5—>
( C)Z 2 BC( B)2 :365_243

(AM ), = Dep (AM (), =-12.2

- Iteration 3
(AM BA)3 = DBA(AM B)3 =41
1 1
(AMB)S =_EDCB (AMc)z =12.2 - {(AM BC)3 ZEDCB(AMC)Z + DBC(AMB)3
=-122+8.2
1
(AM ), :—% Dy (AM3), —4.1—){(AM c8)3 =§ Dgc(AM3g); + Deg (AM ), =4.1-2.7
(AM¢p); =Dep (AM ), =14

- Final Moments

Mg =Mg, + D (AMy,), =-168.7+11.8+36.5+4.1=-116.3
k

Mge =M g + Z(AM sc ) =133.3+23.6+(-109.5+73.0) + (-12.2+8.2) =116.4
k

Mg =M + D (AM ), =-133.3+(11.8-219.0) + (36.5— 24.3) + (4.1-2.7) = -326.9
k

Mo =ME + D (AM ), =450.0-109.5-12.2-1.4 =326.9
k

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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0.33 __ 0.66 0.67 0.33
-168.75%= 133.3 -133.3 &= 450.0 s
11.8 236 ———> 1138
-109.5 <«—— -219.0 | -109.5
36.5 73.0 —* 365
-12.2 €«—— -243 | -12.2
4.1 82 — 41
14 €— 2.7 -1.4
0.5 0.9 -326.9 ' 326.9
-115.8 115.9

e Incremental form for the Gauss-Jordan Method
-For k=1

(Mg), =(M,), =0 because we assume all degrees of freedom are fixed for step 0.

(M), =354 Dey (M), =364 - (AM), =354

(MC)1 = —316.7—% Dgc (M B)0 =-316.7 = (AMC)1 =-316.7
-For k>1
1 1 1
(MB)k :35'4_EDCB(Mc)k—l :35'4_§DCB (Mc)k—z _EDCB (AMc)k—l
1 1
=(Mg) _E Des (AM ) 4, = (AMy), = _EDCB (AM ), 4
1 1 1
(Mc)k :_316'7_EDBC (MB)k—l :_316'7_EDBC (MB)k—?_ _EDBC(AMB)k—l
1 1
=(Mc) _E Dec (AMg),; = (AM (), = _EDBC (AM3g), 4
- Iteration 1

(M), =0, (M), =0

(Mg), :35'4_%DCB(MC)O =35.4— (AMg), =354

(M), =M/, + Dgi(Mg), =—168.7 +0.33x 35.4 =—168.7 +11.8 —> (AM ), =11.8
(Mgo), =M/ + Dge (M), =133.3+0.67 x35.4=133.3+ 23.6 > (AM ;. ), = 23.6

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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(M), =-316.7 —% Dy (M), =—316.7 =-316.7 — (AM ), =-316.7
(M), =ML + D (M), =-133.3-0.67x316.7 =-133.3-212.2 —
(AM ), =-212.2
(M), =M, + Dy (M), =450-0.33x316.7 = 4501045 — (AM, ), = -104.5

- Iteration 2
(AMg,), = Dga(AMg ), =35.0
1 1
(AM B)z = _E DcB (AMc)l =106.1— (AM BC)Z = E DCB (AMc)l + DBC (AM B)Z
=-106.1+71.1

1
1 (AMCB)Z:EDBc(AMB)l'i'DCB(AMC)z
(AM¢), :_EDBC(AMB)l =-118-> -11.8-79

(AM¢p), = Dep (AM (), =-3.9

- Iteration 3
(AMg,); = Dga(AMg); =1.3

1 1
(AMB)3 :_E DCB (AMc)z =4.0— (M BC)3 =EDCB (AMc)z + DBC(AMB)S
=-40+27
1

1

(AM CB)S = E DBC (AM 3)3 + DCB (AMC)3
(AM¢), :_E Dgc (AMg), =-35.6 —>

=35.6-23.9
(AM¢p); = Dep (AM ), =-11.7

033 0.66 067 0.33
A
C -168.7-,4';,% 133.3 -133.3.,% 450.0 &
118 | 236 2122 | -1045
1061 <~ 118
350 | 711 7.9 3.9
T T
1.3 2.7 239 | -117
120 Y
4.0 8.0 -0.9 05
R T
0.2 0.3 2.7 13
14 — 0.2
0.5 0.9 0.1 0.1
1159 | 1159 3280 | 3282

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2.3 Example - MDM for a 4-span Continuous Beam

B

42

C

DBA—4EI/(4 4@) 0.4, Dy =4

3.

Dy =41.5EI /(41.5EI

L L

® Gauss-Siedal Approach

% 1.5E1 L

15LEI/(4 415EI) 0.6, I:)CB_415EI/(41.5EI+

1.5El

L

=025,
L)

4 15EI) 0.5, I:)DC_415LEI/(41.5LEI+3Iil)=0.67’ DDE—SEI/(415EI 3EL|)=0_33

%

a 04 06 05 05 0.67 0.33
’ % %, %,
0.0 0.0 125 -125 = 0.0 0.0 »93.8
-250 <*«—_-50.0 -15 -37.5
40.6 81.3 81.3 40.6
-45.0 -90.0 -44.3
11.3 22.5 22.5 11.3
-104 <«— -20.8 -31.1 -15.6
3.9 7.8 7.8 3.9
-5.1 -10.2 -5.0
1.3 2.6 2.6 1.3
-11 — 21 -3.1 -0.9 -0.4
36.5 -72.9 72.9 -63.9 64.1 -44.0 44.1

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Gauss-Jordan Approach

1 04 06 05 05 067 033
4
0.0 0.0 555, 125 125 $& 0.0 0.0 55, 93.8 ,

.50 75 625 | 625 -62.8 -31.0
250 313 ‘><‘-37.5 314 ‘><‘31.3

125 | -18.8 345 | 345 -21.0 -10.3
63 — 173 94 | 105 «——— 173

69 | -104 100 | 100 116 5.7
35 50 ‘><-5.2 58 — 50

-2.0 -3.0 55 55 34 1.6
10 - s T s | = g

1.1 17 1.6 1.6 1.9 -0.9
-0.6 — 08 == -0.9 -1.0 — = 08

-0.3 -0.5 1.0 1.0 0.5 -0.3
-36.4 728 | 72.8 644 | 647 -44.0 44.0

Structural Analysis Lab.
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2.4 Direct Solution Scheme by Partitioning

20

L3 s
B

v C

A D

[8El 2EIl | 6EI

L L ' L |e 88.8
2B BEL 1 6El | | |,y 4| o [[Kel (Ke)J@) (P))_,
Y WU et B PR (Ky) Kufla) (0
6EI  6EI | 24EIl |\ A 0.0
L LoL

[Kee](®) = _(P) - (KGA )A - (®) = _[Kee]il(P) - [Kee]il(KeA )A = (®)P + (®)A

(K)(©) +(K,,)(©)* +K,,A=0

e Direct Solution Procedure by Partitioning

- Assume A = 0 and calculate (©)".

. — A —
- Assume an arbitrary A =— and calculate (®)*.
(04

A
- By linearity, (®)" = ©)
(04
- Calculate o by the second equation by A and (©)*.
_ (K@)
KAAA + (KAS)(®)A

- Obtain (@) by (®) = (©)° + a(®)".

Structural Analysis Lab.
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2.5 Moment Distribution Method for Frames

e Solution Procedure
- Assume there is no sideway and do the MDM.
- Perform the MDM again for an assumed sidesway.
- Adjust the Moment obtained by the second MDM to satisfy the second equation.
- Add the adjusted moment to the moment by the first MDM.

e First MDM —with no Sidesway

|<_ L/3 20

Bos 05C 4z
o[ ss8 444 | Z
444 | -444 222 7
166 < 333 | 333
83| 83 > 42
11 < 2.1 21
06 | -06 > 03
533 | 533 0.2 0.2
355 | 355
ZZZZY #% D

Mag = -53.3/2 =-26.7, Mpc = -35.5/2 = 17.8, Vag = 2.67, Vpc = -1.78, V° = 0.89

e Second MDM —with an Arbitrary Sidesway

B C
! |
100 | 100
50| 5D > 25 !
]
19 « 38 38
/
10| /10 » 05 N
L /
/.02 < 03 | 703
/ Vi
01|, o1 59 |/ 59
61| -60 !
I
27" 7% "

Mag = 10—3.9/2.0 = 8.1, Mpc = 10 — 4.1/2.0 = 7.9, Vag =-0.47, Vpc = -0.46, V> =-0.93

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Shear Equilibrium Condition (the 2" equation)

No Sidesway (1% MDM) Sidesway Only (2" MDM)
. 089 » 0.93
— o~ 6.1 7
93.3 ¥\ 35.5 N, —_
2.67 1.78 0.47 0.46
«— D -
N 178 8.1\ N R

o = -0.89/(-0.93) = 0.97

Total Moment = 1%t Moment + o, 2" Moment

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 3

Buckling of Structures

"L

0
|
ﬂﬁ?’%ﬁ

A

‘& LSS

Structural Analysis Lab.
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3.0 Stability of Structures

T WA " LA

e Stable state
KOLxL >POL > KL >P

The structure would return its original equilibrium position for a small perturbation in 6.

0

KOLxL=Q0L »>KL=P

@)

e Critical state

e Unstable state
KOLxL <Q6L —- KL< P

The structure would not return its original equilibrium position for a small perturbation in

e‘ PO

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.1 Governing Equation for a Beam with Axial Force
M+dM

N
VJ :

V+dV

”

v

1
\|

e Equilibrium for vertical force

Vv +dv)-V +qu=0—>z—V=—q
X

e Equilibrium for moment

(M +dM)-M —de+qu%— Pd—de:0—>d—M— Pd—W:V
2 dx dx dx
e Elimination of shear force
M _dw
dx? dx?
e Strain-displacement relation
e d*w y du
dx* 7 dx
e Stress-strain relation (Hooke law)
2
c= Eg:—Ed \ivy+Ed—u
dx dx

e Definition of Moment

dw
dx?

d
d

W du
M :!\cydA:J;andA:—{(E v yZ—E&y)dAz—El

e Beam Equation with Axial Force
d'w _d*w
+

El
dx* dx?

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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3.2 Homogeneous Solutions

Characteristic Equation for P >0

W:elx

=)
2

WX (74, @232 _ _ Qi where B =—-
e (X +B°A)=0—>A==Bi, 0 E

Homogeneous solution

w=Ae"™ + BeP* +Cx+D

Exponential Function with Complex Variable
_ i2 i3 4 5 :6
¥ =14ix+ =X+ =X+ =X =X+ =X+
2! 3 41 5! 6!
_1\3 _1\4 _i)° _i\6
() X3+( i) X4+( i) X5+( i) VO
3 41 5! 6!

_- 2
e =1—ix+ (1) X% +
2!

e*+e™ :2(1—lx2 PO +::) = 2C0S X
2" T’ el

—e ™ = 2(iX — =X L X® — x4 -) = 2isin X
3 ol 7

ix

e
e* =cosx+isinx , e =cosx—isin x

Homogeneous solution
w = A(cos Bx +isin Bx) + B(cos px —isin Bx) + Cx + D
=(A+B)cospx+i(A—-B)sin Bx+Cx+D
= AcosPBx+ Bsin Bx+Cx+ D

Characteristic Equation for P <0

erkx

9 P
a2y ~ where :‘—‘
(M -BA)=0->A1=13,0 El

Homogeneous solution for P <0

w=Ae”+Be ™ +Cx+D

Bx —px Bx _ A—Bx
—(A+ B)%HA— B)%+CX+ D

= Acosh x + Bsinh Bx+Cx + D

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Simple Beam
AN _é_

— Boundary Condition

w(0)=A+D=0, W(0)=-Ap*=0—>A=0
w(L)=BsinBL+CL=0, w'(L)=-Bp?sinpL=0—->B=C=0

— Characteristic Equation

A=B=C=D=0—>w=0 (trivial solution) or
n*m’El
L2

BL=nt—>P = , n=123--.

w = Bsin Bx = Bsin n—Lnx

e Fixed-Fixed Beam

P P
—

A 4
Py

s

— Boundary Condition
w(0)=A+D=0
w'(0)=pB+C =0
w(L) = AcospL+BsinBL+CL+D =0
w'(L) =—ABsin BL+ BBcospL+C =0
— Characteristic Equation

1 0 0 1A 0 1 0 01
0 1 0|B 0 1 0
. b =| | — Det( _ b )=0
cospL sinpL L 1|C 0 cospL snpL L 1
|—BsinBL PcospL 1 0D 0 —BsinBL PcospL 1 O
1 0 01 5 10 0 8 L
0 B 1 0 . .
. =/sinpL L 1j—| cosBL sinpL L
cospL snpL L 1 )
) BcospL 1 O |-BsinpBL PcospL 1
—BsinpL PcospL 1 O

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr



Department of Civil & Environmental Eng., SNU

—B—(—pcosPL) — (—pB(cosPL + BLsin BL) +B) =P(2cosPL -2+ BLsin BL) =0
2cosBL —2+BLsin BL = 2(cospL —1) +PBLsin BL =
2 BL pL . BL

+ 2BLsin ?cos— =

sin &(&cos&—
2 2 2

—4sin?
sin %):O—winB—zL:O or &cos&—sin%:o

— Eigenvalues

Symmetric modes

2 _2
sinB—ZL:O —>B—2L=nn—>P=4n:2El, n=123---

w(0) =A+D=0, w(0)=w'(L)=pB+C =0, w(L)=A+CL+D=0
A+D=0—>A=-D->w= A(cosz%x _1) for A=0

Anti-symmetric modes

2
&cos&—sin L _ BL tan& _8.18n°El
2 2 2 LZ

D=-A, C=—fB
— ABsin BL + BB cospL — BB = —-2ABsin %cos%—ZBBsin2 %
=-2Bsin %COSB—(A—F B tan BZL

B BL .osPE pL __ 2
=-2pBsin — 2 (A+B ) 0—> LA

2
C=-pB=—A
P L

AcosBL+BsinBL+CL+D== A(cosBL—l—BiLsin BL+2)
= A(-2sin? BL_ S|n &cos&+ 2)
L 2 2

= A(—Zsin"'B—zL—Zcosz%+2):O

w = Acospx+ Bsin fx+Cx+D = A(cosBx—iLsin Bx+%x—1)

- A(c058.99%—0.2227sin 8.99%+%x—1)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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0.0 0.5 1.0

x/L
2
o
B
| I
Z ZZ/.{Z
o = 4
2 2
A L T
A 1
(b) (c)
e Cantilever Beam
P P

A

v
LW

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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— Boundary Condition
w(0)=A+D=0
w(0)=pB+C =0
M (L) = —EIw"(L) = —EIl(-~AB? cospL — BB sin BL) =0

V(L) = dw dw=O
dx
2 2
:(an)#”a, N=123--

e Beam-Columns - Simple Beams with a Uniform Load

\4
A

— Governing Equation

d'w _d?w
gt W, p&W_
dx“Jr dx? a

— Particular Solution
w_(X) = — x?
p( ) 2P
— General Solution
w(X) = AcosBx + Bsin Bx+Cx + D + 9y

W'(x) = —AP* cos Bx — BB? sin Bx +%

— Boundary Conditions

" _ q _i :_i
w(0)=A+D=0, w'(0)=-EI(-Ap*+ ) 0—>A Pp? ,D Pp?
- a4 2

M (L) = —EIW"(L) = —EI (~AB? cospL — BB sin BL+%) ~0

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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—%COSBL— BB’ sin BL+% =0— BB*sinpL = —%(cosBL—l)
BB*2sin &cosB—L = —q—(1—23in 2 B—L—l)
2 2 P 2

B:——tan& , :—q—L
B> P 2 2P

— Final Solution

w(Xx) = Bq (cosBx— 1)+;—PtanB—2LS|n[3x qu Lx+2q—Px

Bl q q pL q
M (x) =—-EIw"(x) = El(= cosBx+Ptan 2sm[?)x P)

— Displacement at the mid-span

=— &—1)+ 9 tanPlgin PL_9 2
2’ P 2 BEP 2 2 8P

_2— - —LSin&—l)—q—Lz
2P 2 2 2 8P

_ 5qL* 384 n'El’ 1 n? PL?

(
4 214 2

2
~5,07884( 2y (— - T P

cosg,/P/PCr 8 Pu

)

0.7884 1 n? P
=0 2 ( - —1—?0 (t:P—)
COSE\/E cr

— Moment at the Mid-span
M (L) = El g(cosB%Han%sin %—1)

2
8 mEl (cosBEthan &sin &—1)
2 2 2

g 8m

8 n? PL?
8 P, 1

=M —23(——1)

cosg,/P/ P,

1

T

_ M, 0.811%( 1)

T
cos—+/t
2

Structural Analysis Lab.
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56

Department of Civil & Environmental Eng., SNU

10.0

8.0 1

6.0 7

5/5,,

4.0 7

2.0

OO ! I T T T T T T
0 0.2 04 0.6 0.8 1

P/P

cr
Figure 1. Displacement at the mid-span

10.0

8.0 1

6.0 7

M/M,,

4.0 7

2.0 7

OO ' I T T T T T T T
0 0.2 0.4 0.6 0.8 1

P/P

cr

Figure 2. Moment at the mid-span

Structural Analysis Lab.
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3.3 Homogeneous and Particular solution

W=W, +W, = AcosBX + Bsin Bx +Cx+ D +w,

d*(w. +w d?(w, +w 4 2 d*w d*w
g LW tW) (A W) gy i, pdiw, g W, 0
dx dx dx dx dx dx
d“wp d2wp
=F dx* +F a0

e Four Boundary Conditions for Simple Beams
w(0)=A+D+w,(0)=0, M(0)=—EIW'(0)=—EI(-AB* +w/(0)) =0
w(L) = AcosBL +BsinBL+CL+D+w,(L)=0
M (L) = —Elw"(L) = —EI(—AB* cosBL — Bp*sin L +w} (L)) =0

1 0 0 1A} (w,(0)
—p? 0 0 0| B w' (0

b _ + »(©) =0 > KX+F=0
cospL sin BL L 1|C Wp(L)
—pB%cospL —B?sinBL 0 0 D) (wy(L)

The homogenous solution is for the boundary conditions, while the particular solution is for

the equilibrium.
3.4 Nonlinear equation solver

e Newton-Raphson Method (one point method)

f(x) = 0

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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f(X)=0—> f(x)=f(X_,+Ax)= f(xk_l)+3—f Ax, +H.O.T.» f(Xk_1)+3—f

a1 T
F(x) F(x)

v' Guarantees to exhibit the quadratic convergence rate

AX, =0

e Bisecton Method (two point method)

f, (X)

For f(x_,)f(x)<O0, f(x)= f(x)—f(x4) x+ f. (%) - f(x)— (%) X,

X — X1 X — X

X — X £
T fogy O

v' For the next iteration, select either f(x,_,) f(X,,) <0 or f(x)f(X.,)<0

f () =0 %, =%

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 4

Energy Principles

Principle of Minimum Potential Energy and

Principle of Virtual Work

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Read Chapter 11 (pp.420~ 428) of Elementary Structural Analysis 4™ Edition by C .H. Norris
et al very carefully. In this note an overbarred variable denotes a virtual quantity. The virtual
displacement field should satisfy the displacement boundary conditions of supports if speci-
fied. For beam problems, displacement boundary conditions include boundary conditions for
rotational angle. Variables with superscript e denote the exact solution that satisfies the equili-

brium equation(s).

4.1 Spring-Force Systems

A

e Total Potential energy

The energy required to return a mechanical system to a reference status

0 A
M,y == [ k(A—u)du =[ k(A -u)du :%kAZ I, =—PA
A 0

I1 =TI,

total int

+11,, :%kAZ ~PA

e Equilibrium Equation
kA*=P

® Principle of Minimum Potential Energy for an arbitrary displacement A =A° +A.

IT

total —

%k(Ae +A)* —P(A° +A)

= %k(&)2 + kAeZ+%k(Z)2 —P(A° +A)

= %k(&)z —PA° +%k(Z)2 HAKA - P)

_1
2

=11¢

tota

K(A%)? - PA® +%k(Z)2

| + 1k(Z)z 2 l_Ifotatl

2
In the above equation, the equality sign holds if and only if A =0. Therefore the total
potential energy of the spring-force system becomes minimum when displacement of

spring satisfies the equilibrium equation.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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4.2 Beam Problems

/

any type of support VI \Ie any type of support
e Potential Energy of a Beam

| 2 |
int = 1 M_d = _ICIWdX
29 El )
|
1_Itotal 1_Imt +H =

e Equilibrium Equation

dMe d4e

El —qg or El
dx? g dx*

e Principle of Minimum Potential Energy for a virtual displacement w=w* +Ww .

i'l[(dz(we + W) £l dz(we:-v_v))dx_j‘(we +W)qdx
dx 5

dx?
:—'[( )dx Iw qax +
d?w _ d?w® '
( El )dx — | wqdx
0 2 2 .([ dXZ 2 _([
1' W 2— ' d*w, 1 d2w® '
=I1°+= X+ (- - dx — | wqadx
2-([ -([ dx* " El dxz) ;[ |
| 2 2 NANA € |
e lj )d +j|v||v| dx— [ wad
2O 0 0
| 2 2

1
=11° E-[ )dx >T11° for all virtual W
0
Since the equation in the box represents the total virtual work in a beam, the total potential energy
of a beam becomes minimum for all virtual displacement fields when the principle of vir-

tual work holds. In the above equation, the equality sign holds if and only if W =0.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Principle of Virtual Work
If a beam is in equilibrium, the principle of the virtual work holds for the beam,.

If_ d*w
w(
0 dx*
| _ 2..,0 ! 344,8 I
I dx jwqu+d—WEI d vg —WEI d VZ =0
9 dx dx® |, dx® |,
cd?w _ d2w ! £ MM © '

El dx — | wadx = dx—|wadx=0
e e

In case that there is no support settlement, the boundary terms in above equation vanishes
identically since either virtual displacement including virtual rotational angle or corres-
ponding forces (moment and shear) vanish at supports. The principle of virtual work

yields the displacement of an arbitrary point X in a beam by applying an unit load at X

and by using the reciprocal theorem.

.(I[v_qux = j)-wqu = 'I([WS(X— X)dx g w(X) = JL Mé\:l e

0

e Approximation using the principle of minimum potential energy

- Approximation of displacement field

W:Zn:aigi
i=1

- Total potential energy by the assumed displacement field

jwqu——j(Za g/EI (Za g7)dx— .[Za g,qdx

0 i=1

- The first-order Necessary Condition

or" aak( J'(Zag’)El(Zag')dx IZaquX)

aak o i=l

=—[jg EI(Za g”)dx+j(2ag)Elg "dx] - jgkqu) or Ka=f

_ZJ'gL'EIg”dxa —jg qdx = ZKk,aI f. =0

_10

Structural Analysis Lab.
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L

& &

e Example

i) with one unknown

w=ax(x—1)=a(x* -Ix) > w" =2a

| | | 2 2
M, = lel (w")zdx—jPS(x—l)wdx = lel (2a)2dx+aP|— _Leigarrapl
29 ) 2 29 4 2 4
2
%:O—)4aEII+PI—:O—>a:—LI—>w:—L|(x2—xI)
oa 4 16EI 16EI
I I
3 3 3 w () —w(;)
wiy = PE ey = PY 00208P" | Eror=—2° 2" 95
2" B4EI 2" 48El El el
wo ()
2
ii) with two unknowns
w = ax(x — 1) + bx(x* —1%?) - w" = 2a + 6bx
1 ' | 1 12 3
I, ==|El(W)dx— | P§(x——=)wdx == | EI(2a+6bx)*dx - P(-a— -b=—
o = 5 [ BV 0= [P Zywelx = [E1 (28 + 8% *dx—P(-a b =)
1 , E NE 12 38
=—El(4a°l + 24ab— +36b° —)+ P(a—+b—)
2 2 3 4 8
81_[total_ 2 _ ?
~ol =0 El(4la +61°0) =P~ L Pl

aH |3 —)a:—Ea,b:O (777)
a—g““':O—>EI(6I2a+12I3b):—P%

iii) with three unknowns

w = ax(x — 1) + bx(x* = 1?) + cx(x® = 1°) > w” = 2a + 6bx +12¢cx?
1 ' |

I, == |El(W)?*dx - | P§(x — =)wdx

o = 5 [ BV dx— [PO(x—2)

1 2\2 23 7
:—IEI(2a+6bx+120x )*dx-P(-a—-b—-c—)
29 4 8 16

1 2 3 4

3 5
= —EIl(4a’l +36b° I—+144<:2 '—+ 24ab|—+48ac|—+144bc|—) +
2 3 5 2 3 4

2 3 4
P(a|—+b1+cl)
4 8 16

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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2
Mo __, EI(4Ia+6I2b+8I3c):—PI— S i
da 4 64 EI
3
%=0—>E|(6|2a+12|3b+18|“c)=—F>l Slp=-2P
ob 8 32 El
5l . s a. 144 71* > P
—total El@81°a+181°b+ —1°¢) = -P— C=——
A 0— EI(BlI"a+18l"b + C) 1 64 EII
1 PI 5P ,, o 5P 3
=——X(X=1)———x(X" = 1) + ——x(x" -1
64EI( ) 32EI( ) 64EII( )
I, PP, 11 53 57 21 PP PI®
W)=—-(C—>+_——-——— )
2 El 644 328 6416

=————=0.0205— , Error = 0.0144
1024 ElI El

iv) with one sin function
T T, . T
w=asin +x=— W' = a(T)2 sin = x

1] , ' I 1! .
Moo =% j El(w")?dx — j PO(x— 2 )wdx = j El (a(lﬁ)z sin IEX)de—aP

|
=1E|a2(2)4jsinzﬁxdx+aP:EEIaZ(E)4I—+aP
2 T 21 2
3 3
Moa _g _,ga®y L poosa=2Pl o2 Plgymy
oa 1”2 - El

3 3
w(l): L Pl : We(l): Pl , Error =0.0145
2" 48.7045 EI 2" 48El

v) with two sin function
w = asin IEX+ bsin ?’I—nx =W = a(IE)2 sin Ex+b(3|—n)2 sin ?’I—nx

| |
M, = % [E1w)?dx— [ Po(x— IE)wdx
0 0

|
_%jEl(a(lﬁ)zsin |5x+b(3|—“)zsin P’I—nx)zdx—aPerP
0

1

| |
= ZEla*(%)*[sin? Exo|x+E|ab(E)2(3—")2jsin T sin 5% xdx+
2 1737 TN
|
%Elbz(?’l—“)“jsinzgl—“xdx—ambp
0

e @™ e el appp
2 1”22 1’ 2

Structural Analysis Lab.
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3
%—OaEla( Ty ——P 0>a=2PL
oa n" El
3
%=0—>E|b(—“)4—+P=o—>b=—i41
ob I~ 2 (3n)" El
2 PI° T 1 . 3n
W= —-——(sin —x——sm—x)
n" El I 81 |
PI® PI® PI®
w( ) 00205(1+00123)——00208— ( ) 00208— , Error =0
4.3 Truss problems
A _Fjl
~Fl / |
() & F
R@?X X2 |/ & x' Y'
Yi v
e Potential Energy &
1nmb(|:_)7-|_ njn
int — — My =— XU +Yv,
int 2 — EAI t Z( )
1nmb(|:) | njn
[T =11, + 11, X.u; +Y,v,
total — int 2.1 EA. ;( )

where nmb and njn denotes the total number of members and the total numbers of joints
in a truss.
e Equilibrium Equations
m@) _ m@) )
~>H{+X'=0, =>V/+Y'=0 for i=L1---njn
j=1 j=1
where m(i), H}and Vji are the number of member connected to joint i, the horizontal

component and the vertical component of the bar force of j-th member connected to joint

i, respectively.

Structural Analysis Lab.
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e Principle of Minimum Potential Energy

nmb F + F | njn 3 -

Mo = Z( ) Z(xi(ui H) +Y (v +V))
i=1

_1%?0: ) | g‘:(x u, +Y %(F ) I %Fi;ili —g(xiﬁi+YiVi

;nmb—(F )| —nzjn:(x u, +Y,v,)+§?(F )’ I

e 1 A (D N - : :
=11 Z >T1°  for all virtual displaceme nt fields
2 i=1 EA
where F° and IfI are the bar force of i-th member induced by the real displacement of joints
and virtual displacement induced by the virtual displacement of joints. Since the equation in the
box represents the total virtual work in a truss, the total potential energy of a truss becomes
minimum for all virtual displacement fields when the principle of virtual work holds. In
the above equation, the equality sign holds if and only if the virtual displacements at all

joints are zero.

e Virtual Work Expression
If a truss is in equilibrium, the principle of the virtual work holds for the truss,.

njn m(i) m(i)

Z(( ZH +XHa' +(ZV +Y V'

A 4

Structural Analysis Lab.
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nzjn:(( %F coso,; + X0, +(mz(l‘iF sin @, +Y,)v,) =0

i=1

njn m(|) njn

Z(UizpjicosejJr ZF sind,;) = Z(xu +YV,)

nmb

Z(F coséd (U —u')+ Ffsin @ (V7 —V')) = Z(Xu +Y,V,)

=1 i=1

iﬁwmmﬂf‘WH“MMW—w»=§EME=Z} ;;fﬁfiig

nmb CeE n
Zi =D (X0 +Y, ¥,
= (EA) 3
The principle of virtual work yields the displacement of a joint k in a truss by applying an
unit load at a joint k in an arbitrary direction and by using the reciprocal theorem.
%, Uy +, v, = [Xluy|cosa = [u,Jcosa = Sl
< (EA)

Since o represnts the angle between the applied unit load and the displacement vector,

|lu,|cosc. are the displacement of the joint k in the direction of the applied unit load.

4.4. Buckling Problems

e Total Potential Energy

A
v
)

<
<

w” 7

1!
2

0

_ _Tds _ :[A h+ (W)2dx ~ LJ:A(1+%(w')2)dX

0

L—Al L—Al 1L
L=L-A+ | =(W)dx>A= [ =(W)%dx~=|(W)%x for A<<L
{2() - !5) S w) <

0

1' 1 _rdwdw
- x—=P[ 2 W% — [wad
2 -[dx dx qux

0

Structural Analysis Lab.
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e Principle of the Minimum Potential Energy

I 42 e | o 2 e | o | e | o e | o
1cd(w +W)E|d (w +W)dX_%Id(W +W)Pd(W +W)dx

|
n"== — | (w® + W)qdx
2-[ dx? dx? I( )a

0 ,  dx dx
d’we d we o dw® d d W oodwt dw
== - dx — | wéqdx P —)dx
'!( ? dx2 dx ) j | +-[( dx2 dx dx)
' d’W dw _ dw
j j . We
5 2+ dx dx* dx dx
| 4 e 2.8 | 2
d W 1 d w dw _dw
L oo I
0 dx 2y d dx dx
e EJL d’w d W dw dw
27 °d dx

® The principle of minimum potential energy holds if and only if

dw dw _ dw
J< "

e The principle of the minimum potential energy is not valid for the following cases.

J~( dw dw _ dw
dx? dx dx

0

e The critical status of a structure is defined as

j( dW dw _ dw
dx? dx dx

0

e Approximation

— Approximation of displacement: W = Zaigi
— Critical Status

J(Zn:a 99E|(Za g7)dx— P](Za 9i )(Za g')dx =

i=1

n

ZZa_fg”Elg"dxa —ZZa PJ'g'g’dxa —ZZaK a —ZZa Kfa, =

i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

(@) (K -K®)(a)" =0 Det(K -K®)=0

Structural Analysis Lab.
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e Example - Simple Beam

— with a parabola: w=ax(x—-1)—>g,=2x-1, g/=2

| |
[ 9/Elgidx = [ 2E12dx = 4E1l
0 0

| | |
jg;Elg;dx=j(2x—|)2dx=j(4x2—4x|+|2)dx=(f—2+1)|3 _Lps
0 0 0 3 3
2
Det(4EII—P%I3):O—> P, :12|# (exact : nlfl :9.86%, error = 22%)

. . . TX , T X y Ty . TX
— with one sine curve: w=asin T —>0, = TcosT, g, = (T) sin T

| |
[ grErgix = E1C)* [sin? T ax = E1(T)* !
J R I’ 2

| I
T X T |

'Elg/dx = (=)?| cos® —=dx = (=)? —
!g. ok (|)£ "= ()

2El

g | T nE
Det(ElI(=2)*—-P(=)?-)=0 P =
( (I) 5 (I) 2) —> P,

IZ

(exact)

e Example — Cantilever Beam

v

PN

a

— with one unknown:
w=ax’ —>g, =2x, g/ =2
| | | |
[ 9rElgidx = [ 2E12dx = 4ENI jg;Elg;dx:j4x2dx:g|3
0 0 0 0

2
Det(4EIl - P%I"’) =0->P, = 35' (exact : ﬂ4IEI = 2.46%, error = 22%)

Structural Analysis Lab.
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— with two unknowns:
w=ax’+bx® > g, =2x,9,=3%x*, g/=2, g} =6x
| | |
G _ 2 _4 3 G _ G _ 3 _6 4 G _ 4 _9 5
Kll—P£4X dx=_PI, Klz—Kzl_P£6x dx="PI", K22_P£9x dx= Pl
| | |
Ky =[4dx=41, K,, =K, = [12xdx=61", K,, = [36x°dx=12I°
0 0 0

2 3 4 _ 3 2 4
Det(EI[A'I 6l }_Pl[ml 45 })=0_> 4 -401% 612 —45*a _iP

617 121°|  30|451* 54I° 617 — 451 121° —541%| 30 EI
(41 - 401°a)(121° —541°a) — (61> — 451*)* =0 — 41* —521°a + 451°a* =0
6 4 2112 12 +
L2800 V26212 — 180l _ 2642227 _00829 10727 p - 2'487:5_2' or 32181:5_;

45|® 4512 |2 |2

P =2.49 IIE—ZI (error =1.2%) or P, =22.19 IIE_2| (error = 45%)

exact

e Beam-Columns - Simple Beams with a Uniform Load

\4
A

— with one sine curve:

X

. TX , T X v T\ .
W:asml——>glz—cos—, gl:(T) sin I

Jl.g”EIg”dx— El (z)“j.sinzﬁdx— El (£)4I_ jg’g'dx— (z)zjcoszﬁdx— (Z)Zl
oi i 1”3 I | 2,0 i 1"y I 1" 2

| |
jgiqu=q'|.sinﬁdx=2ql
0 5 I Vs
. 1 T, | 1_m, | I
MinIT==El(5)*—-a?-=P(=)?*—-a’*-2q—a >
2 (I) 2 2 (I) 2 qn
I

T

oIl Tl T, |
CCEIG) —a-P()?~a-2
e CG) AP a2

=0

4q/m  5ql* 384x4 1 1.0038

- 49/m :4_qi(|_)4
El(%)“ - P(IE)Z

n El 'n P I, 384El 5z° 1-P/P, * 1-t
e

Structural Analysis Lab.
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10.0

5/5,,

0.0

71

Exact Solution

* Energy Method with one sine function

P/P

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Chapter 5

Matrix Structural Analysis

Mr. Force & Ms. Displacement

Matchmaker: Stiffness Matrix

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.1 Truss Problems

5.1.1 Member Stiffness Matrix

R
frst f o)
fo 8 —> @ Q — i} &

e Force — Displacement relation at Member ends

X

fh—-=0 -5

X

= =865

fl=f"=0

y y

e Member Stiffness Matrix in Local Coordinate System

£r) 10 -1 ofsLY
f,| EA[ 00 038,
fRl L|-10 0] 8%
fR 00 08

(F)" =[KT"(®)°

e Transformation Matrix

®

V, =cos¢v, —sin ¢v, N (VX J ~ {cos¢ —sin ﬂ(vxj
V, =sin¢v, +cosgv, | \V, ) [sin¢ cosolly,

V) =T (V) > (V) =[YI(V)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Member End Force

F1)" [cos¢p —sing O 0 fl
F, sing cos¢p O 0o | f,/ . .
Fy2 "o 0 cos¢p —sing fyR ~ E =T

F, 0 0 sing cos¢l fF

e Member End Displacement

8t cosd sing O 0 (A

8y —sing cos¢p O 0 | A . .
5171 0 0 cossing| a2 | @ =INIAN
8y 0 0 -—sin¢ cos¢ A,

e Member Stiffness Matrix in Global Coordinate
(F)* =[IT (F)* =TT [KIFB)° =[I'T [KI'[C1(A)°
(F)° =[KI*(a)°

cos’¢  sin 6cos¢i —cos’ ¢ —sin ¢cosd
(K]- = EA|_ SinOcos¢  sin“¢)-singcosy  —sin“¢)_ {[Knle [Ku]e}
L —cos® ¢ —sin 6cos¢: cos’¢ singcosd| |[K,1° [K,]I°
—sinpcos¢p  —sin’¢, sinpcosd sin® ¢

5.1.2 Global Stiffness Equation
_ (Fl)m(3)
e Nodal Equilibrium _(F3)"@ —(FA)"®

n-th joint
—~(FH" < > (FH)"®

Pm

m-th joint p"

i-th member

nm(m)
(P)m — (Fl)m(l) +(F2)m(2) +(Fl)m(3) +(F2)m(4) +(F1)m(5) — Z(FlorZ)m(k)
k=1

Structural Analysis Lab.
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‘\Pn n-th joint / (F?)'

A

I-th member m-th joint

ety Flor2 1(k) 0 _O O_
(P)’ kZ:;‘( . ) : ' | meth row
) : p (.F:L)I p 1O(F1)| ; | |
(P)=| (P)" |=| DFH™ =2 & =X ((FZ)J=Z[E]'(F)'=[E](F)
k=1 'il....(.F.Z.).i.. ...... e o R S row|:1
(P)q " F10r2 q(k) .
é( ) 0 0 0]

(F)*

[E]1=[[E} - [E] - [E)°], (F)=| (F)'

(F)°

Structural Analysis Lab.
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e Compatibility Condition

Un

™ O

(A%

A ; ™ D © e

i-th member

i _ 2yi i_(Al)i_I 01 un
(A =u,, (A% =u, —>(A) —((Azyj_[o J(unj
m-th column u,

| .

i_(Al)i o1 0 -0 :"‘ .
(4) _((Az)iJ_{O i 0 - 1 .- 0l =[CT ()

n-th column

@Ay) |Cr[u
@=|  |=| ¢ | |=[ClW
@7 ) [ler fu,) 1

Compatibility Matrix

e Contragradient
(P) () =(F)"-(a) = (P)" - (u) = (F)'[CI(u) >
((P)" = (F)'[C])(u) =0 for all possible (u) — (P)" = (F)"[C]
(P) =[CT (F) = [EI(F) > [CT" =[E]

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Unassembled Member Stiffness Equation
") [IK] - 0 0 | ()t
®' =] 0 - [K]' - 0 [ () | = (F)=[KIA)
FP°) L O 0 - [K]” \(A)°
e Global Stiffness Equation
(P) =[CT" (F) =[CT' [K1(A) =[CT' [K][C](u)
(P)=[K]J(u) where [K]=[CI'[K][C]
e Direct Stiffness Method
K] - 0 0 |ICT|
[KI=[CT [KI[Cl = [CI [l ~[C)” | 0 - [K] 0 [[cT
. 0 0 - [K17 | [CT° |
=[CJ" [KI'[C]* +-+-+[C]" [K][C] +---+[C]" [K]°[C]"
0 o
! O_[K ' [K,lJo 1 -~ 0 - 0
[C]" [K]'[C) =|: : [KZl]i [Kzz]i}{o 0 e ] O}
(O
. O_
0 o
: m‘thro{‘v‘o 0 0 0 0
o i I N RARUSTERSE I
oo KD e K] 0}0 0 o0 o o
. ._O"[KZl]i '[K22]i "'O__'_'__I_'_ L.
9 | n-throvfﬂ '["Fu]J 0 H‘f}'zz]* 0
Do 0 :O 0 ,0 0
10 0 m-th column  n-th column

Prof. Hae Sung Lee, http://strana.snu
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5.1.3 Example

78

Ps, Us
e Member Stiffness Matrix
cos’¢ sinpcosy  —cos®d —sin pcosd
[K]G_E_A sin pcosd sin¢ —singcos¢p  —sin®¢| [[K,]® [K.]°
L —cos’ ¢ —sin ¢cosd cos’d sindcosd | |[K,l° [K,,I°
—singcos¢ ~ —sin®¢ sindpcosd sin® ¢

- Member 1: ¢ = 45°
11 1 1]
2 2 2 2
1 1 1 1
_EAl 2 2 2 2
AT IS S G
2 2 2 2
I R
L 2 2 2 2 |

- Member 2: ¢ = -45°
11 1 1]
2 2 2 2
1 1 1 1
:_EAl 2 2 2 2
ST S S A
2 2 2 2
1111
L 2 2 2 2]

Structural Analysis Lab.
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- Member 3: ¢ = 180°

10 -10
00 00
K] = =
2L|-1 0 1 0
00 00
e Equilibrium Equation ‘P
4
P
AT
P2 PG
‘ Ps
Py ‘
—>O£> < s :\O b
FLY
Fy
FZ
_ (el 23 e O
=) +(F) RY) [17070 030 0 0 F,
11 233
P, =(F))" +(F)) P | o 10 0i0o0o0 FY
Py=(F) +(F)’ P,| [0 01 001 00 F!
P, = (F)) +(F,))? P,| 0 00 110 1 0 F2
: r 2
P5 :(FX2)2+(FX1)3 P5 :O O O 0 ::0 0 1 Fy ,
1
P, = (F2)? +(F})’ P) 0.0 0 030 0 01 =
T -
[E]* [E]’ [ET° F.
F.

(P) =[[ET" [EI" [EFI(F) =[E](F)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Compatibility Condition

Us

(4) =[C](u)

[E]' =[C]", [EF =[C]*', [EF =[C]*" — [E]=[CT

o Global Stiffness Matrix

[K]=[CI' [KI[C]=[C]" [KI'[CT* +[C]*' [KI’[C] +---+[CJ*' [KF'[CF

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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1 00000
010000
0 01 0O0O

0 00100

{

I
— | N
|

1
— | N

2
1
2

—A|NH|NH | NH | N

—A|NHA | N | N | N

—A|lNH|NH|NH | N

1 000
0100

0 00O
0 00O

EAIO 0 1 O
J2Ll0 0 0 1

[C]" [KI'[CT =

o o o o O

o o o o O

—A|NH|NH | NH | NO

}

1
OcH|NH | N+ [N | N
| |

O N | N [N | N
_ _

| | o O o
O OH|NH | N | N | N
—A|NAH|NAH|NAH | NO e e e " ! | __
| | O 4 O o
O OH|NH|NH|NH | N
—A|NH|NH|NH | NO — O O O | |
| |
O O O o O O o o o o
—A|NH|NH|NH | NO
_ | _ O O O o _0 o o o o o |
T 1
< |- AN | N | N | N < |-
o [ _ _ w |
_ I : —A | N | N | N | N | I _
o o o o | | A NH | NH | N | N
| |
o o o o A NH|NH [N | N

—A|lNH|NH | NH | N
| |

—A|NH|NH [N |
| |

—AlNH|NH | NH | N
| |

—A|NH|NH |[NH |
|

1 000
0100
EA(O 0O 1 O

0 00O
0 00O

J2L|lo 0 0 1

- N [N [N |

0 00O
0 00O

0010

0 001

EAI1 0 0 O

NAR O

[CI?' [KI’[C]? =

—A | N | N | N | N

A NAH | N [N | N

—A | N | N | N | N

1000_00
0100

000000

0 00O

EAl0O 0 1 o]0 O -

J2L|0 0 0 1],

Structural Analysis Lab.

0 00010

1 000O0O
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0 00 0O0T1

i

10
0
-1

0 00
10
0 0

0
0

0

0010

0 001

1 000
0100

2L|0 0 0 O

EA[O O O O

[CI' [KF[C] =
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1
O OH|NH|NH [N | N
| _

O o o o o o O O N |NH | N |
1__ o o o - o ! !
O OHdH|NH|NH|NH |
O 0o o o o o _ |
o oo o o o O Od|NH | N[N |~
| |
O o o o o o
oo o o o o
— o o o dH o
! _ | oo o o o o
A L L |
W | Aiﬂ
I L
- 1
o o o o _ +
©O o o o o o
a4 o0 4 o
_ O o o o o o
© o o o A|NAH | N |[NH | NO ©
o o o o _ _
| |
a4 0 4 o
_ AN | NH | NH | NO ©
| 1
O 4 o o o o _ !
4o o o o o AN [N [N [N ©
| |
=== = : -
<IN
© o o o d o L
<C | I
Ll | o —
Il m_

0
0
0
0
0
0

-1

1000
0 00O

0
0
0

1
0

-1 0 00

0 00O

EA| 0 0 0 O

+

2L 0 0 0 O

P S L RPN
o o & &g~
N | 9\
9V I 9V
N g _Jl N+ 17
I\ 9V o\
| N _
N
3V 3V
—
N N o o N
— — - N
~ I3 + R I\
_ _ a1 _
I\ N
Y 9V
—
N N o o N
- = + P 1&
o~ ~ N &
| | 21 N |
N o\
«~ N 21 3V
— — e = o
o~ o~ _
— | N N N
+ 17_& — I
3V o\ o\
1_J e | _
o~
]
<C
|~
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Stiffness Equation

83

1442 1 111
242 22 22 22 2
1 1 1 1
Unknown—.P, - - 0 0 u
1 22 22 22 22 t4— Known
Unknown—.P, 1 1 1 1 1 || Y24—Known
Known—Py | EAl 22 22 2 242 242 | Us4— Unknown
Known—P, L1t 1 0 11 1 hud unknown
Known—pP, V2 22 V2o 22 2920w ] Gnknown
Unknown—yP, 21 _ 1 1 1++2 _1 Us 4— Known
2 242 22 22 22
0 1 B 1 _ 1 1
i 22 242 242 242
e Application of Support Conditions (Boundary Conditions)
o I I
W2 4 1 1 1
IR A NP R N R R
P, ; ; T 0 d u
IR Y ey -y, ey U R N
P 11 11 1 1 i |
e e | = |
PI_EAl 22 22 | V2 242 | 22 | Us
3 T 1| 1 1 1|,
_ e LI B
P, V2 22 V2o V2 | 22|y,
b 11 5 1 1 1+v2| 1 |,
s _ _
i 2 2J2 22 22 | 2| °
b ) T 1 1}
t=i--- - wz- T 2dr - 2 - 2T
e Final Stiffness Equation
- q - q-1
N 1, L
P, \/E 2\/5 u, U, \/E 2‘/5 P
p[-EAL o L LAyl lulel o L Lo
P“ L 2o o242 | ‘1 EA 2o 22 P“
g 11 142 |\ Us 11 1442\
242 242 242 242 22 242

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.2 Beam Problems
5.2.1 Member Stiffness Matrix

84

R R
fyL 6; fy Oy
mL eL I I mR eR
@, O
e Force-Displacement Relation at Member Ends
e 4Bl g, 26 g OFL g Ol
o =26 S, SE Ly
M:+ME  6EI, 6EI, 12El, 12El,
fyL = L = L2 eL + L2 " + L3 8; - L:: S;R’
(r_ Mo+M_ BEL . 6El x 12El o  12El,
y = Le - Li |3 y Tt E y
[ [
e Transformation Matrix is not required
f>F, m>M, §>A ,0>0
e Member Stiffness Matrix
¥ (12 6 12 6]4
L2 L L2 L,
M 6 _5 e
EIE L L e e e
=T 12 6 12 6 or (F)° =[K]"(A)
2 e |l —— —— — —— 2
Fy 2 L L L&
5 6y
M 2 - L L, ©?

Structural Analysis Lab.
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5.2.2 Global Stiffness Matrix
e Nodal Equilibrium

"

- ) Y

(i-1)-th Member i-th Member

V= (Fyz)i—l +(Fyl)i

M'=(M?*), +(Ml)i} AL

P ) [(F)
P’ (F)F +(F):
O 0 (F),
P | (F)F, +(F)L, 0
P =[N+ |=[EL o [EL o EL] ®) |=ElF)
P (B +(F)i R
0 0 R,
PP | | (AR, +(P)
P L)

0 [0 0]

throw Lyt
(i+1)-throw ___(F)_iR__—__e__I (F)iRj:[E]i(F)i
o) loo

Compatibility

u,.
u2i—1 2i+1 U..
u2i 2i+2
2

T a 1 & Y

(i-1)-th Member i-th Member

(Aly)i =Uyi 4

(®l)i:u2i L i R sl i (A).L _ I Ol u
€)=ty 0T @@ _((A)?]{O J[u”lj
(®2)i = Uy

Structural Analysis Lab.
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i-th column L

(@Y [o o 1o o ofju |
(A)‘_((A)J*J_[o 00 t 00Ut =LCh)

(i+1)-th column

u p+1l

@A), |[C] |u
Q= + = ¢ | [=[Clu)
(4), ) [[C], \u™"

e Unassembled Member Stiffness Equation

F,) [[Kl, & 0 0O 0 ()
0 0 0o 0O 0O 0
@ |- 0 0 KL 00 @, |- P-[KI®)
0 0 0O 0 0 0Ofa0O
®,) | 0 o 0 O [K]|@®),

e Global Stiffness Equation
(P) =[CT (F) =[CT'[K](A) = [CT [K][C](u)

(P) =[K](u) where [K]=[CT[K]IC]

e Direct Stiffness Method

o b

0 0 00
0o [ g o0 O _
(CHIKIIC) =g e fer e
e VR [ T L 7] Rk ) R I+1-th row
00 O 0 0 O
00 D 0 0 o

i-th column i+1-th column

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.2.3 Example

Viwt

VZ,WZ V3,W3
V\ 1t /]\ 2 02 I/I\ 393 '/I\
/ﬁ M*,0 M?2,0 M*=.0 )

7 A

e Equilibrium Equation
V=V, ,MP=MS
VZ=VR+V) M?=MR+M}
V3=V 4V M =M+ ML

V4 =Vr M*=MF

A

ML

1

____________________________________ _ R

Vi) o000 0707010 0 0 o Ve
Ml 1 :I :: :MR
0 1 0 0i10 0 0 0{:0 0 0 o) M

VE 1 1o 0 1 001 00 0100 0 OV
M2| [0 0 0 110 1 0 00 0 0 O M}

P) = =1 ¥ ¥ ! =[E](F
P=lys 0 0 0 0110 0 1 0{1 0 0 O Vr [E)F)
M®| [0 0 0 0{0 00 1/0 1 0 0jfp*
v4 | [0 0 0 0110 00 0{:0 0 1 0fy¢

| ! ! | 3
0 0.0 010 0 0 010 0 0 1!
M* ) Lo e e s d My
R R I
[El. [El2 [Els M £

e Compatibility Condition
WlL =Wl ,elL =01 , WlR =W2 ,elR =92
w, =w?, 8, =6° , wy =w®,08 =6°

wy =w,0; =0, wi =w*, 05 =6*

Structural Analysis Lab.
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1700000 0 O c
101000000
1 1 1 1
Wl foo10000 0w w
R 1 1
o) | [0.0.0.1.0 0.0 0 o'
Wy :'6"6"'1'"0'"(')"6"6"'0'; w® 1] w’
0, | |0 00100 0 06 e
w=| 2 |=| 1 =l |, =elw
wi| 0000100 0w o | W
05 00000100w\63\ e
W | 0000100 0y '
oL 500000100594\94
3 1 1
000000 T1O0
WR ! 4 [Cls
v lo000000d [Cl:
3

e Unassembled Member Stiffness Matrix
(F.) |[KL O 0 |((A)

F)=|(F),|=| 0 [Kl, 0 |(A), =[KIA)
(F), 0 0 [KLJ\(A),

e Global Stiffness Equation
(P) = [EI(F) = [E][K](u) = [CT" [K][C](u) = [K](u)

KL 0 o TICl
P =[cl ©ff ] o [k, o |[cl, |[u
0 0 [KL]|[cl
= [K](U) = ([CT [KLIC], + [CT KL ICL, +[CTL [KL,[C 5)(u)

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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Member 1

}

|

oo oo O OO o
oo oo O O O o
oo oo O O O -
oo oo O O +dH 0O
cocood o+ oo
oo dHOoO — o0 oo
o+ 0o ©cooo
— O oo cooco
[ I
o N - <r 6_22 6_24 o o O o o o o
©| 3 ©| g o o o © oooo - -
_ _ oo o o o o o
o o o O oooo
AN |~ — QN | v A [ oy QAN vy o~ _2
Jloe|ryluela o o o © oocoo STEhC R e cow|_f « Cld « o
| | | [ [ [ [
o o o O oooo
ol ¥ el o o3 T o|r Y ooltre| Sye| o
| ©o|F N ©o|J ¥ oooco _ _ R _
ANl |~ QN [N — O\ |~ — — QAN [ o NE N ENEN o~ _2
1_L6_L1_L6_L 1_L6_LW___216_LOOOO l_ 6_Ll_ 6_L 006_L2 + ©I4 « o
| | | | | [
L
I 1 I 1
cNeoNeoR - NoNoNoNe) 6_1 cNeoNoNeoNoR Nole 2_22
o|_1 < 4 & cocoo o oo | -l e| o
cNoR - NolNoNoNoNo) _ cNoNoNeR NolleNo) _
R NoNoloNoNeNo! 2_21 Oo0OO0OHOOOO OO O o o o o
H_z ©|_1 ©o| Ffoooo
" ooocoooo _ CoHoo0o0o0o0 oo o o o o o
_ _ o~ o~
miEk Eflﬂ ) HiLz

Member 2

Structural Analysis Lab.
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Member 3

0 0 0 O]
0 00O
0 00O

ﬂ 0 00O

L, 1 000
0100 |_§
0 010 6
0 00 1__ L,
0 000 O
0 000 O
0 000 O
0 000 O
0 00O L

Ely

L,/0O 0O OO
0 00 0 -
0 00O
i L

Global Stiffness Matrix

121, 6, 121
L L L
o, 4, _6l
L L L
121, 6, 121, 12

gLy

2
e, 2, _6l, 6l,
L L L5
0 0 12l
L2
S
LZ
0 0 0
0 0 0

|mw|_r\)|[\)

IdiCE

| o

w
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6 12 6

[

4 .8 Lf0o0001000

L, 0000010 0f_
6 12 600000010

. L2 L 00000001

2 —Lﬁ 4
3 _

0 0 0]

0o 0 0

0o 0 0

0 0 0

6 12 6

LooLL

s -8

L3
6 12 6
L oEL
2 —Li 4
3 .

% 0 0 0 0

2l 0 0 0 0
el el 12, 6,

L L L L,

a, 4, 8, 2l 0 0

L L, Li L,

61, 121, 121, 6l, 61, 121, 6l
L; L L L L L L
2, e, 6, 4l 4l bl 2l
LZ Li szi I‘2 L3 LZ2'3 L3
0 121, 6l 121, 6l

. L3 L L
0 8l a, el 4l
LS L3 Lé L3_

Structural Analysis Lab.
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e Application of support Conditions

S lah o812, 61, 0 0
S e e e
1
R e A Lo 0 0
V! L Ly [ L |
we | |12l 8l 12l 21, el 6l 12, 6l
I g---- [t il ol I g -fe-
1 =2 2 2
v 61, 2, 61, 161, 41, 4l, 6l, 21,

2 - v a2t Tt -2 —
M -E Ll: Lll |-1 le |-1 Lz 2 Lz
V3 ) ) ~1a1, 61, 12121, 6l, 6l

3 B e A B SR 12 I N S E
M | 1 2 2 2 3 2 3
v ¢ b H 2 eLyel ol dl
|V|4 : : l:-z 2 LZliZIL Lz L3

! 6l
I
! : | 3 3
1
1 1 ! 3 3
e Final Stiffness Equation
4l 4, 20, 0 o |
L2 L2 L2
M ?2 2| al, 41, el, 21, |[©°
2 2,73 _ 778 3
M? -E Lz Lz L3 Lg L3 0°
v o 8l 12l 6l
0 2, 6l 4l
L L3 Lg L3_
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5.3 Frame Problems
5.3.1 Member Stiffness Matrix

fyL,S; fyR’Sst
mL,eL/ ‘\mR,eR
fXL,S:Z > . ‘ > .I:XR’S)F({

J

e Force-Displacement Relation at Member Ends

- Beam action
ot 4E|e ot s 2E|e 0F + GEIe o 6?9 5"
R 2E|e ot 4 4E|e 0F + BEIe o 6?9 5"
L R
L My +MJ _ 6E2Ie oL+ 6E2|e o +12|§|e 5t _12|§|e 5"
Le Le LE Le Le
L R
fr _ MM =_6E2Ie oL _ 6E2Ie % _12|§|e 5 +12|§|e 5"
Le Le Le Le Le
- Truss action
EA
fl=—=2(" -8
x C (88
EA
fR - - SR_SL
] C(6=8.)
VE=VR=0
e Member Stiffness Matrix
fl 5t
; [ A 0 0 -A O 0
fy 121, 6l, 121, 61, |38}
0 . 0 -2
Le Le Le Le
m* | 0 GL'e 4, 0 —6L'e 21, | o:
_ = e e e _ e e
“L|-A o 0 A 0 0 or (f)° =[k]"(8)
f, 121,  6l, 121, 6l |8}
0 - - 0 L -
Le Le LE Le
fy o %o g o By |3
L Le Le _
mR eR

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Transformation Matrix

V, =sin@v, +cosbv, r —»|V, |=|sin® cos® OV,
M=m M 0 0 1{m

(V) =IvT' (V) > (V) =[YI(V)

e Member End Force

e

F!) [cos6 —-sin® 0 O 0 ot
F sin® cos® 0 O o off
E 0 0 1 0 0 Ofmt ]
= F)e =[IT (f)°
F? 0 0 0 cose —sno of | > H =T
F/ 0 0 0 sind coso Off,
M2 | 0 0 0 O 0 1| mF
e Member End Displacement
") [cos¢ sing 0 0O o ofay
5, —sin@ cosd 0 0 0 04,
9" 0 0 1 0 0 0f¢g
o | _ 8)° =[I')(A)
SR 0 0 0 coso sng ofa| > O =&
5, 0 0 0 -sind cosd 04,
°) | o 0 0 0 0 1]

Prof. Hae Sung Lee, http://strana.snu.ac.kr
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e Member Stiffness Matrix in Global Coordinate

(F)* =[IT (F)° =TT [KI(®)° =[IT [KI'[[1(A)°

[K, T [KH]E}

F)* =[K]°(A)® h K =
() =[KI(a) where [K] LKJ K, I

e Nodal Equilibrium & Compatibility
The same as the truss problems.
e Global Stiffness Matrix
(P) =[CI" (F) =[CT [K1(A) = [CT [K][C](u)
(P) =[K](u) where [K]=[CT[K]IC]

e Direct Stiffness Method

The same as the truss problems.

Structural Analysis Lab.
Prof. Hae Sung Lee, http://strana.snu.ac.kr
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5.4 Buckling of Beams and Frames

e Homogeneous Solution of Beam

'g Py Usio Q

i-th member
3y
w' :NlS)L/ +N295+N385+N49$ = (N3, N2, N3, Ny) 85 =(N)(A;) =(N)(4))
0;
Nl:1_3_)(22+2_)5 ’ N2:X_2_X2+X_z’ 3= 31_2% ’ 4:_X_2+X_z
12 U L L L L L
e Total Potential Energy
P 1 rdw, 1w dw 9 '
H:,Z:QZ dx? ,ZZQ! dx dx X—le'([w,qu
P 1¢ dPw g W, b1 w,
251G E| ilx —ngj( o —gg(w) g,
b1 ¢ d2N P 1 T'dN dN
=25@) !(dx d X(A)) - IZ_;,ZQ(A.) !(dx 3 )~ Z(A) j(N) g dx
%Zp‘,(A) ([KIT-[KPI)(A) - Z(A) (f)
;(U) Z[C] ([K?1-[KFDIC1(u) - Z(U) [C] (f)
- W Y CTIKIICIW - W) YT ()

=%(u)T[K](u)—(u)T P)

26 126 6 1 6 1]
LLoLoL 5L, 10 5L 10

6 4, _8 1 2L 1L

El| L L 0 15 10 30
Ki=Tl 12 6 12 6| K'=0 S A
gL o4y 5L 10 5L 10

6 5, .86 4 Lo L 12k

L L | [ 10 30 10 15

Structural Analysis Lab.
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fL

fL
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Principle of Minimum Potential Energy for Q <Q,,

=—(u) [KI(u)-(u)'(P) == Zu ZK u, —Zu

izl =

I IIURES D A A

6uk B s 2 2
1 n
ZKkJ J+EzuiKik ZKkJ J+52Kkiui_|3k
i= i=1
ZKkJ J+ ZKKJ i ZKKJ j Pk:0 for k:ll---’
Calculation of the Critical Load
Det([K]) = Det([K°]-[K®]) =0
Frame Members
) oA D O 1 10 o 0
12|e 6|e O 12'9 6'9 6 l
Li Le Li Le E E
61, a1, 0 _6Ie 21, 0 i 2L,
121, 6l 0 121, 61, _i i
LoL 2 L 5L, 10
€ e e o 1 L
61, 21, 0 - 61, ., o L _L
L. L, | L1 30
L_ R
p-gad "%

Prof. Hae Sung Lee, http://strana.snu.ac.kr

n—[K](u) =

(P)

Structural Analysis Lab.






